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INTEODUCTION. 



"UifiruDE approfondie de la nature est la source la plus 
f^conde des decouvertes math^matiques. 

Non seulement cette ^tude, en offrant aux recherches un but 
ddtermin^, a Tavantage d'exclure les questions vagues et les 
calculs sans issue ; elle est encore un moyen assur^ de former 
I'Analyse elle-m6me, et d'en d&ouvrir les ^l^ments qu'il nous 
importe le plus de connaitre et que cette science doit toujours 
conserver. 

Ces ^l^ments fondamentaux sont ceux qui se reproduisent 
dans tous les effets naturels." (Fourier.) 

These words of Fourier are taken as the text of the present 
treatise, which is addressed principally to the student of 
Applied Mathematics, who will in general acquire his mathe- 
matical equipment as he wants it for the solution of some 
definite actual problem ; and it is in the interest of such 
students that the following Applications of Elliptic Functions 
have been brought together, to enable them to see how the 
purely analytical formulas may be considered to arise in the 
discussion of definite physical questions. 

The Theory of Elliptic Functions, as developed by Abel 
and Jacobi, beginning about 1826, although now nearly 
seventy years old, has scarcely yet made its way into the 
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ordinary curriculum of mathematical study in this country; 
and is still considered too advanced to be introduced to the 
student in elementary text-books. 

In consequence of this omission, many of the most interest- 
ing problems in Dynamics are left unfinished, because the 
complete solution requires the use of the Elliptic Functions; 
these could not be introduced without a long digression, 
unless a considerable knowledge is presupposed of a course 
of PHire Mathematics in this subject. 

But by developing the Analysis as it is required for some 
particular problem in hand, the student of Applied Mathe- 
matics will obtain a working knowledge of the subject of 
Elliptic Functions, such as he would probably never acquire 
from a study of a treatise like Jacobi*s Fandamenta Nova, 
where the formulas are established and the subject is 
developed in strictly logical order as a branch of Pure 
Matliematical Analysis, without any digression on the 
application of the formulas, or on the manner in which 
they originate independently, as the expression of some 
physical law. 

In introducing these applications we are following, to some 
extent, the plan of Durege s excellent treatise on Elliptic 
Functions (Leipsic, Teubner); and also of Halphens Traite 
drm fonctioHS elliptiqaes et de leut's applications (Paris, 
1886^1891). 

But while volume L of Ualphen s treatise is devoted entirely 
to the establishment of the formulas and analytical properties 
of the functions, and the applications are not disciu^sed till 
volume IL : in the following pages it is proposed to develc^ 
the formulas immediately from some definite physical or 
geometrical problem: and the reader who wishes to follow 
up the purely analytical development of the subject is referred 
to such treatises as AbeFs Q^iirre«t. Jacobr$ Fundanienta Xova. 
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already mentioned, or the Treatises on Elliptic Functions of 
Cayley, Enneper, Kdnigsberger, H. Weber, etc. 

The following works also may be mentioned as having been 
consulted in the preparation of this work : — 

Legendre: Theorie des fonctions elliptiquea ; 1825. 
Thomae: Abrisa einer Theorie der complexen Functionen 

und der Thetafunctionen einer Verdnderlichen ; 1873. 
Schwarz: Formeln und Lehradtze zum Gehrauche der 

elliptischen Functionen, 
Klein (Morrice) : Lectures on Hie Icosahedron ; 1888. 
Klein und Fricke ; Vo^ieaungen iibei* die Theorie der ellip- 

tischen Modalfunctionen ; 1890. 
Despeyrous et Darboux : Coura de micanique ; 1886. 
R A. Roberts : Integral Calculua ; 1887. 
Bjerknes : Niela Hendrik Abel ; tableau de aa vie et de aon 

action acientifique ; 1885. 

We shall begin by the discussion of the Problem of the 
Simple Circular Pendulum, as the problem best calculated to 
define the Elliptic Functions, and to give the student an idea 
of their nature and importance. 

Previously to the introduction of the Elliptic Functions, 
the Circular Pendulum could only be treated by means of the 
circular functions, by considering the oscillations as indefinitely 
small, and by assimilating its motion to that of Huygens' 
Cycloidal Pendulum, of 1673. 

But now the employment of the Elliptic Functions renders 
the ordinary discussion of the Cycloidal Pendulum antiquated 
and of mere historical interest, and banishes from our treatises 
such expressions as " an integral which cannot be found," or 
"reducible to a matter of quadrature" in describing an elliptic 
integral, expressions which aroused the indignation of Clifford 
(Mathematical Papera, p. 562). 
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According to the new regulations for the Mathematical 
Tripos at Cambridge, to come into force in the examination 
in May 1893, the schedule 11. of Part I. includes " Elementary 
Elliptic Functions, excluding the Theta Functions and the 
theoiy of Transformation " ; so it is to be hoped that this 
reintroduction of Elliptic Functions into the ordinary mathe- 
matical curriculum will cause the subject to receive more 
general attention and study. These Applications have 
been put together with the idea of covering this ground by 
exhibiting their practical importance in Applied Mathematics, 
and of securing the interest of the student, so that he may if 
he wishes follow with interest the analytical treatises already 
mentioned. 

We begin with Abel's idea of the inversion of Legendre's 
elliptic integral of the first kind, and employ Jacobi's notation, 
with Qudermann's abbre\nation, for a considerable extent at 
the outset. 

The more modem notation of Weierstrass is introduced 
subsequently, and used in conjunction with the preceding 
notation, and not to its exclusion; as it will be found that 
sometimes one notation and sometimes the other is the more 
suitable for the problem in hand 

At the same time explanation is given of the methods by 
which a change from the one to the other notation can be 
speedily carried out. 

It has been considered sufficient in many places, for instance 
in the reduction of the Integrals in Chapter II., to write 
down the results without introducing the intermediate analysis ; 
as the trained mathematical student to whom this book is 
addressed will have no difficulty in supplying the connecting 
steps, and this work will at the same time provide instructive 
exercises in the subject ; and further, in the interest of such 
students, many important problems have been introduced in 
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the text, forming immediate applications of theorems already 
developed previously. 

I have to thank Mr. A. Q. Uadcock for his assistance in 
preparing the diagrams, and in drawing them carefully to 
scale. 



ERRATA. 

Page 6. Line 9 from bottom, read Huygeiis. 

42. Line 6, read Bm'^x/——' 

V x-y 

48. Line 5 from bottom, read - 4n'(9c''* + 4«^)-. 

64. Line 19, read Fonctiona elliptiques, 

99. The diagram must be replaced by the one given below. 

The Nodoid in fig. 12, p. 99, was described by a point 

which was not a focus of the rolling hyperbola. 

107. Line 2 from bottom, delete minus sign before radical. 

138. Equation (7), read (Cg^ - c,2)//>. 

158. Line 12, read ^QKix, y). 

205. Line 6 from bottom, read P(tt - v) - ^(u + v). 

213. Line 7 from bottom, read Q + Lx'- X{yz' - y'z) - 

with the corresponding subsequent corrections. 

227. Line 7, read P^X^ + Q^X^ = 0. 

282. Line 5 from top, for rectangle read ribbon. 

328. Line 12 from bottom, read Proc. L. M. S.y IX. 
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CHAPTER I. 

THE ELLIPTIC FUNCTIONS. 

1. The PendvZum ; introdvxsmg Elliptic Fvmctiona into 
Dynamics. 

When a pendulum OP swings through a finite angle about 
a horizontal axis 0, the determination of the motion introduces 
the Elliptic Functions in such an elementary and straight- 
forward manner, that we may take the elliptic functions as 
defined by pendulum motion, and begin the investigation of 
their use and theory by their application to this problem. 

Denote by W the weight in lb. of the pendulum, and let 
00 = h (feet), where G*is the centre of gravity ; let Wk^ denote 
the moment of inertia of the pendulum about the horizontal 
axis through 0, so that W(h^+k^) is the moment of inertia 
about the parallel axis through (fig. 1). 

Then if 00 makes with the vertical OA an angle 6 radians 
at the time t seconds, reckoned from an instant at which the 
pendulum was vertical ; and if we employ the absolute unit 
of force, the poundal, and denote by g (32 celoes, roughly) 
the acceleration of gravity, the equation of motion obtained 
by taking moments about is 

• W{h^ + Ic'f^^^ = - Wgh sin 0. 

since the impressed force of gravity is Wg poundals, acting 
vertically through ; so that 

or, on putting h+Ii^/h=l, 

^^=-9' sine (1) 

O.E.F. A 
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THE ELLIPTIC FUNCTIONS. 3 

If the gravitation unit of force, the force of a pound, is 
employed, then the equation of motion is written 

reducing to (1) as before. 

2. Producing 00 to P, so that OP^l, GP=P/A, the point 

P is called the centre of oscillation (or of percu8»ion) ; and I is 

called the length of the simple equivalent pendulum, because 

the point P oscillates on the circle AP in exactly the same 

manner as a small plummet suspended by a fine thread from 

(fig. 2); as is seen immediately by resolving tangentially 

along the arc AP:=s^l6] when the equation of motion of 

dtS s 

the plummet is ^ = ^g am6=—g sin ,, 

or l(d^e/dt^)= -g sin0; (1) 

and integrating, ^l(dd/dt)^=^C^g vers 6 (2) 

These theorems are explained in treatises on Analytical 
Mechanics, such as Routh's Itigid DynamicSf or Bartholomew 
Price's Infinitesimal Calculus, vol. IV., and might have been 
assumed here; but now we proceed further, to the complete 
integration of equation (2). 

3. First suppose the pendulum to oscillate, the angle of 
oscillation BOA+AOB' being denoted by 2a (fig. 2); the angle 
of oscillation Ls purposely made large, as in early clocks, in the 
Navez Ballistic Pendulum, in a swing, or as in ringing a 
church bell, so as to emphasize the difierence from small 
oscillations, the only case usually considered in the text- 
books ; in fig. 2 the angle of oscillation is made 300°. 

Then d6/dt = when 6 = a, so that in equation (2) 

(7=^ vers a; (,^.8 " i^^^f(^' ^ 
and now denoting g/l by n^, so that n is what Sir W. Thomson 
calls the speed (angular) of the pendulum, 
\{deidtf = n2( vers a - vers 0) 

= 27i2(sin2Ja-sin2J0), (3) 

since vers = 2 sin^^fl ; 

deidt = 2nV(sin2i a - sin^ J0), 

and nt=f—, ^ (4) 
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and (4) is called by Legendre an elliptic integral of the Jirat 
kind ; it is not expressible by any of the algebraical, circular, 
or hyperbolic functions of elementary mathematics. 

4. To reduce this elliptic integral to the standard form con- 
sidered by Legendre, we put 

sinj0 = sinja sin ^, 

equivalent geometrically to denoting the angle ADQ by 

(fig. 2), where AQD is the circle on J.!) as diameter, touching 

BR in D, and cutting the horizontal line PN in Q. 

For, in the circle AP, 

^A^=Zvers0 = 2isin2i0; 

and, in the circle AQ, 

A N= iAD vers 2<f> = AD sin^ 

= I vers a sin^^ = 2Z sin^Ja sin*^. 

Now sin^ Ja — sin^ J0 = sin^ia cosV> 

and ^0 = sin - ^(sin Ja sin 0), 

., . 7 1/1 siniacos0d0 

so that d\e = , ^ . 21 '2^ V 

V{1 — sin^ Ja sm^^) 

and therefore nt = f-j- . ^f . . . , 

y ^(1 — sm^Ja sin^^) 



which is now an elliptic integral of the first kind, in the 
standard form employed by Legendre. 

{Fonctiona EUiptiquea, t. I., chap VI.) 

5. In Legendre*s notation, sin^a is replaced by k] the quantity 
;^(1 — ic-sin*0) is denoted by A^ or A(0, ic); and the integral 

/d<l>l^(l> ov f{l-K?BW?<j>YH(f> is denoted by Fif> or F(</>,k), 



and called the elliptic integral of ihejirsi kind, (f> being called 
the amplitude and k the modvZus, 

Thus, in the pendulum motion, 

nt=F<l>, or F{<f>, sinia). 

Legendre employs c instead of ic, and puts ic = sin (a different 
6 to what we have just employed) and calls 6 the modular 
angle ; and he has tabulated the numerical values of ^(^, k) for 
every degree of ^ and 0. {Fonctiona Elliptiquea, t II. Table IX.) 

Legendre spent a long life in investigating the properties of 
the function F<f>, the elliptic integral of the first kind ; but the 
subject was revolutionised by the single remark of Abel (in 
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1823), that F(t> is of the nature of an inverse function ; and that 
if we put u = F(f>, then we should study the properties of 0, 
the amplitude, as a function of u, and not of u as a function 
of 0, as carried out by Legendre in his Foiictiona Elliptiqv£8. 

6. Jacobi proposed the notation = amu, or am(u, k) when 
the modulus k is required to be put in evidence; and now, 
considered as functions of tt, we have Jacobi's notation 

cos <p = cos am u, sin (f> = sin am u, A<f> = A am u, 
the three elliptic functions of u; and in Jacobi's Fundamenta 
Nova (1829) the properties of these functions, 

cos am u, sin am u, A am u, 
are developed, the elegance of Jacobi's notation tending greatly 
to the popularity of this treatise. 

7. Definition of the Elliptic Functions. 

Jacobi's notation is rather lengthy, so that nowadays, in 
accordance with Gudermann's suggestion (Theorie der Modular 
Functionen, Crelle, t. 18), cos am u is abbreviated to cnu, 
sin am u to sn u, and A am u to dn u ; and 

en 16, sn u, dn u 
are the three elliptic functions (pronounced, according to Hal- 
phen, with separate letters, as c, n, u ; s, n, u ; d, n, u) ; and they 
are defined by 

cnu = cos^, snu = sm<f>, dnu = A0 = y^(l — /c^sin*^); 
where ^ is a function of it, denoted by am u, and defined by 
the relation 



u 





= /'*(l-/c*8inV)-*ti^. 



80 that u = /j{\ - ^ sin20) - IcZ^ ; 



_ dcnu <icos0 . dd> , 

Thence — j — = -— i — -=■ — sm0v-=— snudnu; 

du du ^ du ' 

and similarly 

dQuu d sin d> dd> 

—J — = , = cos 3^= cnudnu; 

du du ^ du ' 

. ddnu dA<h t^in A cos d> dd> « 

and —-J — = —]=— IH — ^ -,— = — irsnucnu 

du du A<l> du 
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8. Returning now with these definitions and this notation 
to the motion of the pendulum, we have, on comparison, 
u^nt, while i:=sin^a, so that the modular angle is ^a; 

and K=AD/AB=AB/AE, k^^AD/AE (fig. 2); 

also ^=amu, cos0 = cnu, sin <p=^sn u, d<f>/dt=n da u; 

dO/dt = 2nK en u = 2?iic en nt, 

sin^d = < sn u = Ksnnt, 

cosJ0= dnu= dn7i^; 

AP=AEHmie=ABannt,PE=AEcos^e = AEdant; 

AN = AD snhit, KD=AD cnHt, NE^AE dnhit ; 

NQ = J{AN.ND) = ADsnntcnnt,NP=ABanntda7U; 

giving these quantities as elliptic functions of u or nt 

9. We notice that k=0 for infinitely small oscillations of 
the pendulum, the only case usually treated in the text-books ; 
and now ^ = le = nt, so that 

cnu = cosu, snu = sinu, while dnu = l; 
and the elliptic functions have degenerated into the ordinary 
circular functions of Trigonometry. 

But in finite oscillations of the pendulum, where k is not 
zero, these new functions are required, which are called the 
elliptic functions; and their geometrical definition is exhibited 
in fig. 2, in a manner similar to that employed in Trigonometry 
for the circular functions. 

The name eUiptic function, is somewhat of a misnomer ; 
but arase from the functions having been first approached by 
mathematicians in their attempt at the rectification of the 
ellipse (§ 77). 

For finite oscillations the circular functions are applicable 
only to cydovdal oscillations, as discovered by Huyghens, 1673, 
whence the motion on the arc of a cycloid is generally investi- 
gated at length in elementary treatises; but this discussion 
may be considered as of mere antiquarian interest, now that we 
are proceeding to discuss the finite oscillations of the pendulum 
by the aid of the elliptic functions. 

We may however make here a slight digression on cycloidal 
oscillations, treated in the manner we have employed for 
circular oscillations. 
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10. CycUndal Oacillatuma. 

In the cycloid, fig. 4, the angle ADQ or <p=nt (not am7i<, 
BB in the circular pendulum) for all finite oscillations; for 
as P oscillates on the arc BAff of the inverted cycloid 
described by the rolling of the circle AE, Q follows P at the 
same level on the circle AD with constant velocity. 




For if PQN meets the circle on AE as diameter in R, then, 
from a well-known property of the cycloid, the tangent TP ia 
equal and parallel to AR, and half the arc AP ; and If n, p, q, r 
denote simultaneous consecutive positional of N. P, Q, R, 
the velocity of Q _uQg — uQgu-^" 
the velocity of P Pp Nn Pp 

= coaec qQP B'm pPQ = coaec A FQ sin A ER 
_IADAR_^AD IAN. AE __ jAD 
NQ AE AE^AN.ND ^{AE.ND)- 
Now the velocity of P= J{^ . JVZ)) 

and therefore the velocity of Q = iAD^{2g/AE) 
= AD^{gjl) = n .AD, a constant, 
if AE= \l ; and therefore the angular velocity of Q about D 
is 71, and the angle ADQ = <fi = nt. 

Therefore the oscillations are isockronous, since the period 
i-jr jn = ^vtji^jg) is independent of the amplitude of oscillation. 
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But in the circular pendulum the period increases with the 
amplitude or angle of oscillation; because in the circle AP 
(fig. 2) the versed sine AN varies as the square of the chord 
AP, while in the cycloid AP (fig. 4) the versed sine -4 JV varies 
as the square of the arc A P. 

The time from P to -4 on the cycloid is equal to the cm. 
(circular measure) of the angle ADQ divided by n or A^ig/l) ; 
and generally the time over any finite arc Pp of the cycloid 
will be equal to the cm. of the corresponding angle QDq divided 
by 71, supposing the body to start from the level of D, 

This will be true even when the point D is above E, as at 
D\ so that the body enters the cycloid with given velocity ; 
as for instance in the case of a railway train entering with 
given velocity V a cycloidal tunnel BAB' under a river. 

Making DU^^V^jg^ the impetus of the velocity V, then 
the time occupied by the train in the tunnel from JB to JB' is 
twice the cm. of AI/G divided by n. 

Also if the length of the tunnel is 2$, then 8 = j,J(2lh), if 
AD, the depth or versed sine of the tunnel, is h ; so that the 
time occupied is 

2tan-i^-2 /^tan-^ M^- ^8 l(__± \ 

11. The Period oj the Pendulum, and of the EUiptic 
Functions, 

The period of the pendulum is the name now given to 
the time of a double swing, according to the report of a Com- 
mittee at the Conference of Electricians in Paris, 1889; 
thus, if the swing is small, the period is 2Try/{l/g) seconds. 

But if the angle of vibration 2a is finite, the period is in- 
creased ; denoting the period by T, and therefore the quarter- 
period, or time of motion of P from A to B (fig. 2) by \T, 
then as t increases from to J T, increases from to a, and <p 
from to ^TT, so that nt or u increases from to K, where (§ 4) 



fix 

iir=/(l-/c2sinV)-W0; 



and K (or F^k in Legendre*s notation, and called by him the 
coviplete elliptic integral of the first kind) is now called the 
real quarter period of the elliptic functions, to the modulus k. 



N 



THE ELUPTIC FUNCTIONS. 



Now, expanding by the Binomial Theorem, 

H— 1 



ys 



and, by Wallis's Theorem, 

r*' , , 1.3.5...(2n-l), 

(sm 0)2«ci^ = 2.4.6... 2n *^ ' 

Thus the period of a pendulum of length I, oscillating through 
an angle 2a, is 

As a first approximation therefore in the correction for am- 
plitude of swing, the period must be increased by the fraction 
J(sin Ja)^ of itself, or by 100(J chord of a)* per cent. 

Thus a pendulum, which beats seconds when swinging 
through an angle of 6°, will lose 11 to 12 seconds a day 
if made to swing through 8°, and 26 seconds a day if made to 
swing through 10°. (Simpson's Fluxions, § 464.) 

The value of K or F^k has been tabulated by Legendre 
for every degree and tenth of a degree in the modular angle 
(Fonctions ElliptiqueSf t. II., Table I.). 

We denote the modular angle by ha, and put ic = sinja; 
while cosja is denoted by k. and called the complevnentai^y 
tnoduluSy so that 

;cH/c'2=l; 

and then F^k is denoted by K\ and called the complementary 
quarter period. 

The following table (from Bertrand*s Calcul Integral, p. 714), 
gives the logarithms of the quarter periods K and if', correspond- 
ing to every half degree in ia, thequarter angle of swing; and then 

2kk = sin a, K = sinia, k = cos J a, 
and ia is the modular angle. 

The modular angle in the Table is given from to 45'* ; to 
determine K for a modular angle greater than 45"*, we look 
out the value of K corresponding to the complementary modu- 
lar angle. 
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12. We notice that when the modular angle is lo"*, then 
logir7Ar=-2385606 = Jlog3, so that K'jK^J^: 

this will be proved subsequently ; but it shows here that the 
period of a pendulum oscillating through 300° is ^^3 times the 
period when the pendulum oscillates through 60°. 

Again we shall prove subsequently that, 
if iif7iir=V7,then2iCic' = i; 

so that equal parallel horizontal chords, BH the higher, and 
W the lower, each of length one-eighth the diameter, cut off 
arcs of the circle below them, which would be swung through 
by the pendulum in times which are in the ratio of ^7 to 1. 

Many other similar numerical examples can be constructed 
when the Theory of the Complex Multiplication of Elliptic 
Functions is studied. 

13. When a = ^7r, the pendulum drops from a horizontal 
position and swings through two right angles, as in the Navez 
Electro-Ballistic Pendulum; and now K=K\a,nd the modular 
angle is J-tt. 

Table II. from Legendre s Fonctions Elliptiques, t. II., gives 
to five decimals the value of u = F<l> for every half degree in 
the value of 0, when the modular angle is 45° ; and thence by 
means of the preceding formulas which determine the motion 
of the pendulum by elliptic functions, the pendulum can be 
graduated so as to measure small intervals of time At^Au/n, 
as required for electro-ballistic experiments. 

Then from Table II., when K=^K\ and ic = /c'=Jy^2, 
en u = cos 0, sn u = sin 0, dn u = ^^(1 — J sin^^). 

14. Generally in the pendulum, K=\nT, so that the period 

T^4^Kln^mj{llg), 
When ic = 0, K=^Tr, and the period is 27ry^(i/gr), as proved 
otherwise in the ordinary elementary treatises, for small 
oscillations of the pendulum. 

But in the finite oscillations of the pendulum, with 

u=nt = 4>Kt/T, 
then (§ 8) dO/dt = 271k en 4^Kt/T, 

sini0= Ksn4fKt/T, 
cosi0= dn 4A^^/2; etc. 
Putting < = 0, u = 0, we find 

cnO = l,snO = 0, dnO = l; 
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and putting ^ = JT, u = if , ^ = J-tt, 

when the pendulum has swung to OB, 

cnir=cos^7r=0, snir=l, dn A''=ic'; 
while putting t = ^T, u = 2K, 

when the pendulum is swinging backwards through the verti- 
cal OA, en 2Z= -1, sn 2K=0, dn 2K=1; 
analogous to the values of cos0 and sin0, for 0=0, ^ir, ir; 
so that 2K is the half period of the elliptic functions, corre- 
sponding to the half period ir of the circular functions. 

Since /d<f>IA<t>=/d<f>/A<f>±/d<f>/A<l> = 2K±u, if = amu, 



therefore am(2^±u) = •7r±0 = •7r±am u ; 

and generally am(2m7i ±u) = m'7r±^ = m'7r±am u ; 
so that cn(2mK±u) = cos(m7r ±am u)= ( — l^^cn u, 

sn(2?nir±u) = 8in(m7r±amu)= ±( — l)"*snu, 
while dn(2mir ± u) = dn u ; 

analogous to cos(m'7r ±6)= ( — 1 )'"cas 6, 

sinlrmr ± 0) = ±( - l)"*sin 6 ; 
and representing the motion, m half periods, past or future. 

15. The degenerate Circular and Hyperbolic Functions. 

As a increases from to tt, ic increases from to 1, and K 
from ^TT to infinity; the pendulum has now, with /f=l, just 
sufficient velocity to carry it to the highest position, and this 
will take an infinite time. 

For with a = tt, equation (3), page 3, becomes 
l(de/dtf = n^(l+cos e) = 2n^coH^e; 

nt=^J^^i^\Qd\Q 

= log tanK'7r+0) = log(seci0-ftani0), 
which is infinite when = 7r. 

In small oscillations the period is 2'7r/n, and the motion of 
if, the projection of P on the horizontal axis Ax, is then a 

Simple Harmonic Motion (s.H.M.) given by the differentia^ 

d^x 
equation -^- + nh: = 0, 

the solution of which is 

x = A cosnt, or JBsinn^, or A cos^i^-f-Bsinn^, or acos(n4;+€) ; 
so that n is the constant angular velocity round D of the point 
Q on the infinitesimal circle AQD, as in the cycloid. 
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In Kepler's Problem in Astronomy, n represents what is 
called the mean motion of a planet or satellite, and nt or nt+e 
the mean anomaly ; a satellite of Jupiter, when observed in 
the plane of its orbit, supposed circular, will appear to move 
with a s. H. M. 

But with /c = 1, putting ^0 = = angle AEP (fig. 3) 

nt =ysec <f>d<f> = log(8ec <f> + tan <f>\ 



so that sec <f> + tan = e"*, 
sec 0— tan = 6"*^, 
sec (f> = ^(6*** +«-'»') = cosh ntf 
tan = J(e*^— e"***) = sinh nt, 
sin = tanh nt, cos (p = sech nt, 
tan^0 = tanh^7i^, and so on. 
Also dO/dt = 2n cos J9 = 2n sech ii^ ; 
so that if the angular velocity of the pendulum in the lowest 
position OA is 2n, the pendulum will just reach the highest 
position OE ; but the time occupied in reaching it will be in- 
finite, since O^ir, (p^^Tr makes nt and therefore t infinite. 
The velocity of P in any position is 

l(de/dt) = 2nl cos J0 = n . EP, 
and therefore varies as EP. 

K EP in fig. 3 is produced to meet Ax in iT, then 
AiT^AE tan J0 = 21 sinh nt, EM' = EA sec^e = 21 cosh nt ; 
80 that, if AM' or EM' is denoted by x, 

^^^ 2 A 

^, -71^^ = 0, 

the general solution of which dififerential equation is 

x^A cosh nt+B sinh nt 

16. When the pendulum just reaches the highest position 
OE, ic = l ; and u (or nt) and 0, the cm. of the angle AEP, 
are connected by the relations 

u=ysec <f> d<t> = log (sec ^H-tan 0) 



= cosh " ^sec (f> = sinh " ^tan (f> = tanh - ^sin <p = 2 tanh " ^tan^^. 

Conversely 
^ = cos~^sechu = sin'^tanhu = tan"^sinhu = 2 tan~^tanh^; 
and then <f> is called by Professor Cayley the Gvdei^mannian 
of u, and denoted by gdu ; so that if 0=gd u, then 

u = gd~^(f> = log (sec (f> + tan 0) = cosh " ^sec 0, etc. 
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Hoiiel proposes for the name of hyperbolic amplitude of 
u, with the notation = amh u, instead of gd u ; so that 

/*amhtt 

u =/sec <f>d(l> ; 



or = amh u ==/sech udu = cos " %ech u = sin " ^tanh tt, etc ; 



analogous in the general case of the elliptic functions, for any 
modulus /c, to (§ 7) 

^-%=amu==/ ATLudu= cos"^cnu= sin'^sntt, etc. 



As degenerate forms, when /c=l, 

cnu=sechu, snu=tanh i6, dnu=sechi6 ; 
while, with /c = 0, 

en w=cosu, sni6=sinu, dnu=l. 

Thus, when ic = l, the elliptic functions degenerate into the 
hyperbolic functions; and, when /c=0, into the circular func- 
tions ; but with any other value of the modulus /c, the elliptic 
functions must be considered as new functions, of a higher 
order of complexity than the circular or hyperbolic functions. 

The following Table, from Legendre, F. E,, t. II., Table IV., 
gives the values of 

u = log (sec + tan 0) = log tan(i7r + 10) 

for every degree of ^ radians ; whence the numerical values of 
the hyperbolic functions of u can be determined, by aid of a 
table of circular functions, and by the relations 

cosh u = sec 0, sinh u=tan 0, tanh u=sin 0, ... . 
For values of i6 greater than about 4 the Table fails ; but 
then it is sufficient, to two decimals, to take 

cosh u= sinh u^\e^ ; 
logi^cosh u = logiosinh u = Mv, — log 2 ; 
or, to a closer approximation, 

logi^cosh u = Jfu— log2+Jfe"^, ..., 
logiosinhu=J/u — log2 — Jfe-*", ..., 
logiotanhu= — 2 Jfe"*" ..., 

if denoting the modulus logi^^. 

{Proposed Tables of Hyperbolic Functions, Report to the 
British Association, 1888, by Prof. Alfred Lodge.) 
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TABLE III. 








u 


30 

31 
32 
33 


<t> 


u 




<t> 


u 


o 



1 

2 
3 


0-00000 


000000 


0-52360 


0-54931 


o 

60 

61 
62 
63 


104720 


1 -31696 


001745 
0-03491 
05236 


001745 
0-03491 
0-05238 


0-54105 
0-55851 
0-57596 


0-56956 
0-59003 
0-61073 


1 -06465 
1-08210 
1-09956 


1-35240 
1-38899 
1 -42679 


4 
5 
6 


0-06981 
0-08727 
010472 


0-06987 
008738 
0-10491 


34 
35 
36 


0-59341 
0-61087 
0-62832 


0-63166 
0-65284 
0-67428 


64 
65 
66 


1-11701 
1 -13446 
M5192 


1-46591 
1-50645 
1*54855 


7 
8 
9 

10 

11 
12 
13 


012217 
013963 
0-15708 


0-12248 
0-14008 
0-15773 


37 
38 
39 

40 

41 
42 
43 


0-64577 
0-66323 
0-68068 


0-69599 
0-71799 
0-74029 


67 
68 
69 

70 

71 
72 
73 


1-16937 
1-18682 
1-204-28 


1-59232 
1 -63794 
1-68557 


017453 


0-17543 


0-69813 


0-76291 


1-22173 


1-73542 


0-19199 
0-20944 
0-2-2689 


0*19318 
0-21099 
0-22886 


0-71558 
0-73304 
0-75049 


0-78586 
0-80917 
0-83-284 


1-23918 
1 -25664 
1-27409 


1-78771 
1-84273 
1 -90079 


14 
15 
16 


0-24435 
0-26180 
0-27925 


0-24681 
0-26484 
0-28295 


44 
45 
46 


0-76794 
0-78540 
0-80-285 


0-85690 
0-88137 
0-90628 


74 
75 
76 


1-29154 
1-30900 
1 -32645 


1-96226 
2-02759 
2-09732 


17 
18 
19 

20 

21 
22 
23 


0-29671 
0-31416 
0-33161 


0-30116 
0-31946 
0-33786 


47 

48 
49 

50 

51 
52 
53 


0-82030 
0-83776 
0-85521 


0-93163 
0-95747 
0-98381 


77 
78 
79 

80 

81 
82 
83 


1 -34S90 
1 -36136 
1-37881 


2-17212 
2-26280 
2 34040 


0-34907 


0-35638 


0-87266 


1-01068 


1-39626 


2-43625 


0-36652 
0-38397 
0-40143 


0-37501 
0-39377 
0-41266 


0-89012 
0-90757 
0-92502 


1-03812 
1 -06616 
1-09483 


1-41372 
1-43117 
1-44862 


2-54209 
2-66031 
2-79422 


24 
25 
26 


0-41888 
0-43633 
0-45379 


0-43169 
0-45088 
0-47021 


54 
55 
56 


0-94248 
0-95093 
0-97738 


1-12418 
1-15423 
1-18505 


84 
85 
86 


1-46608 
1-48353 
1-50098 


2-94870 
3-13130 
3-35467 


27 
28 
29 


0-47124 
0-48869 
0-50615 


0-48972 
0-50939 
0-52925 


57 
58 
59 

60 


0-99484 
1-01229 
1-02974 


1-21667 
1 -24916 
1-28257 


87 
88 
89 

90 


1-51844 
1 -53589 
1-55334 


3-64253 
4 -048 13 
4-74135 


30 


0-52360 


0-54931 


1 -74720 


1-31696 


1-57080 


Infinite. 
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Considered as a function of the latitude 0, u was called the 
rneridional part by Edward Wright, 1599, who first employed 
it for the accurate construction of the parallels of latitude on 
the Mercator Chart, by making the ratio of the distance from 
the equator of the parallel of latitude <f> to the distance between 
the meridians whose difference of longitude is <f> equal to the 
ratio of u/<f> (§ 98). 

17. Returning to the general elliptic functions, we notice 
that cn^ii+ sn^=l, 

dn^ + K^nhi = 1, 

or, in a tabular form, 





en 


sn 


dn 


cnu= 
8nu = 
dnu= 


cnu 


V(l-sn^) 

snu 
^(l-ic^sn^u) 


V(<in2u-/c'2)//c 

V(l-dn2u)//c 

dnu 



whence any one of the three elliptic functions en, sn, dn, can 
be expressed in terms of any other ; the three functions are 
thus not absolutely necessary, but all three are retained and 
utilized for simplicity of expression, as sometimes one and 
sometimes another is most appropriate for the particular pro- 
blem in hand ; in the same way, of the circular functions 

cos 6y sin 6, tan 6, cot 0, sec 6, cec 6, vers 6, 
one would be sufficient, but all are useful ; and so also with 
the hyperbolic functions cosh u, sinh u, tanh u, .... 

For the reciprocals and quotients of the elliptic functions 
en, sn, dn, a convenient notation has been invented by Dr. 
Olaisher, according to which 1/cn u is represented by nc u, 
1/sn u by ns u, 1/dn u by nd u, en u/dn u by cd u, and so on. 

In this manner sn u/cn u would be denoted by sc u ; but it 
is more commonly denoted by tanam u, abbreviated to tn u ; 
while en u/sn it. or cs u would be denoted by cotam u, or ctn u. 

According to Clifford {Dynamic^ p. 89) we might abbreviate 
the designation of the hyperbolic cosine, sine, and tangent to 
he, hs, and ht ; or we may write them ch, sh, th ; with en, sn, 
tn for the elliptic functions ; and merely c, s, t for the circular 
functions. 



O.E.F. 
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18. PenduVwm 'performmg complete revolutions. 

Secondly, suppose the pendulum performs complete revolu- 
tions (fig. 3). 

We have seen previously (§ 15) that if the pendulum has 
an angular velocity 2n = 2^(g/l) in the lowest position, it 
will just reach the highest position; and therefore if this 
angular velocity is increased, the pendulum will perform com- 
plete revolutions. 

The integration of equation (1) in the form 

il\de/dt)^=C-gl verse 

or iv^/g+AN^AD, a constant, denoted by 2R, 

shows that the velocity of P is that which would be acquired 
in falling freely from the level of a certain horizontal line 
BDR, which now does not cut the circle, as in fig. 2 when the 
pendulum oscillated, but lies entirely above the circle, as in 
fig. 3, at a height 2R above the lowest point A ; and the im- 
petus of the velocity of P is the depth of P below BR. 

Denoting the angle AEP by <f>, so that = J0, then 

2l\dif>/dtf = g(2R - 1 vers 2</>) = 2g{R - 1 sin^^), 

(t)*=f('-^v)-?('-''™v). 

on putting k^ = IjR = A EjAD ; and n^ = gjl, as before ; 

so that ntJK =/{l - 1^ sin^)" id!^ = P(0, k\ 

in Legendre's notation ; and inverting the fimction according 
to Abel's suggestion, with Jacobi's notation, 

J0 = = Bm(nt/K, k) ; 

and now, with Gudermann's abbreviated notation, 

cosi6=cant/K, 

ain^O^annt/K, 

f=2^dn^</., 

AN= I vers d=2l sin^ = AEmhit/K, 
NE^AEoxihiilK, ND=AD dnhtt/K, 
AP=AE8nnt/K, PE^AEcxxntJK, 
NP = 21 sin \Q cos ^0 = -4^ sn nt/K en ntJK, 
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19. The time of moving from J. to ^ is obtained by putting- 
^ = J-jT, and is therefore Knjn ; and therefore the "period^ or 
time of a complete revolution, is 2KK/n (not ^tKKJn). 

With the series for K as given in § 11, and with t^=llR, 
the period of the pendulum for a complete revolution is 

The analogous expression for the period when the pendulum 
oscillates, rising on each side to a height 2/2, less than 21, is, 
as in § 11, 

Putting K=l, and R=l, makes K infinite, and brings us back 
again to the separating case between oscillations and complete 
revolutions of the pendulum ; and we thus regain for this 
case the original expressions involving hyperbolic functions, 
previously investigated in § 15. 

But as K now diminishes again from 1 to 0, the pendulum 
revolves faster and faster, until finally, when ic=0, we must 
suppose the pendulum to revolve with infinite angular velocity, 
the fluctuations of which for different positions of P are in- 
sensible ; and the period is now zero. 

20. We notice that, in the circle AQ (fig. 2) the point Q 
moves according to the law 

<f> = am nt, 

so that Q moves round in a circle, centre C, in fig. 2 like the 
point P making complete revolutions in fig. 3. 

But now, in the motion of Q, gravity must be supposed 
diluted from g to K^g ; for if R or kH denotes the radius of the 
circle AQ, g" the diluted value of gravity, and n'=^(g'lR) the 
speed of the pendulum CQ, then we must have 

0=am nt=8i,m n't/K, 

so that 7if=Kn, 

^IR^K^glh 

g'lg=.K^R/l = K\ 

We may dilute gravity in the circle AQ hj inclining the 
plane of the circle to the vertical at an appropriate angle. 
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21. Another way of diluting gravity would be to replace the 
circle ^Q by a fine tube in the form of a uniform helix with 
horizontal axis through its centre G perpendicular to the plane 
of the circle J.Q, and to suppose the particle Q to move in this 
helix under gravity. 

Then we shall find that if the length of one complete turn 
of this helical tube is equal to the circumference of the circle 
AP, the particle Q moving with velocity due to the level of E 
will follow the motion of the particle P moving on the circle 
AT with velocity due to the level of JD, so that PQ will always 
be horizontal, if once it is horizontal, and P, Q will always be 
at the same level during the motion. 

For in this case the mechanical similitude is secured by in- 
creasing the square of the velocity of Q in the ratio of 1 to 
1//C*, instead of diluting gravity to K^g, 

We may secure the same effect by supposing Q to be a point 
on a pendulum GQ[, of length greater than CQ ; or else of length 
OQ, but of which the axis G is cut into a smooth screw of 
appropriate pitch ; or else engaging with teethed wheels, so as 
to increase the angular inertia about C 

22. If we produce CQ to any fixed distance GQf=Vy then Qf 
will also perform complete revolutions like a pendulum of 
length l\ with gravity changed in a certain fixed ratio depend- 
ing on V ; and we can keep gravity unchanged by choosing V 
so that n'^^gjV^i^n^^t.^gll^ 

or V = Z//C* = I cosec^ia ; 

and now Q[ revolves with velocity due to a level at a height 
2Z//C* = 2Zcosec*Ja above its lowest position; so that the period of 
revolution of a simple pendulum of length I cosec^^a, when the 
velocity is due to the level of a line at a height 2Zcosec*Ja above 
its lowest point is equal to the time of oscillation of a simple 
pendulum of length I through an angle 2a from rest to rest. 

These problems on the pendulum have been developed here 
at some length, in accordance with the idea of this Treatise, 
that it is simple pendulum motion which affords the best 
concrete illustration of the Elliptic Functions. 

Similar principles are involved in the following three 
theorems, which the student can prove as an exercise in the 
manner employed for the cjxloid in § 10. 
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1. K two vertical circles, of diameters AD and AE, touch at 
their lowest points A, the time of oscillation from rest to rest 
of a particle in the circle AE with velocity due to the level 
of D will be to the time of revolution of a particle in the 
circle AD with velocity due to the level of E in the ratio of 
AE to AD (^g. 2). 

2. Two particles move, under gravity, in vertical circles. 
The one oscillates; the other performs complete revolutions. 
Prove that if the height to which the velocity of the first is due 
bears to the diameter of the first circle the same ratio as the 
diameter of the second circle bears to the height to which the 
velocity in it is due (the heights being measured from the low- 
est points of the circles) the ratio of the squares of the times 
in corresponding small arcs-aad therefore the squares of the 
whole times of oscillation and revolution — will be that com- 
pounded of either of the before-mentioned equal ratios and 
the ratio of the diameters of the circles. 

3. Two equal smooth circles are fixed so as to touch the same 
horizontal plane, their planes being at different inclinations ; 
two small heavy beads are projected at the same instant along 
these circles from their lowest points, the velocity of each bead 
being that due to the height of the highest point of the other 
circle above the horizontal plane, show that during the motion 
the two beads will always be at equal heights above the hori- 
zontal plane. 

23. We have compared the motion of the pendulum in fig. 1 
with that of the simple equivalent pendulum composed of 
the particle P moving on a smooth circle, or at the end of a 
fine thread or wire OP ; oscillating from £ to jB' in fig. 2, and 
performing complete revolutions in fig. 3, the velocity of P at 
any point being that acquired in falling from the level of D. 

Taking as coordinate axes the horizontal and vertical axes 
Ax and Ay through A, and referring the motion of P to the 
coordinates x and y, then since P describes the circle AP of 
radius I, x^ = 2ly — y\ 

Denoting by v=d8ldt the velocity of P, then by the principle 
of energy iv^g = 2iJ - y , 

2R denoting the height of D above A, 
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•D . . dx l—y 

But since t- = •,„, — jt. 

da' da? l^ . 

while kidajdtf =g{2R-y); 

80 that ll\dyldtf=g(2R-yXily-y^). 

dt I 1 

" 7(2^y V{(2^ - yX% - y*)) ' 



called an elliptic integral in y, and of the^rsf Htic2. 

24. Firstly, if the pendulum oscillates, R is less than I, and 
2/ oscillates between and 2R ; and the integral is reduced to 
Legendre's canonical form by putting y = 2R sin^<f} ; when 

nt =/(l - ic* sin20) - idip = F{<f>, k), 



where k^ = R/l, n^ = g/l ; 

and therefore with Jacobi's and Gudermann's notation, 

<f> = am(n^, k) 
and y = 2iJ sn^nf = 21/^ snhit, x=^2lKsnntdnnt; 

or AN= AD sn«n^, ND=AD cnhU, NE=AE dn«nf , 
as before, in § 8. 

25. When /c=0, the oscillations are indefinitely small; 
and now y = 2R sin^n^, 

where iJ is a very small quantity ; 



an ordinary circular integral. 

It was Abel who pointed out (about 1823) that in looking 
only at the Elliptic Integrals, mathematicians had been taking 
the same diflicult point of view as if they had begun to deduce 
the theorems of elementary Trigonometry from an examination 
of the properties of the inverse circular functions, as deduced 
from the circular integrals, 

{Niels-Henrik Abel, Tableau de sa vie et de son action 
sdentifique. Par C. A. Bjerknes. 1885.) 
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26. Secondly, if the pendulum performs complete revolu- 
tions, as in fig. 3, R is greater than I, and y oscillates in value 
between and 21 ; we now reduce the elliptic integral in § 23 
to Legendre*s standard form by putting y = 2l sin^0, 

when nt/K =-/{! -/c* 8inV)"*c?0 = F(<p, k) 



where i^=l/R, 

the reciprocal of its former expression ; and now 

^ = KmintJKy /c), y = 2l snhit/K, a? = 2i sn nt/K en nt/K ; 
or AN=AE8n^ntlK, NE=AEcnhU/K, ND=^AD dahit/K, 
as proved before, in § 18. 

27. In the separating case between oscillations and complete 
revolutions, iJ = Z, and now k=1; 

and y = 2l sin^^ = I vers20 = I vers 6 ; 

also (§ 23) nt =ysec <f>d<f> = log(8ec <p + tan <p) 



=cosh"^ec0 = sinh"^tan0=tanh'^sin0=2tanh"^tanj0; 
so that = gd nt, or amh ni, 

and sec <p = cosh nt, tan ^ = sinh nt, sin ^ = tanh nt, 

y^2l tanh*7i<, a; = 2i sech nt tanh nt, 
as before, in § 15. 

28. Landen^s Point, 

With centre E in fig. 2 and radius EB describe a circle 
cutting the vertical AE in L ; then X is an important point in 
the theory of pendulum motion and elliptic functions, called 
Landen's point. 

Since EB^=-ED.EA^EC^^GA\ 

therefore the circle, centre E and radius EB, will cut the circle 
AQD, centre G, at right angles ; and 

LQ^^LG^+CQ^+2LC.CN=2LG,EN=21{1^kJEN\ 
since LG^+CQ'=LG^+EC^'-EL^=^2LG.EC, 

and EL^EB=21k\ EG^U\+k^), LG^KI^kJ. 

Now, by § 20, the velocity of Q 

= J(2g' . EN) = V(2g/c* . EN) = nit'J{2l . EN) 

= 7i.ZQ(l+0. 
Similarly in fig. 3, where P makes complete revolutions, the 
velocity of P =n , LP{\+k)Ik, where the Landen point L is 
obtained by drawing a circle with centre D, cutting the circle 
AE orthogonally, and the vertical AD in L, 
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We shall prove subsequently that any straight line through 
L divides the circle APE in fig. 3 (or the circle AQD in fig. 2) 
into two parts, each described in half the period. 

29. Change from one Tnodvlus to its reciprocal. 

It is important for the simplicity and for convenience of 
tabulation of the elliptic functions that the modulus k should 
not exceed unity ; but the preceding reductions of the motion 
of the pendulum to elliptic functions, in the two cases in which 
the pendulum oscillates and performs complete revolutions, 
sHow us how to make the elliptic functions to a modulus k, 
which is greater than unity, depend on the elliptic functions 
to the reciprocal modulus 1/ic, which is less than imity. 

For, on comparing the two expressions for y, according as 
the pendulum oscillates or performs complete revolutions, 

2/ = 2i2 sn^Tif, k\ or 2i sn^icnf, l//c), 

where i^ = R/l; 

80 that K^n^{nt, K) = sn\Knt, 1/k) ; 

or, putting nt = u, 

K sn(u, k) = sn (ku, 1/k), 

so that dn(u, k) = en {ku, 1/k), 

cn(u, ^) = dn (ku, 1/k), 

Independently, if we suppose <f>=a,m(u, k), and if we put 

ic sin ^ = sin^, 

then K cos <f>d<p = cos y/rdx/r, 

and co8<f> = ^(l — K~ %inS/r) = A (\Jr, 1/k), 

cos ^ = ^(1 — Khin^ip) = A(^, k) ; 

80 that u = /(l — /c%in2^)-*ci^ — /sec \[r d<f> ; 



icU = /sec ^ drfr ~/ (^ ~ '^ ~ ^^^^^) dr/r, 

or ^=am(iru, 1/ic); 

and since k sin <p = sin y/r, etc., 

therefore k sn(u, k) = sn(/c u, 1/k), etc. 

When u=:Kf </> = h'^9 and ^=sin"V; so that, if ir is less 

(1 — ic " ^sin^^) " ^dxfr. 
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30. Rectilinear OacUlations expressed by Elliptic Functions. 

In simple pendulum motion, referred to horizontal and ver- 
tical axes Ax, Ay, drawn through the lowest point A, we have 
shown in §§ 24, 26, that 

y = 2lKhnhit, x = 21k sn ntdnnt; 

or y = 2fen^<//c, cc = 2i sn nt/K en nt/K ; 

according as the pendulum oscillates or performs complete 

revolutions. 

Treating the vertical motions separately, and differentiating 
according to the rules established in § 7, we find, on taking 

y = 2lKhnhit, 

dy/dt = 4ilnKhn nt en nt dn nt 

dh/jdt^ = Un^K^cn^nt dn^nt — sn^^ dahit — i^nhit cD?nt) 

=«»v{(i-^,)(i-»^-^^(i-D-l(i-^)} 

= 4W(l-f-J+^;),by|17. 

Taking y = 2l sn^nt/K, we find in a similar manner 

d?y_4h^( y Khf 3ic^^ . 
dt^" i^V I l^ W )' 

both immediately obtainable from the equation of § 23, 

mdy/dty=g{^R-y)(2ly-y') 
whence lKd^yldt^)=^9(Iil-Ry-ly+iy^. 

We shall find similar expressions for dh//dt^ when y varies 
as cn^^ or da^nt, all of the form 

dh/ldt^=A+By+Cy. 

Let us determine then, as exercises in the differentiation of 
the elliptic functions, the acceleration d^xjdt^, and thence the 
force at a distance x, which will make a body oscillate in a 
straight line according to one of the laws 

a;=a en nt, sn nt, dn nt, tn nt, nc nt, ns 7i^, .... 
Taking a; = a en nt, 

dx/dt = — na sn nt dn nt 
d^x/dt^ = — 7i^a(cn nt dahit — i^nhit en nt) 

= -n^ic'2-/c2+2/c^), 
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BO that ^ + n^x = 27i«/c*ajU — ^ j ; 

reducing to zero when /c = 0. 

It is often simpler to find dxjdt, and then to express ^(dxldff 
as a function of x ; and then a differentiation with respect to t 
will give cPx/d^ immediately as a function of x. 

Thus, if x=asnnt, 

dx/dt=na en ti^ dn nt 

so that d^ "^ " '"'^ "^ '^^^ "* — ST"' 

reducing to zero, when k = Q. 
Similarly, if a; = a dn Tji, 

Generally, when oj varies also as tnn^, ncn^, ..., we shall 
find a relation of the form 

d^x/dfi=fjLX+2vs(?, 
which, when multiplied by dx/dt and integrated, gives 

l{dx/dty = C+ \fux^ + ii^ 
or dxldt=J{2C+fiJ3?+vQif), 

t=/{2G+jj^+pj^yidx, 

an elliptic integral, of which the different expressions are given 
in Chapter II. 

31. A Special Minimum Surface. 

Another interesting exercise in the differentiation of elliptic 
functions is to verify that the surface discovered by Schwarz 
{Oeoammdte Mathematische AbhandZungen, vol. I., p. 77), 

cna;+cny+cn2;+cnaj cn^ caz=0, 
with the modulus ic = i, is a mAnim/um, surface, having zero 
curvature at every point, and therefore satisfying the condition 

Pt ?> ^> ^> ^ having their usual meaning as partial differential 
coefficients of % with respect to x and y. 
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Schwarz shows that this condition is equivalent to 
1 l_ (l+gV-2pg8+(l+p')t _ /n.^.^^/^^.^J"^_0 

ft"^^ r+?+? ^(i+P'+ff^la^+^h^*' 

ft, p2 denoting the principal radii of curvature of the surface 
(0. Smith, Solid Oeometry, § 256), where 

Let us write c^, «i, d^, for en a?, sn a?, dn a? ; and Cg, Sg* ^2» ^8» *»» 
(Zj for the same functions of y and 0. 

Then ^ Ci+<52+^8+V2^8=0; 

and diflferentiating with respect to x, 

- «idi - SgdgP - « AcjCg - CjC^^d^ = 0, 



or p 






But C8=-TX^' 



a 



8^ X g g^ ('^+Cl<^2)^-(<h + 02f ^ ^iV 



'8 —-^ ^^8 



80 that «8(1 + CjCg) = ^iSg, etc. ; 

«l«2^ ^A ^«8 ""«i/^* 
By symmetry, g = - ;^ ; 

SO that we may write 

Now J-f^V^ A'^^-^A' =^,^ Ifg^U-M^. 

where D=(,dj8if+{dj8^'+(dj8;f; 

By symmetry 

SO that "^ + ^=0* provided that 
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o 2o 2 "T" p 2fi 2 "T" jij 2j, 2 "" ^» 

<»2 ^8 ^8 **! **1 '*2 

or c^(s2^d^^ + s^d^) + . . . = ; 

or, since a^^ = 1 — c^^ d^ = J(3 + c^), 

or (Ci + Cg + Cg + C1C2C3) (3 - c^c^ - CgCi - c^c^ = 0, 

and this is true, in consequence of tha original relation 

Cj + C2 + Cg + ^i^2^3 ^^ 

The other relation 3 — c^c^ — CgC^ — c^c^^ = 
represents isolated conjugate points, where 

Another minimum surface is 

-tny tnjs+tns tna;+tna:tny + 3 = 0, 
with ic = W2,ic'=i 

32. Elliptic Function Solution of Euler's Equaiions of 
Motion, 

Before leaving the mechanical interpretation of elliptic 
functions, we may just mention here an important application, 
the application to the solution of Euler'a equations of motion, 
for a body under no forces, moving about its centre of gravity, 
or about any fixed point. 

Euler's equations for p, 5, r, the component angular velocities 
about the principal axes, are (Routh, Rigid Dynamics) 

Adpldt = {B'-'G)qi\ 
Bdq/dt = (C-A)rp, 
Cdr/dt = (A-B)pq; 
where A, B, C denote the moments of inertia about the princi- 
pal axes ; and two first integrals of these equations are 

Ap^+Bq^+C7^ = T, a constant ; 
AY + S^(f +Ch^ = G\sL constant, 
obtained by multiplying Euler's equations respectively by (i.) 
p, g, r, and adding, (ii.) by Ap, Bq, Cr, and adding ; and then 
integrating. 

Comparing these equations with the equations of § 7, 
cn'w= — snudnu, sn'i£=cnudnt6, dn't6= — /c^snucnu, 
where accents denote differentiation with respect to u, we 
notice that if A> B>C, and the polhode includes the axis (7, 
so that AT>BT>0^> CT, we may put u=nt, and 



THE ELUPTIC FUNCTIONS. 29 

p=P(aiu,q= —Q8nu,r=Rdau; 
and 4<heii, on substituting in Euler's equations of motion, 
B-C nP A-C nQ A-B „N,R 
A ~QE B ~EP' ~U~~ PQ ' 
Putting t=0, and therefore p=P, q=0,r=R; then 

AP^+GB!^=T, A^P^+C^m=CP, 

so that ™ = -T7-l rR> B^ = 



and then 



A{A-G)' C{A-C)' 
^~^ B B-G~B(B-0)' 



while n.^ji,U-fB-OJAT-^KB-C)^ 

™^ '^"B? C B-CAT^G^ B^C 

If the polhode encloses the axis of greatest moment A, so 
that AT>G^>BT> CT, we must put 

j9 = Pdn w, 5= — Qsn u, r = iJcnu; 
and then determine P, Q, iJ, n, ic as before ; when 
o^(^--CTXA-B) ^ AT'-O^ B^C 
ABC ' '^"O^^CT A--ff 

In the separating case, when G^=BT, then /c=l, and 
jp = Psech7if, q= — Qtanhri^, r = iJsech7i^; 
so that, when t = 0, 

. G^ B-C ^ ^ G^A-B 
^ ABA-C^^ ^'"^ BCA-C 
and initially or finally, when ^=+00, 

p = 0, 5=±G/jB, r=0; 
and the body is spinning about its mean axis B, 

But when the body is spinning about the axis of greatest or 
least moment, G^=AT= AY* or G^= CT= C V, and ic = ; and 
the period of a small oscillation is 2'7r/n, where 

_ (A-B)(A-G) (A-BXA-O 
ABC BG ^' 

or . {^-C)(B-C) (A-CXB-C) 

"'^ "- ABC ■'" AB ""• 

We shall return subsequently to these equations in Chap. III. 
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33. In Chapter L we have immediately made use of Abel's 
valuable idea of the Inversion of the Elliptic Integral, which 
is the foundation of the modem theory of the Elliptic Func- 
tions ; and we have considered the functions which are inverse 
to the elliptic integral, and treated them as the direct funda- 
mental functions of our Theory. 

Previously to Abel's discovery (1823) it was the elliptic 
integral which was studied, as in the writings of Euler and 
Legendre ; and, in fact, in a physical and dynamical problem 
it is the elliptic integral which arises in the course of the 
work ; for instance in the form of the Equation of Energy, 

i(dac/dty = X, so that J2 t^/dx/JX; 

and now, when X is a cubic or quartic function of cc, so that 
d^xjdt^ is a quadratic or cubic, as in § 30, the integral is called 
an elliptic integral of the first kind ; and we have to follow 
Abel and determine the elliptic function which expresses x as 
a function of t 

To accomplish this, it will be useful to employ the notation 
of the inverse functions, given by Clifford (Proc, London 
Math. Society, vol. vii., p. 29 ; Mathematical Papers, p. 207) 
analogous to those used in Trigonometry for the inverse 
circular functions; and to make a collection of all the important 
cases that can occur. 

34. The Circular and Hypei'holic Integrals, 

Starting with the circular functions, sin x, cos x, tan x, cot x, 

... , we have, in the ordinary notation, 

30 



/ 
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doR 







X 



-^^^— -5.=co8-ia;=sm- V(l -a;*), 



/ 



/ 



r— — s =tan"^=cot"^-, 
1+ar X 



00 



=cot~^fl5=tan~^-, etc. 



a?+l ""^ a:' 



We can employ a similar notation with the hyperbolic func- 
tions, cosh Q^y sii\h 05, tanh x, coth a?, . . . , and write 



1 

r 



CuX 
--T^l-;;^;^ = Sillh -!« = cosh - V(l +«*) = l0g{ ^(1 +«*)+«} , 



j-^ =tanh-^=ilog^(a;<l). 



/ 



00 



dx 35*4" 1 

^— Y =coth-iaj=Jlog^— J (»>1); etc.; 



and the analogy with the circular fimctions is now complete, 
and the results can be more easily remembered and written 
down, than when the logarithmic function alone is employed. 

To avoid complications due to the multiplicity of the 
values of these and subsequent integrals, in consequence of the 
variable x assuming complex values and performing circuits of 
contours round the poles of the integral, we suppose for the 
present that x is real, and increases or diminishes continually, 
so as to assume all real values once only between the limits of 
integration; also that the positive sign is taken with the 
radical under the sign of integration ; we thus obtain what is 
called the principal value of the integral or inverse function. 

35. The Elliptic Integrals, 

With the elliptic functions, snu, cnu, dn w, we have (§ 7) 

dsnu J dcnu , cJdnu « 

—J — = cnuanu, —3 — = — snudnu, — 3 — =— ic^nucnu; 
ou du du 



(2) 
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and cnhi^l—snhi, dn*u = l— ic^sn^; 

so that, if a;=snu, then cnu = ^(l— o?^), dnu=^(l— ic^) ; 

/Q_^ j_^^x =^=8n-\c, or sa'\x, k\ (1) 

when the modulus k is required to be put in evidence. 

Putting a;=l makes the integral equal to K, the quarter 
period corresponding to the modulus /c (§ 11). 

Similarly, with 

a;=cnu, then snu=^(l— o;^), dnu=^(ic'^+iA^), 

-=- = — snudnu= — ^(1— aj^./c'^+ic^a?), 
r\ ^ 

X 

so that the integral is K when the lower limit is 0. 
Again, with 

a?=dnu, then icsnu=^(l— a:^), /ccnu=^(a?— /c'^); 

and -T- = — /c%nucnu= — ^^(1— x^.tc^— /c'*), 

ri ^ 

We may also put x=iuv,, using Gudermann's abbreviation 
of tn u ior tan am u ; and now 

1 , J(l+K'^a?) 

^ V(l+a;M+<'x») ="=*°''^' °' *°"<^''^> <*> 

and the integral is K when the upper Umit is oo . 

Putting a5 = sin0, cos0, A0, or tan^ in (1), (2), (3), or (4), 
reduces the integral to 



/: 



A 



> 



XI - /AinV) -*d0 = w = F(0, k) 

=am"^(0, ic)=8n-^(sin0, ic) = cn"^(cos0, ic) = dn"\A0, #c) ; 
so that 
0=amu, and cos0=cnu, sin0 = snt6, A0 = dnu, tan0=:tnu. 
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36. Thus, with a>b>x, 

JT' dx _1 Jx b\ .^. 

Jj{a^-x\b^^a?ra^'' W a> ^^^ 

indicating that we must put a;= b sin ; and then the integral 
is reduced to 



Similarly, with ex > a; > a, 

y ^*^ dx _1 Ja b\ 
J(x^^aKa?^b^) a®^ W a> 



(6) 



indicating the substitution x=acoaec^ (or acec^, as Dr. 
Glaisher writes it). 

Thus, for instance, with qo>x>1/k, 



J^\ -X* . 1 -K*a;«) "^"'W' V 



Again, 



n dx _ 1 Ax b \ .-. 



y^(a' 



(2a; 



V(a*+!c«.a;*-6*) v'(a* + ^) 



"""{I' ZM+b^)]' ^^^ 






37. As numerical examples, 

the integration required in the rectification of the lemniacate 
r* = a* cos 20 ; so that r = a cn(,^ a/a, ^mJ^)- 

y ^(^_l) = W2cn-;^, W2) = W2nc-Xa;. W2). 
with Dr. Glaisher's notation (§ 17) of ncu for I/cnu. 

O.S.F. / c 
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Consider also the vibrations given by the dynamical 
equation dhi/dP = — 2n*x(c^ — a*), 

as in §30; so that x = gives the point of stable equilibrium, 
and x=±c gives the points of imstable equilibrium. 

Integrating, supposing the motion to start from rest where 
« = 6, \{dxldtf = C- n«cV + JnV 

= Jn«(b«-«*)(2c«-6«-a?). 

(i.) When 6*<c*, the motion is at the outset towards the 
origin, and dx/dt=: — 7i^(a*— a:*. b*— £C*), 

writing a* for 2c*— b* ; so that 

._f^__dx f^dx _f'dx 



= -f-K'— sn"Vj, with modulus -, by (5) ; 

or x=b sn(JSr— arvt). 

(ii.) When6«=c*, dxldt=±v{lf-a?)\ 
and, by § 34, the ultimate state of motion is given by 

«= 6 tanh hnty or 6 coth hnty 
according as the motion falls away from the position of 
unstable equilibrium, towards or away from the origin. 
(iiL) Whenc*<62<2c*, 

dxldt=^+nj{a^--a^.a?'rh^\ 

f dx _ f^dx _ f^dx 

b b X 

= j(ir-sn-i-), mod. ^, by (6); 

or X = 6/sn(-K' — fen t) = 6 ns(JSr — hnt). 

(iv.) When 62 = 2c*, 



^ f* dx \ yX 

ni^l — 7T-S — r5r = i- sec"* 

J X, 



or iB=6sec67if. 

(v.) When 6* > 2c*, we must write a* for 6*— 2c* ; and now 

fir/fft = + n V(aH i»* . a* - 6*), 
^ f* dx 

1 ^ .iffe g 1 

or x = hjcnjia^ +b^)nt=b nc v^(a* + b*)nL 



/ 
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38. So far the function X has been treated as an even 
quartic function of a?, or as a quadratic function of sc^, resolved 
into two real factors ; but according to Prof. Felix Klein there 
are certain advantages in considering the integrals obtained 
by writing aj^=0, in (1), (2), (3) ; and then, writing k for k\ 

or 2cn'^J{\--zl ox 2An'^J{l-kz) (11) 

Conversely, by writing for z the values «*, 1 —a?, 1 — fec^, we 
reproduce the integrals (1), (2), (3) from (11), by the simplest 
quadric transformations ; and it will not cause confusion if 
we sometimes call k the modulus. 

For these and various other reasons, Prof. Klein suggests 
(Math, Ann. XIV., p. 116) that we should consider (11) as a 
more canoilical form of the elliptic integral than (1), the form 
with which Legendre and Jacobi have worked. 

89. Now, with X=(a5 — a)(aj— /8)(fl5 — y!) and a>/8>y, 
we have, if oo >a5> a, 

/• dx 2 J /a-y 

= 7^)Cn-Vl^=V(^)^^ (12) 

withic« = Aj=08-y)/(a-y); 
indicating that we must put 

a; — y = (a — y)cec*0, a; — a = (a — y)cot*0, 
and then aj — ^ = (/8 — y) A*^ cec^0, 

to reduce the integral to Legendre's canonical form 

F4> =/(t - k sinV) " ^dif>. 



Similarly, by putting x-a^^ia- ^)tan*0, x-fi=^(a'- ^)sec*0, 

/* Mdx . Ix—a 

=cn-^>-^=dn-J °-^-^-y . (13) 

where M is used throughout to denote iV(«"y)- 
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Thus, with 00 >a;> l/k, integral (11) becomes 



= 2cn-V^ = 2^-V^'^ 



y '"* dx ^ _j / fee— 1 
^(oj.l— aj.l— fee)""*' \jfc.a;— 1 
1/* 



=''^-'^i^i-''^-'^iw- 



40. When a > a; > /8, X is negative, and 



— a; 

;8 



y V(--X')" Va- 

=WM-|=Wf^' ^^*> 

=cn-d^—X-^^=dn-d^ (15); 

and now the modulus #:' is given by ic'* = fe' = (a — ^)/(a— y), 
and the modulus is therefore complementary to the modulus 
in (12) and (13) ; and the form of the result in these and other 
subsequent integrals indicates the substitution required to 
reduce the integral to Legendre's standard form (§ 4) ; while 
the results can be verified by differentiation. 

Thus, with l/k>x> 1, integral (11) is imaginary and may 
be written 

/!/* dx ^. 1 /l-fcc 

/^ix.l^x.l^kxr^'^'' \l~l^ 

X 

= 2i cn-M '^"T = 2idn'^J{kx), mod. A?'; 

/** dx gv. J / oj — 1 

y^(a!. l-aj.l-Jb!) = ^*^°" \l-k\x 

= 2tcn-^^ji^=2idn-'^i. mod. k' ; 
i denoting V(""^)» 
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41. When j8>a5>y, X is again positive, and 
*^ Mdx , la — y.B—x 



/^ --Vi^ 



X 



=cn-ij^-^^^y=dn-ij^:^ (16) 

y p—y.a—x y a—x ' 



7 



'^-4^-^-'4i=v <"' 



with A;=(^-y)/(o-y), as in (12) and (13). 
Thus 



— 05 

kx 



Jj{x.\-x.\-kx)-^^'^ Vl- 

while the result is as in (11) when the lower limit is 0. 
42. When y>x>— oo , X is negative, and 



' — 05 
05 



-cn-.V|H=^-Vf-;?f|ES (18) 



/*'Mdx , /«— y 

-»-VH=^-V!^:^ w 

with modulus A;'=(a— ^)/(a — y), as in (14) and (15). 
Thus, with 0>a;>— 00 , integral (11) becomes 

y}(aj.l-aj.l-fcc) = ^''''"Wr:^ 

= 2i cn'^J=r — = 2t da'^J-^ ,mod.A;'; 

\1— X \ 1—05 



s 



y^(aj.l-a:.l-^)"^^^'' Vl-"^ 



V""" iw! //b 1 ~"05 

^--^=2idn-»y-ji:j^.mod.fc'. 
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43. We notice that the substitution 

x-^y p — y aj — y p — y a?— y a— y 

makes 

y^^^^ dx n d y 

J{x-a.'x-^.X'-'y)J J{y-a.y-p.y-yf 

X 7 

or changes (12) into (17), or (13) into (16). 
Thus 

Jj{x-a.x-l3.x-y) y7(y-a.y-i8.y-y) VCa-y)"**^ ^ 

a 7 

where #:* = A; = 08 — y)/(a — y). 
Again the substitution 

o-a;_o-y _ic-/S_y-y _ a;-y_^-y 

~ — — - ^ or — ^ — — — , or = > 

a — p a — 1/ a — p a— y a — y a — y 

changes (14) into (19), or (15) into (18); and shows that 

/"* dx fy dy _ 2K' 

Jj(^-x.x-fi.x-y) VJ(a - y. $~'-y. y -"y) "7(a-yr**^ ^^ 

P -00 

where *' = /c'* = (a - /S)/(a - y). 

The substitution which changes any one integral into another 
is obvious by inspection of the preceding results. 

44. Thus the integrsi Jdx/^X can be written down, ex- 
pressed by inverse elliptic functions, when JC is a cubic form 
in X, resolved into its three real linear factors. 

For example, with a^ > 6^ > c*, 

/^^ d\ 2 ^f l^\ /a*-6«\ 



an integral occurring in the mathematical theories of Electricity, 
Magnetism, and Hydrodynamics, in connexion with ellipsoids. 

As another example, the student may prove that 

(a;/a)« + (y/6)"HWc)«""V("'-<^) ^^ ^a' Va*-cV' 
when the integration is extended over the surface 8 of the 

sphere a^+y^+z^=^T^ 

(W. Burnside, Math. Tripos, 1881). 
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45. When two of the roots, fi and y suppose, of the cubic 
X=0 are complex, we combine {x-'P){x—y) into the real 
quadratic {x-rrif + n*, suppose ; so that X=iX'~'a.{X'-- mf + n*. 
Now we substitute 

_ ^ _ {X'-7n f+n^ 
^""(a; — a)*"" x — a 
a quadric substitution, the graph of which is a hyperbola, and 
find the turning values of y, say y^ and y^ the values of y 
which mi^e the quadratic in x, 

(a;— m)2+ii*— y(a;— a) = 
have equal roots ; so that y^ and y^ are the roots of 

(Jy+m)2-(at/+m2+ti^) = 0, or {y^+(m--a)y—n^=0. 

Then y—yi-- —> y—Vfi- > 

^ ^^ x—a ^ ^* x — a 
and dy^ (x--x^X^-x^) , 

dx {x — af 

aSj and x^ denoting the values of x corresponding to y^ and y^. 
and therefore denoting the roots of the quadratic equation 

a;2—2aa;+2am—m* — 71^ = 0; 
80 that x^=m + \y^y x^^m+\y^. 

Then r-%-fr—vr-fr"^^^ 

J JX J {x- a)s/y J{x- x^x - x^Jy 

dy 



-/: 



Jiy-y-yi-y-Vt) 
2 -i( j y-yi /--j^l") 

\yy-y»' yy^-yJ 



en 



Jiyi- y^ ^yy- ys yyi- y^f 

= ,y^ ^ cn-^^ -^ ...(22) 

v^^—^sJ x—x^ 

by (12), with k'^yjiy^^-y^), *= -yjiyi-y^), 

since y, is positive and t/g negative, or y^ > y > > 2/3. 

Again, with the same substitution, 

yr dx r d^ 

J{a-'X.{x-mf+n^)'ys/{-y.y^-y>yi-y) 

-00 -co 



ca 



-1 JVi-y 



>J{yx-y^ ^yi-y 
= 7?/V^«"'' ?~^ (23) 

by (19), to a modulus k' the complementary modulus of (22), 
namely k!^yj{y^'^y^). 



/; 
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46. We denote (a— m)*+n* by H\ and then 

and by means of the same substitution as in § 45, 

dx fj2 _ja;j— 05 

»J{x — a.{x'-mf+if?)^tJ{x^—x^ x—x^ 

JH'^ Xn+ix-a)'"]' 

K^=i-h(a-m)IH. (24); 

/^ dx _ 1 J H-(a- x) ,\ 

Js/{a-x . (x-my+n^) ~ V//*^° \lf+{^xy " /' 

«'*=i+i(a-ni)/^. (26); 

indicating that the substitutions x—a or a—x=ff(^i^Y 

reduce the integrals to Legendre's standard form ; also that 

2KK=nlH. 
Thus, as numerical examples, 

/" " dx 1 .Jj^+l-x \ 



l.,„-.(V3r|±|, ,), 



/^ dx 



-00 



with 2/cic' = J = sin 30", k = sin 15", k = sin 75". 

47. We notice that ^ =» J-tt when x^a±H\ so that 



-A 



a 



* (fa; 



'«+^ cfa A" 



-/; 



-00 



jKa-x-ix-trif-^-n^) JU 
da _ /'V' +i dx _ F{sva 1 5°) 



^ y V(a^- 1) y V(«^-l) i73 



(26) 



,(27) 
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r^ da /'-V 3+I ^ Jg^sinTS") 

But, by the Ovhia substitution x = (4 — 2r*)/30^ 
then 1 ^^ (^-lX^ + 8)» ^._^±8. 

J r' dx If. f dz 



—00 



-co 1 

or i'(8in 75") = ^3F(Bm 15**), 

that is, K'/K^ ^3, if ic=sin 15°, as stated in § 12. 

48. Degenerate Elliptic Integrals. 

When the middle root P of the cubic X=0 approaches to 
coincidence with either of the extreme roots, a or y, or when 
the pair of imaginary roots become equal, the elliptic integrals 
degenerate into circular or hyperbolic integrals. 

We notice, from § 16, that when A;=0, sn'^aj becomes sin'^o:, 
cn~^ becomes cos"^a;, etc.; and that, when ^= 1, sn"^a; becomes 
tanh"^, en "^05 or dn"^a: becomes sech~^a3, and tn'^o; becomes 
sinh'^a?. 

Thus, when k=l, the integral (11) 

y'^ dx r dx 
^(x .l—xA'-kx) y (1 —x)Jx 

= 2tanh-V« = 2sech-V(l-«) 

= 2cosh-\/=-^ = 2sinh-\/,-— =sinh-if^. 
\1— a; y\—x l—x 

This supposes that x<\\ but with ex > cc > 1, 

— rT-7- = 2coth-i^a; = 2cosech-i^(a;— 1) 

-2smh-\/— , =2cosh-\/--, =sinh-i?^^. 
\a;— 1 yx — 1 aj— 1 

But when A; = 0, the integral (11) becomes 

= 2cos-V(l-^) = sin-i2^(a;.l-a;); 
dx 

= 2 sin- V(l -a^) = •»r-sin-i2^(x. 1 -a;). 



/ 



/; 
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49. Making j3=y, or a, in the integrals (12) to (19), and 
still denoting i v^(a — y) by M, then 

(i.) with oo>a5>a, 

r* Mdx , /x — a . , /a— y 

= l3in-^ ^^"'"'^'^~"^ etc- 

; r-77 r= sin-\/ = cos-\/ ^; 

(35— y)v(a— a;) \ic— y \aj— y 

y (o;— a)V(aj — y) \a; — y \a;— o 

this integral being infinite when a; = a. 
(ii) Witha>a;>y. 

yT T— 77 ^ = sinh " * A / = cosh " ^J^—^, 
(a— a;)^(^— y) M a—x \a— as 

which is infinite when a? = a ; 

y^« Mdx . , . /a— a; , _, /a — y 

> x— 77 r = sinh-\/ =cosh \/ — ^-, 

X 

which is infinite when a5 = y. 
(iii.) With y > a; > — 00 , 

P ^^^ !^ = 8in-^/2^-^= cos-1aM""->'- 

y (a— a:)^(y— a;) \a— a; \a— a;' 

X 

r-' Mdx _ .J /y— a?_ . _j /?"-y. 

y (a — x)tj{y —x)" ya—x" y a—x' 

—00 

/"' J/ctc , T /a— « . , , /a — y 
/t ^ 7, . =cosh-\/ =sinh-\/ ^, 

-00 

this last integral being infinite when a; = y. 

The limits have been chosen so as to exclude these infinite 

values. 

50. WeieTBstraaa'a Elliptic Functions defined. 

When the general cubic expression X is given, not resolved 
into factors, then Weierstrass's notation becomes useful, and 
may be defined here. 
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Weierstrass writes 8+f for «, and chooses / so as to make 
«* disappear in the new value of JC, which he denotes by \8 ; 
and thus S^i^—g^-^g^^ 

where g^ and ^3 are called the invariants ; so that the integral 
/"• dx fda n ds 

and now, inverting the function in Abel's manner, 8 is an 
elliptic function of u, denoted by ^u in Weierstrass's notation, 
so that 

^il(^^^^::Ty'^''"'''^^''^''^''^'^ (A) 

when the invariants g^ and g^ are to be put in evidence. 

51. In Weierstrass's notation we are independent of the 
particular resolution of S into factors ; but by what precedes 
in equation (12), if, when S is resolved into real factors, 

fif = 4(« — e^(% — CgX^ — ^s)' ^^^ ^1 > ^2 > 63, 
then, with 00 > «» > e^, 






-«s 



^r* d« ^^ 1 gj^.i /ei- 

by (12) ; so that 

dnV(«.-e>=^. (B) 

The value of u f or 8=e^ is denoted by (Oj, and called the 
real half period; and by (20) we notice that 

r^da ptda _ K ^ ,^„. 



andby(13)and(By^'-^^,=^-ip^-:^^^ (29) 

With e^>8>e^, ^8 is again real, and by (16), (17), and (B), 

• /■^-^-(^^p+«.) (") 
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52. For values of 8 between e^ and e^ or between e, and 
, — 00 , Mi/S is imaginary ; however, the value of Jdaj^JS be- 
tween the limits 6g and — on is denoted by 0)3, and called the 
vmcbginary half period; so that, by (21), 

/'i d8 nt da _ iK' .„v 

and, from (12) and (14), 

«*=(«£- e8)/(«i - «8). f '* = («! - «j)/(«i - «»)• 
Also, from (14) and (15), with «i > 8 > e,, 

and, from (18) and (19), with e^>8> — oo , 

/' d^ 
-7^t=*«»"H-«; fl'2» -9z) (86) 



— CO 



53. The quantity g^—^Tg^^ is called the diacri/miTtant^ and 
is denoted by A; it is called the discriminant, because the 
roots of /S=0 are all three real, or one real and two imaginary, 
according as A is positive or negative; and A = 0, when two 
roots are equal. 

Since S = 4!^-g^-'g^ = 4(8- e^)(8 - e^){8 - Cj), 

therefore «i + «2 + ^s = ^> 

and g^=- 4f{e^e^ + e^e^ + e^e^ = 2,{e^ + e^ + e^), g^ = ^e^ 

A = 16(6,-63)2(63-ei)Vx-«2)'- 
Therefore 

^V^ = (e, - e^){e^ - e^)l{e, - e^)\ 1 - /c V« = igj{e^ - €3)*, 

4 (l-^V^) «_g,8 
"^"^ 27 /cV* —"A' 

This quantity g'gV^ ^ called by Klein the abaolute invariant, 
and denoted by J; and then, with k for /c*, 

4 (l-fe+Aiy , . _(l+^)»(2 -A;)»(l-2A;) « 
•^"27 P(l-*)« ' 27A:*(l-ifc)* ' ^^> 
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54. For the present we reserve the difficulties of interpreta- 
tion of the multiple values of the integral u=ycfo/>^S, due to 8 
being allowed to assume complex values, and to perform 
circuits round the poles, branch points, or critical points, so 
called, of the integral, given by the roots of flf=0. 

We suppose the variable 8 to pass once through all real 
values from oo to — oo ; and now 

(i.) 00 > 8 > e, 



u = JdslJS = p - 1(8 ; grj, g^), 



a 



or 



u=„,-fdslJS=^-9-^( ^^ V^ "» +^x); (37) 

which, employing the direct functions, expresses the relation 

p(a>i-u)-6, = '^-^;_Y^» (38) 

(ii) e^>s>e^ 

= «^ + ip-l(Vl^^«»_,^; g^, -g^y, (39) 

or u = Wi+(a^—/ds/^8 

=«i+a.,-ip-»(?i^:^^»-e,; g,. -g,) (40) 

(iii.) e2>8>e^, 

=<^+w,+p-'{^i^^^:^+e,; g,.g,); (41) 

or u = 2«i + 0)3 —Jdaj^S 

= 2aH+«,-p->(?l=|^^»+e,) • (42) 

(iv.) €3 > 8 > — 00 , 

= 2w^+w^+JdslJS 



u 

9 



= 2«i+a,,+ip-i(^i-^^^+e,; g,, -g,); (43) 

3 
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or u = 2ft>i + 2a)3 —/del ^8 



-00 



= 2«)i+2«j-if>-i(-«; fifj. -flr,) (44) 

Thus /^I^S=2u,i+2wg. (46) 

— 00 

and 2(ai is called the real period, and 2oo^ the i/maginary 
pei'iod of Weierstrass's elliptic function pu. 

With Argand's geometrical representation of a complex 
quantity, such as aj+iy, the complex quantity 

u = tw^ + tws (0<t<l,0<t'<l) 

represents all points lying inside a rectangle, called the period 
parallelogram. 

As 8 or pu diminishes continually from oo to — oo , the argu- 
ment u describes the contour of this rectangle ; and for 

u = (i.) tw^ (0<t<l\ (ii.) ft)i + t'ws (0 < ^' < 1), 
(iii.) ^0)1 + 0)3 (1 > ^ > 0), (iv.) t\ (l>f> 0), 

the values of 8 or pu are real, and lie in the intervals 

(i.) oo>8>.e^, (ii.) 6i>«>e2, (iii.) e2>8>e^, (iv.) e^>8>'^ao ; 
while the corresponding values of p'u are taken as 

(L) negative, (ii.) positive imaginary, 

(iii.) positive, (iv.) negative imaginary. 

For any point u inside the rectangle pu assumes a complex 
value. (Schwarz, Ellipti8che Functionen, p. 74.) 

55. In the same way, with the integral (11), denoting its 
value between the limits x and z by u, 

(i.) 00 > > l/A (§ 39), 

u=2sn-7j4 = 2^-.2sn-^^f (*6) 

(ii.) 1/A:>0>1(§4O), 

u = 2K+ 2isn-(^l^:r^, .') 

= 2A^+2ii^'-2isn-i(^j^^-, /) (47) 

(iii.) l>ij>0(§41), 

u = 2K+2iK'+2 8n'^J^^ 

^^K+2iK'-'2an-^Jz (48) 
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(iv.) O>0>-oo (§42), 

u = 4ir+2iir+2icn-i(^jl_, /) 

= 4ir+4iir'-2tsn-i(^j-^,ic') (49) 

Therefore /^ — , ^^ , ,-^ = 4g+4iir, (60) 

— 00 

and 4ir and 4dK' are called the real and imaginary periods of 
the corresponding elliptic function, in this case sn'^u. 

56. But if we take Legendre's and Jacobi's fundamental 
integral fdx\^X, where X = 1 — »* . 1 — ic^, and denote 

ldx\^X by u, then, by the preceding article, with »* for 0, 
(1.) oo>a;>l/ic. 

u=sa-i=^-8n-7^^ (^1) 

(u.) 1/k > a; > 1, 

«=^+ i8n-i(^^^.K') 

:^K+iK'-iBn-^{^'^, k')..... ..(52) 

(ui.) I>a;>-1, 

=2K+iK'+8n-^x 

= SK+iK'-8n-^^^^ (63) 

(iv.) -1>x>-1/k, 

= SK+2iK'-isn-^U^-~, k') (64) 

(v.) — 1/k>«>— 00, 

= iK+2iK'^8n-'— (55) 

kx 

ThereioreJil'-'X^ ,l-f^x^yidx=^K+2iK' ; (56) 



-a? 



K^X^ 



"to 



and 4K and 2iK' are called the periods of the elliptic func- 
tion sntt. 
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57. If, with l>ie>-l, and jr = l-3!'.l-<tW, we denote 
the mtegral^/^jr by w ; then^/V-^=^(§U): «id(§*I) 

D 

K~v. = /dxl^X = sn ^^j ■l_fya '' 
or, employing the direct functions, 

-<^-')=Vi^=s:. " «>- <"' 

and then (S 1?) 

relations analogous to equation (38) ; or to the relations 

sin(iT-6) = co3 0, co3(ix— 0) = sine, 
of the circular functions of Trigonometry. 

58. When the discriDiinant A of iS is negative, and two C 
the roota of the equation .S' = are imaginary, we take e^ I 
the real root, and combine the product s — e, . 8 — «! i 
(«— m/+7i^ as in S 45 ; and since 

5=4s3-3^-ff, = -t(a-e,)((a-m)»+n'}. 
tiierefore m= — Je^. g^ = 3e^^—in\ gs = ^i+^\i 
while H^ ^(Cj-m)-+n^ ^ '^r.^^ + n\ 

1 - lC(cV« = SgJ( OeJ' + 47<,«), 

so that r_ff.'-_(lld^^?^_ 
SO that ^-^- 10^^^, 

69. Now, as in S 45, by D 




we find 
while 
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da _ { a — e ^f— 11^ _ (s— 8i)(s— Sg ) 



<fi ' (»-e,)' 



8 — fig 

provided B^ = e^^H=^{e^~e^—e^, 

83=i-,-/f=JC,,-£,-e,). 
Thence 8i+ej=2ej= J(e,+eB)-Cs-8j= -§t,-«j ; 
or ea= — icj) on the supposition that e|+ej+ej = 0: 
and (, = 8^+2//. ej==-2e^ e3 = C3-2if. 

T),„ /■"''•_ /• (B-8,)ciir 

^''" / -v'Sy2(8-.J(8-.^V(--., 

VV(»-',-»- 

where 2=4(o— eiXff-ejXo— ej)=*o^-yi<r-yi, 

suppose ; and the discriminant A' of Z is now podtiTa 

60. Now, y,--4(.,r,+.rt+«i«J = l!«,"+l(lS", 
y,-l8,8,., = 32«,H'-8<!,", 
A' = y,»- 27y.' = 2S6fl'(lff'-a4y. 

r,-.,_2H-3(!, „ ,,-, iZr+.^8 



^.=/'S"'"> 



Also with 



?, A'»=^::s=- 
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61. When A is negative, and when we know the real factor 
«— «2 of fi»; so that, with {e^+n^={gje2, 

then, with n^={(9e^+4!V?), and expressed as in § 46, 

/* rfs 1 .s^e^ — H .^^^ 

vs=27^*^^^!+F' -w 

with 2KK=n/H ; so that 

cn(JuVi^)-^^_^^^^, or pu- l-cn(2i^V^) ' ^^^^ 

by means of which we change from Weierstrass's notation to 
Jacobi*s and vice versa^ when A is negative. 

Thus, for example, if g^ = 0, then e^ = {\g^^, n^ = ie^, H^ = 3«j* ; 
and, as in § 46, 

y^__=p-x(«;o,^,) 

':^im\g,)* U+(V3-iXi!7,)*' /' 

1 ,n-J «-(V3-i )ay.)* sin 75.\ 

62. Supposing 8 to range from x to — x in the integral 
u = /d8l^S, when A is negative, then 



» 



(i.) (Xi>S>€^, I 

= ^2-p-'(^^+«2) (64) 

where w^, denotes /tUI^JS, the real half period of pu. 

ft 

(ii.) g2>8>— X , 

u=a)2+i>-i(^— ^-e.; gr,, -(73) 

= ft)2+a>2'-^>"^(^2--«; .72» -fl'sX (65) 

where Wg' denotes /c/^/^S, a pure imaginary quantity, called 



-00 



the imaginary half period of pu ; and the period parallelogram 
(§ 55) is now bounded by wo and wg', as adjacent sides. 
Also (§47), w^^KIJH^f^^^iKIJH, (66) 
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63. Treating in the same way the integral (2), 

by replacing 2 by 1 — «* in §§ 38, 55 ; 
(t) oo>a!>l, 

=iK'-ica-\llz,K') (67) 

(ii.) I>a;>-1, 

u=i^+cn-*« 
=iK'+2K-cn-^-x) (68) 

(iiL) — l>oo>— 00, 

u= iK'+iK+icn-\-llx, k') 

= 2iK'+2K-icn-^{^'^^^.K') (69) 

64. By the substitution »*= l/y, the integral 

y r dx ^/* dy 



'Ui/'% ; <'»' 



s/Aj 7S' 

on putting y=8—iB/A; which can be expressed by Weier- 
strass notation, or by the notation of Jacobi, when the factors 
of the denominator are known, as in equations (12) to (19) ; 

r E+Fx , 

can thus be reduced to elliptic integrals, of the form considered 
in g 39-61, the first term by the substitution x^=lly, and the 
second term by the substitution x^=z. 

^"'77(^^^)^2473''^ V(73^1P+^^'«''^1'}' 
the integration required in the rectification of r'=a'cos 3ft 
But by substituting ?'*/a^= 1/y, we find 



8 




so that . ^=p(i;0,4). 
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65. Write X for a^— a*. ic^ — ft^.o?*— c*, where a*>6*>c*; 
and write M for b^(a^'~c^); then we find, on substituting 

y for 1/x^, and taking a, fi, y for 1/c*, 1/6*, 1/a*; 

(i.) 00 > a;* > a*, comparing with equation (18), 

a 

_ _! /o^— 6V^ , , /a*— 6*.a^-c* .... 
(ii.) a?>'ji?> b\ comparing with (17) and (16), 

X 

-1 /«'*-c*.a'=-a:«_, ., Ib'-e^a? ,^.. 

o*.a*— <r 
(iii.) 6* > a;* > c-, on comparison with (15) and (14), 

J V(-X')~'*" ylb'-c^.a^-x' 

/'JlfJa; _ 1 Ib^.c^-y 

=cn->^5-~^^ = dn->^~-^,--^ (75) 

(iv.) c* > a;- > 0, on comparison with (13) and (12), 

/•'ilfcZx __ 1 /t^cl-a;* 
JU(^^)~^^ Vc«.6--a;* 
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2 



2 



to modulus 






66. When X is a quartic function of x, and we know a factor, 
a; — a, of Xy then the substitution x — a = \ly reduces 

/dxjJX to the form M/dyjJY, 
where F is a cubic function of y\ and this form can be treated 
by the preceding rules. 

But, independently, if we caii resolve X into four real linear 
factors, x^a^ x — jSj x-^y, x—S, 

so that X=a5— a.aJ — /S.aJ—y .«— J, 

and we suppose that a> fi>y>S] then with 

(i.) ao>x>a, 

y[^ d^ 
<^(aj— a . aj— )8 . aj — y . aj — 5) 

2 sn-i /^rii^r_« 

V(a-y./8-5) Va-y.a;— /8 '^ 

indicating that we must put 

• 9, 8 — S,x^a oj a — B,x — S .a, a — B.x — y 

sin^ih = ^^^^ — 5 5, cos V = 9^^ ^, A20 = ^ ^ 

^ a — S.x^p ^ a — S,x^p ^ a — y.x — p 

to reduce the integral to the standard form (§ 4) 

2 r d0 

V(a-y./8-cf)yV(l-^sinV)' 

and then ic^ = A = ^"V^^Jli, 

a — y .p — 

the ankarvumic ratio of the four points A, B, (7, D, the ^ics of 
the integral (§ 54), given by a; = a, ^ y, <S. 

The verification by differentiation is a useful exercise for the 
student 
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(ii.) With a > a; > )8, we change the sign of X to make the 
integral real; and now, writing Jf for \iJ{a-y,^S) throughout, 

X 

, IB-S.a-x , la-S.x-B J , la-S.x-y ^^-.. 



/; 



' Mdx 



ya-p.x-y ya-p.x-y y p-S.X-y ^ ' 

but now the modulus k is the complementary modulus to ic, so 

that ^^=k'=SLzliy:z^; 

a—y. p — 

the different forms of the result indicate the appropriate substi- 
tution required for reducing the integral to the Legendrian form. 

(iii.) With P>x>y, X is again positive, and 

/P Mdx 
s/X 

=8n-Jp^=cn-J«--^---^^ 



/ 



y 

=«^ ^l^::^s='^ V^-y:^-r^ yli:^^^r-'^^^> 

with the same modulus k as in (78). 

(iv.) With y>x>S, X ia negative, and 

/'yMdx 

=--Vf^-3=cn-yfzZ|=^=dn-VfE^^....(83) 

/ '^ dx 

^ 

=sn-\/ — ^ = cn-\/ — «--^ — = dn-\/ — j-!- — ^,....(84) 

yy-S.a-x yy-S.a-x yy-S.a-X* ^ ^ 

with the modulus of (79) and (80). 
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(v.) With <S>a;>— 00, Xis positive, and 

X 

-'" ^a-S-y-x-""^ yja-S-y-x-"^ V/S-^.y-x-"^**'*^ 
with the original modulus of (78), (81), and (82). 

67. Landen'a Transformation. 

When Legendre's and Jacobi's standard integral (1) is 
treated as a particular case of these integrals (81) and (82), we 
write a=l/X, j8=l, y=-l, 5= -l/\, so that M=\{l-\-\)l\; 
and now, with y for variable, 

f^ i{\+\)dy 

. ll+X.l-y . /l-X.l+y , . /1-X.l+Xy ,„„. 

=«" W-27l-W^°'' V-2jr^ = '*" V l-HX.l-Xy -(^^) 

yV(i-yM-xy) 

-"* V 2.1+Xy "*^ V '2.1+Xy -"^ Vl+X.l+xy^^^^ 
where the modulus k is now given by k*=4X/(1+X)*, so that 

^=2VX/(1+X). (c'=(l-X)/(H-X), or (H-/c')(H-X).=2; 
and we are thus introduced to Landen's transformation,, to be 
discussed hereafter. 

Changing, in § 41, a; into i^, and k into X^, we find 

f^ dy 

with modulus X ; indicating, on comparison with (86), results 
such as 

which can be translated into the various forms of Landen's 
qucidric transformation. 
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Denoting iDtegrals (86) and (88) by u and v, then 

tt=J(H-X)v, v=(1+k')u; 

sn{u,K)- 2.i-\y ' 

^ <"• '^>= 2.1-x/ ' ^•^■<^' '^> = l+X.l-Xy ' <^> 



-*(^-. ^)=ix^ 



cn>, X)=-j-^^'. dn2(r. X)=j^j^Ai (91) 

whence 8n(t;. x) = (l+^>"(;^>0^(^.^), etc (92) 

dn(u, k) . ' 

We can easily prove, or verify by differentiation, that 

= 8n-»{JV(i+y-i+xy)-W(i-2^i-Xy)} 

= CQ-H^^il + y .l-\y)+h^(l-y .l+\y)} 

to the same modulus ic=2^X/(l+X); so that, denoting this 
integral by u, and denoting sn(u, jc) by x, then 

, , . dn(r,X)+Xcn(v,X) ,, v dn(r.X)-Xcn(t;,X) ,^g. 
or dn(u, /c)= '^ , nd(M,/c)= - - ~i— ;^-^— » (95) 

since y = sn(v, X), where t = (1 + k)u ; 
and thence 

dn(v,X)=J(l+X)<ln(i^,/c)+Kl-X)ndK/c), (96) 

Xcn(v,X) = Kl+X)<ln('^>^)-K^-X)nd(i£,ic); (97) 

(Cayley, Elliptic Functions, p. 183). 
The relation (92) between x and y, namely, 

. = (l±5:)^^lzf!) (92)» 

thus leads to the differential relation 

^{l+ \)dy ^ dx ,gg. 
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68. The six anharmonic ratios of a, jS, y, <S, arising by per- 
mutation or substitution, give rise to six values of the modulus 
ky given by 

''i'-^'i^k'^-lk^r ^''^ 

orsin^e, cec^ft cos^O, sec^d, -eot^fl, -tan^O, ifA;=sin20; 
or tanh%, coth^u, seeh%, cosh^u, - cech%, - sinh'^u, iik= tanh%. 

We may notice that the expression for J in (D) of § 53 is 
unaltered if for k we substitute any of these other five values ; 
and, on comparison with Weierstrass's notation, 

/=flr,3/A. J-l = 27flf37A, 
so that we may put 

_ l-fe+A^ _ a+k)(l^2k){2-k) lc^(l^k)\ 

9%- J2 '^^" 432 ' ^""~25(i~'"^ ^ 

and then e^ = ^^{2-k\ e^=^{^l + 2k), e^^^^-l-k)) 
so that ^=(«2""^8)/(^i— ^sX as in § 51. 

69. Degenerate Forms of the Elliptic Integral, 

When two of the roots a, /8, y, S become equal, the corre- 
sponding integrals degenerate into circular and hyperbolic 
integrals, which can easily be written down, on noticing as 
before (§ 48) that (i.) when ^ = 0, sn~^ becomes sin"^a;, cn"^a; 
becomes cos"^a;, etc; (ii.) when A;=l, sn'^a; becomes tanh'^oj, 
cn"^ or dn"^a; becomes 8ech"^ic, and tn~^aj becomes sinh'^ic. 

When two of them are equal, we may replace the four 
quantities a, jS, y, S by the three distinct quantities a, 6, c, 
suppose, where a>b>c; and now the degenerate elliptic 
integrals fall into three classes, I., II., III. 

I. Writing if for J>^(a — ft.tt — c); then 

(i.) oo>x>a, 
r Mdx __ . , J ja^h.x—c _ , _i la—c.x—b 

(ii.) a>x>b, 

r^ Mdx , _j la—b.X'-'C _ . , _j /a — c.a;— 6 

J (a^x)tj{x—b,x — c) yb-'Ca—x" y b — ca^x 

b 

(iii.) b>x>c, 

f^ Mdx _j l a—b.x—c _ . _j la — cb—x 

y{a—x)^{b—x.x^c)^ y b—cM—x" yb — c.a—x 
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r* M(lx . _j / g— 6.a?— c _ _j /a— c.6— g 

c 

(iv.) c>a:>— 00, 

y (a— cc)^(6— a;.c— cc)"" \6— ca—a;" Vft— c.a— «' 

a; 

II. Writing if for i>^(a— 6.6 — c); then 
(i.) oo>fl;>a, 

y^^^ ifrfa; . _i /6— cau— a_ .j /a— 6.aj— c 

(uj— 6)>^(a5— a.a;— c)" Va— c.a?— 6~ Va— c.as— 6" 

a 

(ii.) a>a;>6, 

/ *" J/cfa; . , _j / 6 — CO— a; _ , _j ja^b.x^e 

y^a* — 6)^(a— aj.a;— c)"" Va— c.a;— 6"" Va— c.a— 6' 

(iii.) 6>a;>c, 

/'^ Jfcfcc , J Ih—c.a^x _ . , _j /a— fr.ag— c 

y{b'-'x)^{a--x.x—c)'~ Va— C.6— a;"""^ Va— c.6— « 

(iv.) c>a;> — 00, 

/'^ Jfcfag _j /6— c.g— a; _ . _j ja-'b.c^x 

J{h—x)^{a—x,c-'X)^ Va— C.6— a;"" ' Va — c.6— « 

III. Writing if for J^(a — c. 6— c) ; then 

(i.) x>a;>a, 

y Jfcfec , _j /g— c.a; — 6 _ . , _i / 6— c.ag— o 

^(a; — c)^(a:— a.x — 6)" ya — b.x—c'^ Va— 6.05— c 

a 

(ii.) a>x>b, 

r*" Mdx _ _j / g — c.a;— 6 _ . .j Ib—c.a^x ^ 

y(x-c)^{a-x.x-b)^ ^^^ ya — b.x—c "^^" Va— 6.05- c' 

/'^ i/(fo; . J j a^c.X'-b _ ^ /6— c.a— gg 

J{x^c)J{a-x.x^b)'' ^'"^ Vg-6.a;-c" ^^ "Sa-^b.X'-e 



6 

(iii.) 6>a;>c, 



X 

(iv.) c>aj>— « , 

/] ifc^a; , J /g— C.6— a; _ . , _j / 6— c.o— gg 

y (c— a;)^(g— a:.6— a;)"" Vg— 6.c— a;""^^° Va— 6.c— a' 



\ 
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70. When all four roots of the quartic X=0 are imaginary, 

so that 

(a;-aXaJ-i8) = («-m)2+7i2, (a;-y)(cc-5)=(aj-p)2+g2, 

.ySaj/V^=/{(a;-m)2+n2.(a;-2?)2+?2}-*ciB 

is reduced by the substitution 

{x^mf+n^ 

Let us suppose that X is resolved into two quadratic factors, 

so that X is of the form 

X^{ax^+ 2bz + c){Ax^ + 2Bx + (7), 

where, by supposition, ctc—b^ and AC—B^ are negative, so 

that the roots of X=0 are all imaginary. 

T X ax^+2bx+c N /iAi\» 

^* 2^=Z^+2SH^=i)'«"PP°''' ^^^^> 

then the maximum and minimum of y, the turning points of 

y, being denoted by y^ and y^, 

yi-y={Ay^-a)(x^^x)yD,y^y.,= (a-Ay^(x^x^)yD,...(102) 

x^ and 0^2 denoting the values of x corresponding to y^ and y^ 

of y ; and now 

dy _ 2(Ab'- aB)(x^ - x){x - x^) ,,^^. 

dx {Ax^+2Bx+C)^ ^ ^ 

For x is given in terms of y by the solution of 

(Ay"a)a^+2(By'-b)x+Cy-c=0, (104) 

and this equation has equal roots at the turning points of y, 

which are therefore given by the quadratic equation 

{Ay^aKCy^c)^{By--bf=0, 

or {AC-B^)y^-{Ac+aC-2Bb)y+ac-'b^=0, (105) 

and then 

^~ A^'^^'^^^'^^A^^ m+u 

V /"dx _, f dx _ fdjx 

^""^ J TIx~/'J{WD)-Jl 



Dd^ 

2(4 6 — aBX^i — x)(x — x^ijy 



-A 



2{Ab-aB) J J{y . yi-y-y-y^ ' 

and (-42/1 - ^X^ - ^2/2) = - ^^i2/2 +^<^{yi + y^ - «* 

_ (Ab-aBf 
AC-'B^ ' 
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SO that /j*^ = -^^_^ / ^ .,.(106) 

which, by (15), gives / '-^^- ^ "^ = 

with /c* = 1 - 2/2/2/1, f'- = 2/2/2/1 ; 

the last expression, by the inverse dn function, being the 
simplest, as expressing a function of an argument oscillaimg 
between two positive limits, t/j and y^ 

71. For example, if 

X = x*+ 2a^x^os 2a + a* 

= (a;- + 2ax sin a + a^X^^ "~ -^^ ^^^ « + ^*)» 
and if y = (x^ + 2ax sin a + a^)/{x^^2ax sin a + a*), 

then x^ = a, yi = tan2(i7r+ia); iC2 = " ^> ^2 = ^^^"^^(i'""" i«) > 
so that /c'=tan2(i7r — ia) = (l— sina)/(l+sina); 

/*« (hi 

^^ y ^0^* + 'Za^j^'cos 2a + a*) 

j^ 1 , _i /I — sina.a;^+2aj;sina+a ^ /lOft^ 

^(0(l+sma) V 1+sina.cc^ — 2a^sina+a*' ^ ' 

But, by substituting — =y-^» 

Js/(^ + 2a^^"^cos 2a + a*) 2aJ \J{ l-z^. cos^a + 0%in«a) 

= i cn-K^; sina) = lcn- J'^g, ......(109) 

by (2), a reduction of the elliptic integral to a different 
modulus, the modular angle being now a ; affording another 
illustration of Landen s transformation of § 67. 
Thus, with a= Jtt, ecjuation (108) gives 

where K'=(^2-iy (when K'/K=)s)l and by (109), 

\ 

For other numerical examples, the student may take 
X=a^+2a?+2, x*+3ic2+3, (x^+x^+l, 0^ + 2x^+3, etc 



THE ELLIPTIC INTEGRALS. 61 

72. When two roots only of the quartic X = are imaginary, 
we may still make use of the substitution (§ 70) 

y = N/D, where X = ND; 
but now take ac— 6* negative, and AC—B^ positive. 

Proceeding as before we lind that the maximum y^ is positive, 
but the minimum y^ is negative ; and y oscillates between 
and y^ for real values of ^X ; and 

/dx __ 1 r dy 

VZ ■" ^{AC-B'U^i^y . y,-^y,y^y,y 
so that, by (14), 

rj(AC^B^) 1 ly_,rzy 

J ^JX—^' J(3l.-yz) V y, 
^-fA \'''^'^^~-tA xdn-^ J^^^, ...(110) 

with K^ = 2/i/(y 1 - ys). ic^ = - yJiyi - ys)- 

73. By another method of reduction we shall find 

(Enneper, Elliptische FuTictianen, p. 23) 
^ 

=_J_. .ca-t|^<^r:^>ii^(^r:^) A ail) 

yr* da 
y/{a—x.x—fi. {x—mf+v?} 

V(i/^) \Kia-x)+H{x-fiy''}' ^"^^ 

etc.; where IP={a-m)^+n\ IP=(fi-mf+n^; 
and K^=h-\{{a-P)^-H^-K^}IHK, 

-c'* = i + i{ (« - 18)' - -ff* - K^}IHK ; 
so that 2kk =n{a- fi)/HK. 

D^enerate forms occur when a and /d are equal ; and now 
dx 



A 



A 



A 



ix-a)^{{x-m)^+n'} 

1 „_u - i V{(a-m)HTinV{(a;-m)''+7tn 

V{(a-m)«+«*} MP^^) ' 
dx 

(a-x)^{{,x-my'+n^} 



-00 



eosh - i VU«-m)H7i^}V{(a;-m)Hn'} 



^{(a-my+n^) tiia-x) 
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74. Replacing y by NjD in equations (102), then 

i\r- %2 = (a - Ay^X^ - a^ ; 
60 that we may write, according to Mr. R. Russell, 

N=ax^+'lbx+c='p(x^''Xf+q{x-x}^] (118) 

where P = {A y^ - a)l{y^ - y^, Q = (a - ^ V^KVi - ^2) ; 

and p=Pyoy q=Qyi' 

Interesting numerical examples can be constructed by giving 
arbitrary integral values to a\, x^ P, Q, p, g; and now the 

substitution z— * - 

will make, as in § 37, 



ajj— x 



fdx _ r {x^-x^ ^z 

J JX J J{y>+qz'^,P+Qz'^) ^*"^ 

' 75. When the factors of the quartic X are unknown, we 
employ Weierstrass's function, and we shall show subsequently 
in Chap. IV. that the elliptic integral fdxj^X is reduced to 
Weierstrass's canonical form \fd^U& (§ 50) by the substitution 

H denoting the Hessian of the quartic A" (Cayley, Elliptic 
Functions, p. 34G) ; we may thus write 

y^A'"-^''("j' ^^*'^0 (^^®) 

where j/o, g^ are the quadrinvaHant and cubinvariant of the 
quartic A" or ax!*+4sba?+6cx^+4<lx+e, 

so that g^ — ae — Ahd + 3c^, 

g^ = ace + 26crf — acP — eh^ — c*, 
H = (ac - fc-)jr* + 2(acZ - 6c>r3 + (ae + 2bd- ^i?)!x^ 

+ 2{he-cd)x+ce-d- \ 
and the general reduction of the elliptic integral of the fint 
kind /dxitJX, where Z is a cubic or quartic function of a, 
is now complete. 

The application of this general method to the particular 
cases already discussed is left as an exercise for the student 

76. Systematic Tables of the integrals of the elliptic functions 
sn u, en u, dn u, ns it, ds a, cs u, dc r, uc u, sc t«, cd u, sd u, nd u, 
and of their powers have been given by Qlaisher {Messenger of 
Mathematics, 1S81). 
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Suppose yen udu is required ; we may write it 



dnu y^(l-ic%n2u) k ^ k ^ ^' 



etc. ; so that 

/k en tMiu=cos"^(dn u) =siii"^(/c sn u) = tan "^(ic sn u/dn u) 



= J sin " \2k sn u dn it) = am(icu, l//c), etc. 



/ 



Similarly, 

ic8niMiu=C08h ~ ^(dnu//c')=8inh " ^(/ccnit//c')=tanh " ^(iccnii/dnu) 



,1 dnu+iccntt , dnu+iccnu , k . 

= i logT ! = lofi: } = iog 1 , etc, 

dntt— iccnu ® k °dnit — iccnu 

while /dntwZu=cos"\cnu) = sin"^(8nu)=amu (116) 



As an exercise the student may integrate nsu, dnu, ...; also 
gn'u, cnhb, dn^u, ...; and obtain formulas of reduction for the 
integrals of (sn u)**, (en u)**, (dn u)^, 

As a general method, for (sntc)** for instance, we put 
sn%=8; and now 

y (sn u)«du = i/ j^i^ff^i^jcs) = '^«' suppose. 

By means of the well known formula of reduction, 
(p+l)avp+i+(2p+l)6vp+pcvp.i=x^^i\r, 
for Vp^yx^^dx/jiJN, where N=ax^+2bx+c, 

we have, on comparison, 

a=:A;, 6=-i(l+^)><^=l»P=i(^-l); 
so that Vp = 2un, Vp+i = 2u„+2, Vp _ ^ = 2un - 2 ; and 

(n+l)iUn+2— '^(l+i)'M'n+('»^— l)'Wn-2=su**"^wcnudnu,...(117) 
the formula of reduction for Un=yisnu)^du. 

When the limits are and K, we obtain the recurring formula 
(n+l)A;Un4.2-n(l+A;)t/^+(7i-l)un-2 = 0, (118) 

fiir 

analogous to Wallis's formulas for /(sin or cos 6)^d6. 



The same formulas hold for Un={cd u^du, since (§ 57) 

cdu = sn(^— u). 

Thus Un is made to depend ultimately on u^, already deter- 
mined, or on U2; and a similar procedure will hold for the 
integrals of (en u)^ or (sd w)**, (dn u)^ or (nd u)^ etc. 
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77. The Elliptic iTitegral of the Second Kind. 

We may ment'ioD here incidentally that the integrals of 
sn^ir, cn*it, dn-w, as^it, ds^, csHt, ... 
require for their expression new functions called elliptic in- 
tegnds of the second kind, such as occur for instance in the 
rectification of the ellipse. 

For if, in the ellipse (xlaf+(y/bY = l, 
we put x = asiu^, y = 6cos0; 

d^- dj'r di/' 
then - ^^ = -- + - •/^ = tt^os-0 + 6-sin-0 = a^ 1 - Ain-A) ; 

(10" U0" (CO" 

so that -= Ay(l -«-sin-0)rf0 =7^(0, e)d4>=/dn'udii,(ll9) 

^ 

on putting = am(w, e) ; .and e, the excentricity of the ellipae, 
is now the modulus. 

The integral y^(l— irsin-0)rf0 or yA{<fe, K)d4p is denoted by 



E(<fiy k) by Legendre, and called the elliptic integral of the 
second kind; and when the upper limit is Jtt, the inte^^ is 
denoted by E^k, or by E simply, and called the complete elliptie 
integral of the second kind. 

E.vainplts. — The following examples are collected chief!}*' 
from Legend re's Functions EUiptiques; the results, being 
now ex p rescued by the invei-se elliptic functions, will serve as a 
guide to the substitutions required to reduce the integrals to 
the standard elliptic forms, and the correctness can be tested 
by differentiation as an exercise. 



2. /"l -./•-)- W = ^/L>cn-4(l-.r-)-l. i^/e}. 



1 ^ 

VVa-iSr'' la-,3+l>^/u-«..r-^/ *^^/ 
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«./<«-»).+„.)-Ur=-^cn-.{^^-^_^, W4 

7. Prove that, if vf^ = 4a;**(l — a^), 

(l«a^)itVnda.=y(i_aj»)i-v«(te=2-2y(l- 

and express the result when 7i=3, 4, or 6. 

8. Prove that, if a;— a is a factor of the cubic X, so that 

y^ ^^"aaH26a+cP U-a' ' aaH26aW' 

a 

fiui integral occurring in the determination of the motion of a 
projectile in a resisting medium. 

Evaluate the integral when aa^+2&a+c=:0, so that 

X = (a; — a)^a: — y ). 



9. Prove that (i.) / zr-—^ ^a/tTj — • 







^^V dnu+/ /c'(l+/cO' 



(iii.) /v,mhjidv,=2K{K^E)li^. 



(iv.)/&..)sin^=lsin-. 





(v).y i+^=K- 



10, Prove that 

EIk!^ >K>E> 2Kk'^I{\ +/c'2). 

11. Denoting the integral J{^<f)'^dit> by Un, establish the 



formula of reduction 

iKc'Hi^+a - (71 - 1)(1 + K^Un + (ii - 2)u„-2 = - 'Ain cos 0(A^) " « 
Evaluate Un for 7i=2, 3, 4, ... . 



Q.I.F. E 



CHAPTER III. 

GEOMETRICAL AND MECHANICAL ILLUSTRATIONS 

OF THE ELLIPTIC FUNCTIONS. 

78. Graphs of the Elliptic Fv/wctions. 

Now that the Elliptic Functions have been defined and a 
few of their fundamental properties have been established in 
Chapter I. in connexion with the pendulum; while in Chap- 
ter II. the reductions of the elliptic integral to the standard 
form have been tabulated, let us consider some further applica- 
tions, and first in connexion with the graphs of amt^ cnu, 
sn u, dn t6, represented by curves whose equations are of the 
form ^ = ama;, cna;, sua?, or dnx. 

The graphs of these equations are given in fig. 5, in curvea 
(L), (iL), (iii.), (iv.) ; the modular angle employed is 45**, so that 
the curves can be 'plotted from the numerical values given in 
Table II., analogous to the graphs of the circular and hyper- 
bolic functions, given in ChrystaFs Algebra, Part IL; thus, 
for instance, the curve ^ = ama; is the graph of the relation 
between and u in § 5. 

We notice from the equations of § 57, Chap. IL, that by 
sliding the curves along Ox through a distance ±jSr, the curve 
y = sna3 becomes changed into y=8n(-K'+a;) = cna;/dnaj or cda, 
and not into ^ = cua; ; while the curve ^ = en a; becomes changed 
into ^ = cn(aj — ir) = ic'sna5/dnic or ic'sda;, and not into yssnos; 
so that the curves ^ = sna; and y = etix are essentially distinct 
curves, and cannot be superposed, like y=cosa; and ^= sin as. 

The curve (i.), the graph of am a;, consists of a regular un- 
dulation, running along the straight line y=l7ra:/K; so that 

am X = ^7rx/K+ periodic terms = ^ttx/K +'EBn^in{nirx/K\ 
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in a Fourier series, where the ^s are to be determined sub- 
sequently ; and then by differentiation, 

dn aj = (ix/iT) { 1 + 2I,nBnC0Q(mrxlK)}. 

So also the graph of Eip or Eaxau, the elliptic integral of 
the second kind (§ 77) consists, like (L) the graph of am a;, 
of an undulation running along the straight line y=Ex/K; 
so that we may write, in Jacobi's notation, 

Eamx=Ex/K+Zx, 

where ^ is a periodic function of x, which can be expressed in 

a Fourier series 

Zx = 2(7ft sin nirx/K ; 

and then, by differentiation, 

dn^aj = E/K+(7rlK)I.nCn cos mrx/K ; 

whence also the expression for sn^ and cn^ in a Fourier series. 
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Fig. 5. 

We proceed now to some mechanical and geometrical appli- 
cations of these curves. 

79. Problem I. The curve assumed by a revolving chain 

We shall prove that 

y/b = sn Kx/a 

(fig. 5, iiL) is the equation of the curve of a uniform chain, 
rotating steadily with constant angular velocity n about an 
axis Oxy to which the chain is fixed at two points, 2a feet 
apart, gravity being left out of account, e.g, a skipping rope. 
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Denote by t the tension in poundals of the chain at any 
point, and by w the weight in lb. per foot of the chain. 

Then the equations to be satisfied are 



ii^h'- s('2)+'"^-»- 



Therefore tdx/d8 = T, a constant, the thrust in poundals in 
the axis due to the pull of the chain ; and therefore 

d/dy\ . nhu ^ cPy dx . nhjo ^ 
the differential equation of the curve of the chain. 

so that dyd^^d^dh 

dx dx- dx dx^ 

and therefore p^+Vl^yp- = o. 

dx^ T ^dx 

Integrating, supposing y = 6 when dyjdx = and dsfdx = 1, 
so that t = Tdaldx = T+ inhv{b^ - y^). 

so that a; is an elliptic integi*al of y, of the form (6) in 
Chap. II.; and y is an elliptic function of x^ obtained by 
inverting the function of the integral. 

To obtain this function, let t/ = 6 sin ; then 






^T+nhob^' 



so that = am iir?. where ^ = V^- ; 

^ a a 2T 

and y/b = sn Kxfa, 

the equation of the curve formed by the chaiii ; and now 2a 
denotes the distance between the ends of the chain. 
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We may denote TI\nhJD by h^ ; and now 

whence the modulus /c and quarter period K can be determined 
when h and a are given ; and 

cZ8_^ 62_y2^ o^osV^gAV 

whOe ^=^A0; 
ax a ^ 

and integrating, with the notation of §§ 5 and 77, 

If 22 denotes the length of the chain, then 8 = 2 when ^=|7r, 
and i?'(0, k)=K, E(<f>, k)=E; and therefore 

2+ a = i^iTAVa = IE/k = 2aE/KK'^, 
from which /c, jBT, and ^ must be found by a tentative process, 
from Legendre's F.E., II., Table II., when a and I are given. 
For instance, if k = k=j^^2, as in Table II., page 11, 

i(:= 1-854.07, ^=1-35064; 
and 6/a= 1-5255, 2/a= 1-9206. 

80. When the chain is fixed at two points not in the axis, 
nor in the same plane through the axis, the chain when re- 
volving in relative equilibrium will form a tortuous curve, 
which will sweep out a surface of revolution, of which the 
preceding curve y/b = aTiKxla is a particular case of the 
meridian curve, while the general equation is of the form 

y^+z^= bhn%Kx/a) + c^cn\Kx/a). 

For in this more general case the equations of relative 
equilibrium are now 

Three first integrals of these equations are 

*S=^' (1) 

t[y^-z^J = H, a constant; (2) 

and t+inh(}(y^+z^)=\ a constant. (3) 



4g» 
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Putting y*+«2 = ^'2, 

.1 dy . dz .dr^ 

and from (1) and (2), y^_z-^=_; 
therefore, sqiiaring and adding, 

suppose ; and for i^ to lie between 6- and c*, we must suppose 
d^>ir->r->c\ and as it is of the form (17), p. 87, we put 

r^ = b^sin-^ + c^os*0, 
62 _ r2 = (62 - c2)eos20, r^ - c^ = (6^ - c2)sin«0, 
ci2 - r2 = ^2 _ c2 - (62 - c2)sin V = {d^ - c^) A V, 
where ic- = (6^ - c^)l{d? - O. 

= !ljif (62 - C2)2(^2 _ c2)C0S V 8^ ^ A V. 

so that = am Kx/a, 

where ir2/^2 = .yt4^t,'2(c;2 _ c2)/4!r2 = 4{d^ - c2)//i* ; 

and then 7^ = ^2+^.2^ hhu-Kx/a + c^cn^Kx/a, 

the equation of the suiface swept out by the chain, the meridian 
curve being similar to curve (iv.) in fig. 5. 

81. The chain will obviously take up the form which, with 
given length between the two fixed ends, has the maximum 
moment of inertia about the axis of revolution ; and we have 
thus investigated the solution of an interesting problem in the 
Calculus of Variations. 



or 
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The form of the chain for a minimv/m moment of inertia is 

obtained by supposing that r^>d^,as in (13), p. 85 ; and by 
putting r^ - d2 = (^2 _ h^^^^i^^ 

r2-62=(d2-b2)sec20, 

/ic2==(62 _ ^2^/(^2^^^^ 1^ before. 

SO that = am Kx/a, 

and then y^+z^=(Psec^^—bHAn^4f> 

cn^Kx/a 

= cPnc^Kx/a - hhf^Kxja 

is the equation of the surface of revolution upon which the 
chain lies, when its moment of inertia about the axis of x is 
a minimum. 

The projection of the chain upon a plane perpendicular to 
the axis is to be investigated subsequently. 

82. When the two points to which the ends of the chain are 
£EUitened lie in the axis, or in a plane through the axis, the 
chain takes the form of a plane curve, whose equation is 

ylh = BTiKxla 
for a maximum moment of inertia, as already shown in § 79 ; 
and ycnKxIa- d, or y^^ducKx/a 

for a minimum moment of inertia ; which can be proved as a 
simple exercise in the Calculus of Variations, by considering 
the variation of the integral 

88. Problem II. " The curve on which an ellipse, of semi- 
axes a and 6, must roll for its centre to describe a straight line 
Ox is the curve whose equation is 

y/a = dnxfb, 
the modulus k being the excentricity of the ellipse.*' 
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For if the centre M of the ellipse describes the horizontal 
straight line Ox (fig. 6), M must always lie vertically over P, 
the point of contact with the fixed curve, so that the ellipse 
rests in neutral equilibrium if its centre of gravity is at the 
centre M\ teeth being cut in the curves, if requisite, to prevent 
slipping. 

Therefore the polar subnormal 

,,^ dr . .. „. 1 cos^d , sin*d 

must be equal to the subnormal 

JlfG= --y-r- ^ ^^® fixed curve AP^ where MP^r^y. 




Fig. 6. 
Now in the ellipse, differentiating. 



smce 



or 



dfl" ab 



so that in the fixed curve AP 

by (9), p. 83 ; or, by inversion of the function, 

yla = dxix/b. 
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The arc of the rolling curve is obviously the same function 
of r as the arc of the fixed curve is of j/ ; and therefore the 
arcs are expressible by elliptic integrals of the second kind* 

The curve AP can be described as a roulette, by a point P 
fixed to a certain curve which rolls on Ox, and therefore 
touches Ox at 0, since 0, the foot of the normal PG, is the 
centre of instantaneous rotation. 

Since PM is the perpendicular from a pole P on the tangent 
of the rolling curve, and that the relative orbit of P and M is 
the ellipse, therefore the pedal of the rolling curve with respect 
to the pole P is an ellipse; or, in other words, the rolling 
enrve is the first negative pedal of an ellipse with respect to 
its centre, that is, the envelope of lines drawn through each 
point on the ellipse perpendicular to the line joining the point 
to the centre of the ellipse. 

The first negative pedal of an ellipse with respect to its 
centre is called Talbot a curve ; its {p, co) equation is 

1 __ cos^o) sin^o) . 

and it is of the sixth degree (Cayley, Proc, R. S., 1857-9, p. 171). 

84. For a rolling hyperbola, changing the sign of 6^, the 
fixed curve must be given by 

r dbdy ab Ja b \ 

a 

by (8), p. 33 ; so that, by inversion of the function, 

a/y = en x/ax, or y/a = nc x/ok, 
is the equation of the fixed curve for the hyperbola. 

85. When the fixed curves are of the form of curves (ii.) and 

(iii.) in fig. 5, we shall find in a similar manner that the rolling 

curves which will rest upon them in neutral equilibrium are 

given by 

1 _ cosh^e sinh^g 1 _ co8hgg _sinhgfl 

r2 a^ ^ b^ '^^r^ a* &« * 

Taking the first of these two rolling curves, 



X 
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-m^^^^^h -•' 

80 that in the corresponding fixed curve 

dx ab 

y- /" ct&rfy , ab Ay a \ 

by (7), p. fS3 ; so that, by inversion, 

yja = en aj/6/c, with mod. k = al,J{a^ + 6*). 

Similarly it can be proved that the second rolling curve can 
rest in neutral ec^uilibrium on the fixed curve (fig. 5, iii.) 

y/a=8naj/a, with mod. a/6. 

r 

86. Problem III. Dynamical Problem, "The carve 
rcnd=c is the relative orbit of the centres of gravity of a 
straight rod fitting into a smooth straight tube, resting on a 
smooth horizontal table, when struck by an impulsive couple, 
the centres of gravity of the rod and of the tube being initially 
c feet apart." 

Suppose the rod to weigh m lb. and the tube to weigh 
M lb., and denote the moments of inertia about the centres 
of gravity by mk\ MK^ (lb. ft.^). 

Then, if P is the C.G. of the rod, Q of the tube {PQ^^t), and 
the (stationary) CO. of the system, 

OP=Mrl{m+M), OQ=-mr/(m+M), 

Denoting by n the initial angular velocity communicated to 
the system by the impulsive couple, then from the Principle of 
the Conservation of Angular Momentum, 

{m{l?+OP^)+M(K^+ 0(^)}(de/dt), 

Again, from the Principle of the Conservation of Energy, 

+ Km+if) dt^ + Km+lf ) 'd^- + ^^^W 
or, after reduction, 

1 jrtAi/df d0^\ <m 

2m+j\Adt^^^dty^^^^^^^^ 'dt^' 
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the kinetic energy in foot-poundals, is constant, and 
Therefore, employing, the value oidQjdt given by (1), 

m+M 
or, finally, 

80 that r is an elliptic function of 0, given by (8), p. 33. 
We therefore put r=c sec 0; and then find 



mk^+MK^ 



^^-l-/c%inV = AV, 



where ^^^mk^+MK^'+mMc^Km+M) ' 

so that = am 6, cos = en ; and therefore 

rcn0=c. 

87. When c = 0, /c = l, and this method fails; but now 

suppose, where a^=(m+ M)(7nJ(? + MK^)lmM ; 
and now 6 =/ — //, T^/ 2\ = ^inh - 1-, 

or rsinh0 = a, 

the equation of one of Cotes's spirals, the relative orbit of the 
centres of gravity of the rod and tube, ultimately described 
after leaving the unstable position of coincidence. 

The system of the rod and tube may be supposed started 
by any arbitraiy impulse, not necessarily a couple, and the 
essential character of the relative motion is unaltered; but now 
the CO. of the system is no longer at rest. 

88. Other mechanical arrangements, leading to the same 
equations of motion, will readily suggest themselves ; thus the 
tube may be supposed to be one of the hollow spokes of a 
wheel of weight M lb., moveable about a fixed vertical axis, 
while the rod is one of a number of equal rods, or balls, of 
collective weight m lb., one in each tube, and initially placed 
with the CO. at a distance c from the axis of the wheel. 
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Now, if the wheel is started by an impulsive couple with 
angular velocity n, the path of the CO. of each rod or ball in 
its spoke will be of the form 

rend = c. 

89. Problem IV. Central Orbits and Oaienariea expressed 
by EUiptic Functions, 

When a Central Orbit, expressed in the polar coordinates 
(1/u, 6), is described under an attraction to the pole, of magni- 
tude P (dynes per gramme), then, as is proved in treatises on 
Dynamics, P is given by the equation 

P-h^u^(—4^u) where /i-r2^-l^ 

and the constant h is twice the rate of area swept out by the 
radius vector ; and v the velocity is given by 

Given the equation of the orbit as a relation between u and 
0, the value of P as a function of u is thence easily determined 
by differentiation, as in § 30 ; let us then determine P for the 
orbits au = sn, en, tn, or dn tyiQ ; 

also for the inverse curves 

au=d8, nc, cs, or ndmd, 
in Glaisher's notation ; the remaining orbits 

au = cd, sd, dc, dsm0; 
are not distinct curves, being merely formed by reflexion in the 
line d= I^K/m, since cd m0=sn(^— m0) (§ 57), etc. 

As in § 30, we shall find by diflerentiation that (cPtt/cW*) + u is 
always of the form Au+Bu^, so that P is of the form fiu^+vu^ ; 
and conversely, given this form of P, we find by integration 
that (du/dOf is of the form G+Du^+Eu^; so that d is an 
elliptic integral of u, and u an elliptic function of 0, of which 
the results are given in § 36. 

When the orbit is given by 

au = snhn6, cnhndf duhnO, .... 
we find by differentiation, as in'§ 30, that P is of the form 
Xu^+/xu^+i/u*; and conversely, when P is of this form, 
{du/dOy is a cubic form in u; and 6 is given as an elliptic 
integral or inverse elliptic function of u, by the results of 
equations (12) to (4-5), Chap. II. 
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As an exercise the student may determine the value of P 
and t;^, as functions of v^ or r, in the orbit 

1 _cn^0 sn*m0 

and its inverse curve, whose equation is of the form 

r* = a^cn^0 + 6%n^ft 

Similarly the central forces required to make a chain assume 
the form of one of the preceding curves can also be determined 
(Biermann, Problemata quaedam mechanica fvmctionum 
eUipticarum ope soluta, Berolini, 1865). 

When a transverse force T is introduced into the field of 
force, then A is no longer constant, but, as demonstrated in 
treatises on Dynamics and the Lunar Theory, 

dh? 2T T dlogh 
dd V?' hht? dd ' 

, ., tPtt _ P T dv, 

If we assume P=A^^; then 

^O''e^)+^^=0. or h^^G, a constant. 

But -77= Au^ so that -jt=^Cu\ or -77=— C, which shows 
dt dt dt 

that the body approaches the centre with constant velocity 0. 

Suppose, for instance, we take an orbit given by 

md=amau, 

then h=Cj-= C— dn au = (7—^(1 — K^Qinhrid) ; 

du m m^ ^ ' ' 

and P=hht? = (72?^l-.^sin2m0), 

r= ^-jK = — 0^ i^WL md cos md ; 

so that V, the potential of the field of forcci is given by 

and then P=^|Z,T=_^. 
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90. Problem V. The motion of Watfa Oovemor. 

"The osdll&tioDE of Watt's Governor between the iaclin*- 
tioQB a and /3 to the vertical, when constrBoned to revolve with 
constant angular velocity a, are given hj 

tAnjd=tan)adn(n^ k), with x'=tanjj3/tan^, 
where 6 denotes the inclination of an arm to the vertioal ucib 
at the time t" 

Consider the motion of either rodaDdhall.asif unconstnuned 
by the other, and denote by C the moment of inertia of the 
rod and ball about its axis of figure, and by A the moment of 
inertia about the axis on which the rod turns at the upper 
joint (fig. 7). 




Fig. 7. 

Drawing the three principal axes OA, OB, OG at 0, and 
three moving coordinate axes Ox, Oy, Oz, such that Ox 
and OA are coincident, Oz is vertical, and yOz, BOG in 
the same vertical plane, then the components of angular 
velocity about OA, OB, 00 are -{dd/dt), — wBinQ, teoo%0; 
and the corresponding components of angular momentum are 
~A{deidt). -Aa> sin 6, Cw cos 0. 

The components of angular momentum about Ox, Oy, Oz 
will therefore be 

h^=-A{de!dt),h^={C-A)u,s.m&coa6,h^='{Cix6^+Awa*e)ie-, 
while the component angular velocities of the coordinate axes 
Ox, Oy, Oz are 0, = O, 02 = 0, d^ = io, with the notation of 
Routh's Rigid DynamicB. 

Take the poundal as the unit of force, and denote by M the 
weight in lb. of either arm and ball, by h the distance in feet 
from of the centre of gravity; the equation of motion 
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obtained by taking moments about Ox or OA is 

or '^A{cPd/dP)+(A''C)o^s\necose = MghBme; (1) 

so that, if ul = (7, the motion reduces to simple pendulum motion. 
Integrating, on the supposition that a> 6> fi, and that 
de/dt = when d=a and j8, 

-p^= — ^co^cos^ — cosaXcosjS— cosd). (2) 

The position of relative equilibrium is given by d?6/dfi=:0; 
and then, if d=y, 

co8y=JlfflrA/{(^-aV} = i(cosa+cosj8), (3) 

80 that in these oscillations the point D, which controls the 
valve, makes equal excursions above and below its position of 
relative equilibrium. 

The technical name for these oscillations is " Hunting " ; and 
some kind of frictional constmint is required to prevent these 
oscillations from becoming established. 

(Maxwell, Proc. R S., 1868.) 

Denoting tan^a, tanj^jS, tan^d by a, b, x respectively, then 
equation (2) may be written 

{1+a^fdt^^ A "^Kl+x^ l+aV\l+62 iJ^xV' 
or ^ = A^co^cos^ia cos^i^Ca^ - x^){a? - 6^) ; 

and this, by equation (9X p. 33, gives 

x = a 6xi{ntt /c), or tan J0 = tan \a dn nt, 
where k — b/a = tan ij8/tan ^a, and n = wsin Jacos ^^^^0- "" ^7^). 
For a small oscillation, we put a = 13; and then k=1,k = 0; 
and now the period of an oscillation 

27r^ 47r / A 
n cosinaVil — C 

91. If we suppose the whole weight of a rod and ball con- 
centrated at the centre of gravity, we have (7=0, A=Mh^; 
and now the motion may be assimilated to that of a particle 
in a smooth circular tube, which is made to rotate about a 
vertical diameter with constant angular velocity w. 

(Prof. B. Price, Analytical Mechanics, § 403). 
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92. Such will be the motion of a pendulum swinging about 
an axis fixed to the Earth, and now it is interesting to notice 
other cases of motion of bodies which can be directly compared 
and made to synchronize with the motion of an ordinary 
pendulum, swinging through a finite angle. 

Thus the pendulum, if moveable about a smooth vertical 
axis, which is fixed to a wheel moveable about a fixed 
vertical axis, the inertia of the wheel being sufficiently gi'eat 
for the reaction of the pendulum to have no sensible efiect on 
its angular velocity, will perform pendulum oscillations, with 
g replaced by cko^, o) being the angular velocity of the wheel 
and a the distance between the axis of the wheel and of the 
pendulum. 

Again a cylinder of radius a and radius of gyration k, rolling ' 
inside a fixed horizontal cylinder of radius 6, will synchronize 
with a pendulum of length Z = (6 — a)(l+i7^^)* 

If the fixed horizontal cylinder is free to rotate about its 
axis, and has its centre of gravity in the axis, then the length 
of the equivalent pendulum is 

Z = (6-a)(l+7i), where ^ = -2/ ^l+-2 ^^j, 

mk^, MK^ denoting the moments of inertia about the axes 
of the rolling and fixed cylinders. 

The rolling cylinder may be replaced by a waggon on 
wheels, and the motion can still be compared with that of 
a pendulum. 

A circular cone, whose CG. is in its axis of figure, and whose 
axis is a principal axis, performs pendulum oscillations when 
it rolls on an inclined plane, or inside or outside another fixed 
cone, whose axis is sloping, the vertices of the cones being 
coincident; the determination of U the length of the equivalent 
pendulum, in these cases is left as an exercise to the student. 

In those cases where the finite oscillations are not of the 
pendulum character, we suppose the motion indefinitely small ; 
and now, in small oscillations under gravity, instead of giving 
the formula for the period of a small oscillation, it is in general 
simpler to give i, the length of the pendulum, whose small 
oscillations have the same period. 

Q.S.F. F 
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Thm fvr ike vcnic^ .-scillaiion of a carriage on springs 
i is equal lo the [^ncAneci av^n^ vertical deBectioD of the 
spring's, due to ih~ wei^rht of th* fco'dy of the carriage. 

For the eidaII vertioal .i-so'.llatiocs of a ship, 1= V/A, where 
V deuotes the ai^^-^aoeic^Qt -.'f the ship tin cubic feet), aod A 
the wat«r line area in ^uare feet' : and if the ship is floating 
In a dijck of ar^ra B 5.4. :ett. then it is easilv proved that 

* J B 

93. The Sf-ictioii •■/thf Axis 0/ Suifivnai-m of a Pendtdum. 

It is important to know the magnitude of this reaction in 
the case of a latL'e snim^in^ bxir, like a bell in a church tower. 

Deuote by X ami 1' the horizontal and vertical components 
of this reaction, con^i'lered as acting on the swingii^ body; 
and take the gravitation unit of force, the force of a pound. 

Then X. TamJ TT, applied at the centre of gravity G (fig. 1), 
will be the d^'natuical e<]uivalonis of the motion of the body, 
collected as a particle at G ; an J ^incc the component acoelera- 
tionti of G are lii-lO Jtr in the direction GO, 

and kil-0 dt'-> perpendicular to GO, 
therefore, resolvii^ horizontally and vertically. 

wh{(r-e (/(-jcosfj- wh[.m:iHy^n$=Xff, 

while, from the pendulum motion, 

l{(Pe,h^)=-ysind, U\dedtf=9(2R-t verse). 
From these equations we tind 

j7:.= l — ySm-e+ ,j cos — -T-COS 0(1—008 0), 

Y , ,h fill iRh\ „ , 3/t „ 
or -|^..-l + ^=-(^-^_-p.Jcos04-^-co8-9; 

X (ih 4RA\ . . 3A . . . 
-;y= (-, Tj-lsin0 — j-ain9cose, 

and therefore the resultant of X and Y— W{\ ~h/l) is a force 
i depth of P below 
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94. In the Bimple pendulum, h = l, and the tension T of the 
thread PO is given by 

At the end of a swing y = 2it, and T!W=l-2R/l ; so that, 
if 2R ia less than 2, 2* is always positive. 

But if 2R is greater than I, so that the plummet swings 
through more than 180°, T changes sign, and the thread will 
become slack, unless replaced by a light stiff rod. 

When 2R is greater than 21, the pendulum makes complete 
revolutions; and now, at the top of a revolution, 3/ = 22, and 
T/W=iRll—5; and when 2R is greater than ^l, 2* is again 
always positive, and the plummet can be whirled round at 
the end of a thread, without the thread becoming slack. 

95. When the axis of suspension of the pendulum is hori- 
zontal, and cut into a smooth screw of pitch p, the equation of 
energy gives 

Jtr(A«+ifcH/)(<W/d()*= Wg(H~hversd). 
if the centre of gravity descends from a height H above its 
lowest position ; so that 

ik^+¥+^)(d^eidt-)= -ghsine, 
and therefore l=k+(}^+ p^)/h ; 

and now in addition to X and Y, the reaction of the axis exerts 
a horizontal longitudinal component Z and a couple pZ, given by 

„_w d^e -w pk Big e 

^~ g^ dt^~ k^+]^^f- 
Similarly the increase in I due to the pendulum being sup- 
ported on friction wheels may be investigated. 

Ab an exercise the student may investigate the small oscil- 
lations of a system of clockwork, in which the wheels are 
unbalanced about the axes, and prove that for small oscilla- 
tions the length of the simple equivalent pendulum is given by 

l = (Xwk^p')j{'E,whp^cos a), 
where w denotes the weight, wh the moment, and wk^ the 
moment of inertia of a wheel about its axis ; a denoting the 
aiij,'le which the plane through the axis and centre of gravity 
Ji.es with the vertical in the position of equilibrium ; and 
viting the velocity ratio of the wheel. 
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96. The Inieimal Stresses of a Swinging Body, 

These internal stresses are most forcibly realized on board a 
ship rolling in the sea, not only in their effects as producing 
sea-sickness, but also in causing the cargo to shift, if the caigo 
is grain, coal, or petroleum, in bulk. 

It is usual to consider the ship as acted upon by two forces, 
(i.) W tons, the weight or displacement of the ship, acting 
vertically downwards through the centre of gravity 6, 

(ii.) W tons, the buoyancy of the water, acting vertically 
upwards through M the metacentre (fig. 8). 




Fig. 8. 

These two forces form a couple of moment W ,0M .AnO 
(foot tons), so that the ship will roll about a horizontal longi- 
tudinal axis through (?, like a pendulum of length OL^^Js^/GM 
feet, Wk^ denoting the moment of inertia of the ship about 
this axis of rotation. 

Now to find the force which acts upon iv, any infinitesimal 
part at P of the ship, to give it its acceleration and to balance 
its weight, we refer the point P to axes Gx and Gy, drawn 
upwards through GM and perpendicular to GM, 
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This force will balance the reversed effective force of 'm; at P 
and the eflfect of gravity on w ; and therefore, in gravitation 
measure, will have components 

q^W^'q^ \dt) +'^ ^^ ^' parallel to Ox, 

"" a ^ d?^ a ^ \dt) ^^ ' parallel to Gy. 
If tt; is suspended as a plummet by a very short thread, the 
thread will take the direction of this force, and will therefore 
make an angle with Gx 

^g sin e - x(d^e/dt^) - y(de /dty 
^^ gcm~d+y(d;'e/dt^)-x(dd/dtf 
Supposing the ship to roll like a pendulum of length I, 
through an angle 2a, then 

l{d?eidt^)=- -g sin 0, and ll{ddldtf=g{cos 0-cos a) ; 
and by § 8, 

d^djdt^ =■ — 7i%in = — 2n^sin J0 cos J0 = — 2nV sn nt dn nt, 

(dd/dtf = 2n2(cos 6 - cos a) = 47i2(sin2^a - sin^ J0) = '^n^K^nhit 

At any instant the lines of reversed resultant acceleration 

will be equiangular spirals, of radial angle ^, round the centre 

of acceleration as pole, the resultant acceleration at P being 

gj sin Q cosec ^, and the resultant effective force w-. sin Q cosec <f>, 

when we put GP = r, and l(d6/dty=g sin 6 cot </>; so that 

tan = (sn nt dn nt)/(2K cn^n^). 

Superposing the effect of gravity, the resultant lines of force 
or internal stress will be equiangular spirals of the same radial 
angle </>, round a pole J, the position of which is obtained as 
follows (fig. 8) : — Draw LK perpendicular to GL to meet the 
horizontal line GK in K; describe the circle on GiT as diameter, 
and draw ^/making an angle GKJ=<f> with GK\ this will 
meet the circle in J, 

For the resultant effective force of w at P, being 

/ = t«;TSin V cosec = i^ri 

making an angle with GP, will, when compounded with w 
upwards, and taking the triangle PGJ turned through an 
angle as the triangle of forces, have a resultant 

t = w .PJjOJ, making an angle with J P. 
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This will be the tension and in the direction of a short thread, 
from which w is suspended as a plummet at any point P ; and 
the deflection of this plumb line from its original mean direc- 
tion in the ship will be a measure of the tendency of a body 
to slide or of a grain cargo to shift ; and to a certain extent of 
the tendency to sea-sickness at this point of the ship and at 
this instant of its motion. 

The tendency will clearly have its maximum value at the 
end of a roll, when dd/dt = 0, and <f> = Jtt, and then J coincides 
with K. (Prof. P. Jenkins, On the Shi/ting of Cargoes, Trans- 
actions of the Institute of Naval Architects, 1887.) 

The plumb line at P will now set itself at right angles to 
KP, while the surface of w^ater in a tumbler at P will pass 
through K ; and a granular substance at P will begin to slip 
if KP makes with its surface an angle greater than the angle 
of repose of this grain. 

Thus up the mast, at a distance a feet from G, water would 
be spilt out of a tumbler, or sand in a box would shifty by the 
rolling of the ship through an angle 2a, which would not spill 
or shift, if the ship heeled over steadily, until an inclination P 
(the angle of repose of the sand) was reached, given by 

tan ^ = (1 + a/l)ia,n a. 

At the centre of oscillation L, where a = — i, there is no 
tendency for the water to spill, and this shows that the motion 
of the ship is felt least by going down below as far as possible 
in the middle of the ship. 

In a swing the body is very near the centre of oscillation, 
so that ordinary swinging is very little preparation for the 
motion of a vessel. 

A swing to act properly as a preparation for a sea voyage 
should be constructed as in iig. 5, to imitate, in full size, the 
cross section of the ship, suspended at M ; and now the varying 
effect of the motion can be experienced by taking up different 
positions on the deck, up the mast, and in the cabins, con* 
structed in this swing. 

Sir W. Thomson proposes to find the axis of rotation of a 
ship and the angle through which the ship rolls by noting the 
direction of the plumb lines of two such plummets, suspended 
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at two given points across the ship ; planes through the plum- 
mets perpendicular to the plumb lines at the extreme end of a 
roll would intersect in K; the horizontal plane through JT would 
meet the median longitudinal plane of the ship in the axis G ; 
while the plane through K perpendicular to the median plane 
would meet it in X, whence GL, the length of the equivalent 
pendulum, and therefore the period of small oscillations could 
be inferred, as a check on this construction. 

Example, A rod AB, whose density varies in any manner, 
is swung in a vertical plane about a horizontal axis through A, 
Prove that the bending moment of the rod is a maximum at a 
point P, determined by the condition that the c.G. of the part 
PB is the centre of oscillation of the pendulum. 

97. Problem VL Tke Elastica or lAntearia, 
The Elastica is the name given to the curve assumed by a 
uniform elastic beam, wire, or spring, originally straight, when 
bent into a plane curve (fig. 9) by a stress composed of two 
equal opposite forces T, on the assumption that at a point P 
at a distance y from the line of the applied stress the bending 
moment Ty is equilibrated by a moment of resistance B/p, 
proportional to the curvature 1/p ; and the constant B is called 
the flexural rigidity of the spring (Thomson and Tait, Natural 
Philosophy, § 611). 
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Fig. 9. 

Then Ty = B\p, or yp = B\T^ c^, suppose ; 

and by KirchhofFs Kinetic Analogue, the normal of the Elas- 
tica performs pendulum oscillations on each side of a perpen- 
dicular to the line of stress, as the point on the curve moves 
with a constant velocity. 
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For, when the normal has turned through an angle 6, the 
curvature 



1 = ^? = ?/. 



p ds c^' 
and by differentiation 

which agrees with the equation of pendulum motion 

d^eidt^ = - n^sin 0, if «/c = nt 
Corresponding with the oscillating pendulum we have the 
undulating Elastica, intersecting the line of stress at an angle 
a ; and thus, writing ajc for nt in § 8, 

sin i = /c sn s/c, cos ^0 = dn sjc, 
sin = — dyjds = 2k sn s/c dn s/c, 
so that y = 2ck en s/c, 

measuring 8 from the point ^, at a maximum distance from the 
line of thrust; and a graduated bow might thus be employed 
for giving mechanically the numerical values of the en function. 
In the nodal Elastica corresponding with the revolving 
pendulum, « 

= 2 am 8/ck, sin = 2 sn s/ck en s/ck = — dy/da ; 

so that y = 2(c//c) dn s/ck. 

In the separating case, /c = 1, and y = 2c sech a/c ; and 

^6 = amh s/c, sin ^6 = tanh s/c, tan ^0 = sinh s/c, eta 
In the undulating Elastica 

- - = cos = ^(1 — 4/c- suh/c dnh/c) = 1 — 2i^v?8/c ; 

and in the nodal Elastica 

-^ = cos = jj{ 1 — 4 sn-8/c cnrs/c) =1 — 2 sDrs/c ; 

so that X is given in terms of s by means of elliptic integrals 
of the second kind (§ 77). 

A great simplification is introduced when /c = /c' = i^2; the 
Elastica now cuts the line of thrust at right angles, and 

cos 6 = cii^s/c = iy^/c\ 
which shows that this Elastica is the roulette of the centre of 
a rectangular hyperbola, rolling on the line of thrust 

It is easily proved that in this curve the radius of curvature 
p is hnlf the normal PO; also that a chain can hang in this 
curve as a catenary, provided the linear density is proportional 
to (nc s/cY; this is left as an exercise for the student. 
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When /c = 0, the undulating Elastica corresponds with small 
oscillations of the pendulum, and the Elastica is ultimately 
coincident with the line of thrust, the ordinate y varying 
as Qins/c or sin a;/c; and then the length of the beam, 
ire^TTAjiB/T), is the extreme length at which the straight 
form of the beam begins to become unstable under the 
thrust T. 

The nodal Elastica becomes practically a circle when ic = 0, 
corresponding in KirchhoflTs Kinetic Analogue to the practi- 
cally uniform revolutions of a pendulum when the velocity is 
indefinitely increased. 

The Elastica is also called Bernoulli's Lintearia, being the 
cross section of a horizontal flexible watertight cylinder, when 
filled with water, the free surface of which lies in the line of 
thrust Ox; for if ^ denotes the constant circumferential tension, 

t/p=wy, the pressure of the water, 
or yp = t/w=c?. 

It is also the profile of the surface of water drawn up by 
Capillary Attraction between two parallel plates (Maxwell, 
Encyclopaedia Britannica, Capillary Action), 

The student may prove, as an exercise, as in § 80, that if the 
wire is bent into a tortuous curve by balancing forces and 
couples at its ends, it will assume the form of a curve in a 
surface of revolution defined by an equation of the form 

2/2 + 2;2 = a^cn\8lc) + b^n^s/c), 

(Proc. London Math, Society, vol. XVIII.) 

98. Problem VII. Sumner Lines on Mercatora Chart, 
Sumner Lines, so called after Captain Sumner, of Boston, 
Massachusetts, are the projections on Mercator's chart of 
small circles on a sphere; if simultaneous observations are 
taken of the chronometer and of the altitude of the sun or a 
star, the observer knows that he must lie on a small circle 
having its pole where the Sun or star at that instant was in 
the zenith, and having an angular radius the complement of 
the observed altitude; and two such observations are em- 
ployed in Sumner's Method for deteimining the ship's place. 

According as the observed altitude of the Sun or the star is 
greater or less than the declination, the small circle on the 
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Earth does not or does enclose the polar axis; and the cor- 
responding Sumner line will be a closed or open curve, whose 
equation may be thrown into the form 

cosh y/c = secacosx/c, (L) 

or sinh y/c = tan )8 cos aj/c. (iL) 

On Mercator's chart (§ 16) the latitude 6 and the longitude 
^ of a point whose coordinates are x, y may be written 

<f> = x/c, 6 = amh y/c, 
where 'ttc/ISO is the length on the chart of a degree of longitude 
at the equator. 

These relations are obtained by noticing that the bearing by 
compass of two adjacent points on the chart will be the same 
as on the terrestrial sphere, if 

dy^ de 
dx " cos Od(f> 
and now, if x=^c<f>y so as to make the meridians of longitude 
equidistant parallel straight lines, then 

dyjdd = c sec 0, yJG =^/kec OdO, 
or (§16) 6 = SLmhy/c. 

Now let S denote the declination of the Sun or star, y the 
observed altitude, (f> the diff'erence of longitude of the observer 
and of the object ; then in the spherical triangle SPZ 

Pfif=:i7r-a, fifZ=j7r-a. PZ=|7r-0, fifPZ=^, 
S denoting the Sun or ^tar, Z the zenith of the observer, and 
P the pole of the Earth's axis. 

Since cos SZ= cos PS cos PZ+ sin PS sin PZcos SPZ, 
therefore sin a = sin 5 sin + cos S cos 6 cos 0, 
or cos S cos = sin a sec — sin (S tan 6 

= sin a cosh y/c — sin S sinh y/c ; 
and according as a is greater or less than S, this is reducible to 
the form A cofih{y ^b)/c or — £sinh(2/ — 6)/c; and this again 
by a change of axes to the form of (i.) or (ii.). 

(Crelle. XL, Gudermann, on the Loxodrome ; Messenger of 
Mathematics, XVI. and XX., Sumner Lines,) 
Differentiating equation (i.) with respect to x^ 
dy _^— sec a sin x/c __ — sec a sin x/c 
dx "" sinh y/c "^{nec^a cos^/c— 1)' 
ds _ tan a _ sin a 

dx "~ ^(sec'^a coa^x/c — 1 ) "" ^^(sin^a — siiAc/c) ' 
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SO that, as in §§ 3, 4, and 8, 

sin xfc = /c sn s/c, cos xjc = dn s/c, 

cosh yfc = sin a dn s/Cy sinh yjc = tan a en a/c, 

the modular angle being a. 

This shows that a/c in the closed Sumner Line (i.) may be 
equated to nt in the oscillating pendulum, and then x/c will be 
half the angle made by the pendulum with the vertical ; also 

in the Sumner Line 

doc 
cos^/r=-i- = cn«/c, or ^=am8/c, 

the intrinsic equation ; and /> = c sin a sec x/c. 

The differentiation of equation (ii.) gives in a similar manner 

da^^ 1 

dx ^{1 — sin*)8 sin^x/cy 

so that x/c = B.ma/c, with mod. angle fi; 

and now, in the corresponding undulating Sumner Line, x/c is 

half the iingle made with the vertical by a revolving pendulum, 

if we put a/c = lent 

dx 
Also cos ^=-T-=dn8/c= (en /cs/c, l//c) 

by § 29 ; so that ^/r=am(/c«/c, l//c), 

the intrinsic equation; and />=ccosec)88eca;/c. 




Fig. 10. 

The second curve, by a shift of origin a distance J-ttC to the 
right, becomes sinh y/c = tan fi sin x/c, 

and then it cuts at right angles the first curve (fig. 10) 

cosh y/c = sec a cos x/c. 
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For, differentiating these equations logarithmically, 

coth - -T^ = cot -. 
c ax c 

tanh^ T^= -tan-/ 
c dx c 

and therefore the product of the -^^'s is — 1. 

In fact putting sec a = coth a', the curves are derivable as 
conjugate functions from the equation 

x+iy = c amh(a' + ifi). 

99. Problem VIII. Catenaries, 

"The catenarj' for a line density proportional to cosha/a, 
where a is the length of the arc measured from the lowest 
point, is of the form 

tanh y/b = dn x/a, or dn x/b, 
according as a, the ratio of the tension in pounds to the density 
in lb. per foot at the lowest point of the catenary is greater 
or less than b ; the Catenary of Unifoi^m Strerigth being the 
curve in the separating case of a = 6." 

-The equation of the Catenary of Uniform Strength^ in 
which the linear density or cross section is so arranged as to 
be proportional to the tension, is well known (Thomson and 
Tait, Natural Philosophy ^ § 583) being 

ei//^cos xjb = 1, or e^l^ = sec xjb ; 
or as it may be written 

tanh \ylb = tsm^^xjb. 

For if (Tq denotes the density in lb. per foot, and trji) the 
tension in pounds at the lowest point Ay o- the density and 
ah the tension at any other point P, at a distance s from A^ 
measured along the curve, the equations of equilibrium of 
AP are 

0-6 cos ^ = (rjby <rb smyfr =y<rds. 

Thence a- = o-^sec ^, SLndja-ch = a-Jb tan yfr ; 

so that a- = a-Jb sec^d\Jr/ds = o-oSec ^/r, 

or dsjdyjr = 6 sec \jr, 

s ^fb sec y^rdylt = b cosh " ^sec ^/r = 6 cosh ' '^(rjtrf^ 


0" = (T^COSh 8/6. 
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We might therefore take a piece of uniform flexible and 
inextensible material, cut out from a plane piece by two 
catenaries, or modified catenaries, say y/c= ±cosha;/6, and 
hang it up in a catenary of equal strength. 

Also X =ycos ypds =y^bd\fr = b\}r, 

y=Jk\uypd8=^J'b tan xfrdxlr^b log sec \[r ; 
so that y/b = log sec x/b, or e^^^ = sec x/b, 

the equation of the Catenary of Uniform Strength. 

But now suppose two supports at the same level to be made 
to approach or recede from each other ; the piece of cloth or 
the chain will hang in a different catenary. 

Denoting by a-Qa the tension in pounds at the lowest point 
A, and by t the tension at P, then 

t cos xfr = a-Qa, t sin yfr ^ja-ds = a-Qb sinh a/b ; 

80 that © or -j^ = tan ^ = - sinh ^ , 

^ ax ^ a b 

the intrinsic equation of the curve. 

_ /" abdp 

an elliptic integral, of the form (10), p. 33 ; and puttingp = tan \fr, 

d\[r_^ //cos^x/r sinn/r\ 

In the separating case, a = b; and then x^byfr, as in the 
Catenary of Uniform Strength ; the greatest possible span of 
a catenary of given material is therefore '7rb = '7rr/w, where r 
denotes the tenacity of the material, in pounds per sq. foot, 
and w the density or heaviness, in lb. per cubic foot. 

But with a > 6, 

-X = r^{l'-i^cos!^\lr)==jA{^'7r+yJr, k), where K=b/a; 

so that Jtt + ^ = am x/b, 

J dy , , en x/b 
and j^ = tan^= ',,, 

dx ^ sn x/b 

/*— en x/b sn x/bj f— Khnx/b snx/b , 7 . i. , , ,7 

2/ = / 9—rL — —dx = / — ^ 1-9-71 --dx = bisinh'-^dnxb. 

^ J BV^x/b J l—dn^x/b ' ' 


or tanhy/6 = dnaj/6. 
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With a < 6, 

^ = - V(l - ic^sin^V^) = - A( V^, /c), where jc' = a/6 ; 
80 that yjr = am xja, 

and ^=tanV'=??i^, 

cto ^ en a;/a 

/sn a;/a on aj/a , /*§^n x/a en a;/a , 



a , dnoj/a+ic' , ., .dnx/a 
Zk ° anx/a—K k 

or ta.nhy/b = ^^-^i^=dn{K^xla\ 

by § 57 ; so that by a change of origin, taking the axis of y in 
a vertical asymptote of the curve, its equation may be written 

tanh y/b = dn x/a. 
(Compare Cayley, on A Torse depending on Elliptic Func- 
tions, Q. J. M., XIV., p. 241.) 

100. In the catenary formed by an elastic rope or flexible 
wire, obeying Hooke s Law " ut tensio sic vis," we may still 
have p=sinh u ; but u is no longer proportional to the arc s. 

We use a-Q to denote the uniform density of the rope when 
unstretched, and Sq to denote the length of rope which stretches 
in AP to length s, a-Jb denotes as before the tension in pounds 
of the rope at the lowest point A, and o-qC is used to denote the • 
modulus of elasticity of the rope in pounds; so that, by 

Hookers law, fl = i+-l.. 

Osq (TqC 

Then, as before, for the equilibrium of AP, \ 

t cos \/r = a-Qa, t sin xfr =/(rds = a-^fiQ, 

so that p=-J^=?Q=sinh u, 

clx 

if we put ^0 = ^ sinh u ; 

and then t = (rQ^{ar + s^) = a^a cosh u. 

Then =_ = ( l -j j-,— = a cosh u-\ — cosh^u, 

du \ (TQcJdu c 

and = ^( 1 +2>-) = cosh u. 
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., . dx d , 

80 that ^— =aH — cosh u, 

dv, c 



a? 



-^ = a sinh u+~ cosh u sinh u. 
du c 

Integrating, putting ajc^h, 

8/ a = sinh u + ^h(u + cosh u sinh u), 

a5/a= u+ h sinh u, 

y/a = cosh u+^h sinh%. 

For the corresponding points on the rope, when it is supposed 
inextensible, putting c = 00 , and ^=0, 

sja = sinh u, xja = u, yja = cosh u, 

giving an ordinary catenary ; so that the tangents are parallel 
at corresponding points of the catenaries of the elastic and of 
the inextensible rope. 

The terms depending on h, considered separately, define an 
ordinary parabola ; so that the catenary formed by an elastic 
rope is something intermediate to a parabola and a common 
catenary. 

101. Pkoblem IX. Oeodesica. 

" Investigation of the geodesies on the Catenoid, the surface 
formed by the revolution of a catenary round its directrix, and 
on the Helicoid, into which it can be developed ; also of the 
geodesies on the UndtUoid and Nodoid, the capillary surfaces 
of revolution, of which the meridian curves are the roulette 
j of the focus of a conic section, an ellipse or hyperbola, rolling 
upon the axis of revolution." 

The simplest mode of determining a geodesic on a surface of 
revolution is to treat it as the path of a particle moving 
under no forces on the surface, considered as smooth, so that 
dajdt 18 constant ; and then, since the reaction of the surface 
passes through the axis, r^dOldt is constant ; and therefore 

7*2 ^ = 6, a constant, 
as 

r and Q denoting the polar coordinates of any point of the 
projection on a plane perpendicular to the axis Ox ; and thus 

ds^ _dx^ .dr^ .o^'^ 
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In the catenoid rja = cosh x/a, 

so that -j- = sinh x\a = ^— ; 

ax ' a 

and therefore, in the geodesic, 

or ^-^ -^-^ . 

We must distinguish the two cases according as 6* 5 a^. 

When b^>a\ then r2>62; the geodesic osculates the circular 
cross section of radius b ; and we have 

r sn = 6, with k = alb, 
as the polar equation of the projection of the geodesia 

When b^ < a?, then r^ > a- ; the geodesic crosses the circular 
section of minimum radius a; and supposing it cuts the 
meridian here at an angle a, 6 = a sin a ; and now 
r sn{6/K) = a, the modular angle being a. 

In the separating case, 6 = a and /c = 1 ; and then sn = tanh 6 ; . 
so that r tanh 6=a \ 

is now the polar equation of the projection of the geodesic, a i 
curve having r = a as an asymptotic circle. 

Generally in any geodesic on a surface of revolution, which \ 

cuts the meridian curv^e at a distance r from the axis at an 

, . de b 

angle X, smx = r-g^ = ^; 

so that sin x varies inversely as /•. 

102. Now suppose the catenoid is divided along a meridian 
curve APf and again along the smallest circular section AA\ 
and that this section AA' is drawn out into a straight line, of 
length 27ra ; the rest of the surface, if flexible and inextensible, 
will assume the form of a Helicoid, or uniform screw surface 
of pitch a, such that its equation is 

taking the axis of z along the axis of the surface, and />, (f> the 
polar coordinates of the projection of a point on a plane per- 
pendicular to the axis; and AP will become a generating line 
of the Helicoid ; this is proved geometrically, by noticing that 
the length of the helix PP' on the Helicoid is equal to the 
length of the circle PP" on the Catenoid. 



{ 
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The surface being ineztensible, and a circular cross section 
of tlie Catenoid becoming a helix on the Helicoid, it follows that 

and aince r*=/)*+a*, therefore 6 = <p. 
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Fig. II. 

Therefore the equation of the projection of a geodesic on the 
helicoid is either of the forms 

piJi{<p}K)=a; 
or (pS+a*)anV=6*=aVK*, 

_odn^ 
Ksn^' 
peR(K—<p)=aK'lK. 
The Catenoid is the surface of revolution formed by a 
capillary soap bubble film, when the pressure of the air is the 
same on both sides of the film. The surface is easily formed 
practically by dipping a circular wire into soapy water and 
raising it vertically ; and it is evident from mechanical con- 
siderations that the surface is a minimuTti surface (§ 31). 

The Helicoid, into which the Catenoid can be deformed, can 
be produced in the same manner by a film between two coaxial 
helical wires of the same pitch (C. V. Boys, Soap BubbteB). 
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These surfaces are particular cases of ScherKs vnindrnvu/m 
surface, whose equation is 

or 
z-a cos _^__^^^^^^ 

reducing to the Catenoid when a=0, and to the Helicoid 
when 6 = 0. 

The verification in the manner of § 32 is left as an exercise 
for the student. 

103. The meridian curve of the Catenoid is the roulette AP 
of the focus of a parabola aG, the pressure of the air being the 
same on both sides of the film (fig. 12). 

But when the pressure of the air inside the film is increased 
or diminished, we find that the surface of revolution formed 
by the capillary film has as meridian curve BP or CP, the 
roulette of the focus of an ellipse or hyperbola, the first surface 
being called the Unduloid and the second the Nodoid, 

(Maxwell, Capillary Attraction, ETicydopcedia Britannica.) 

Denoting by y, y the perpendiculars from the foci P, P on 
the axis Ox on which the conic rolls, then in the Unduloid 
BP, generated by the focus P of a rolling ellipse hQ, 

y + y' = {PQ + QP')cos >/r = 2a cos rfr, 

and yy' = b^> 

so that b^+y^=z 2ay cos yfr. 

If in the meridian curve BP of the Unduloid, we denote 

the radius of curvature by p, and the normal PG by n, then, 

since h^+y^^ 2ay cos y/r = 2ay^ln, 

therefore - = ^r — 5 + -7- ; 

n zay^ la 

and since cos ylr = - — + ?'-, 

^ 'lay ta 

difierentiating, 
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or 



80 that 




ifi p a 
Then, if p denotes the excess over the atmospheric pressure 
of the air inside a capillary film, in the shape of an (Jnduloid, 
and t the tension of the film, 



\n o/ (I 



so that, if inside a Catenoid, the pressure is increased, the 
surface is changed into an Unduloid 

K the pressure is slightly diminished by p, the surface be- 
comes a portion of a Nodoid CP ; for now 



\o nJ 



and in the meridian curve CP of the Nodoid, the roulette of 
the focus P of a hyperbola cR with foci P and P", 

y'-y = (P"i2-E/>)cosV^ = 2acos^, and yy' = b^; 



80 that 



and 



^2 _ y2 _ 2ay cos yfr = 2ay^/n : 

1^_^ l^ 

n''2ay^ 2a' 

p 2a2/2+2a 

p = t/a. 
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In the geodesic on the Unduloid, 

y^dQjda = a sin y, 

supposing the geodesic cuts the meridian curve at an angle y 
at its maximum distance a from the axis; also a = a(l+6X&nd 
the minimum distance )8 = a(l— «), so that a)8=6*, a+)8=2a; 
and y lies between a and )d. 

Now, in the projection of the geodesic on a plane perpen- 
dicular to Ox, writing r for 3/, so that iaji ylr = dy/dx = dr/dx, 

^a^in^y 
and r cos ^ = (6^ + r^)/2a ; so that 

d&'''V 4a2 JVa^sinV V 1 

^ (q2,y2)( ^_^)(y2 _ a^in^y) . 
a2(aH-)8)^in2y " ' 

leading to integrals of the form (72) and (73), p. 52. 

We suppose first that ^ > a sin y, so that the geodesic crosses 
the minimum section of the surface, and therefore all the 
sections if produced ; and now with a>r> I3>a sin y, we 
have, according to equation (72), 



or S = ^HinvC-^-l); 



rr,,a-. p ^«(« + /3)sin ydr / ^.a^ - 

y V(a^-7^.r2-^^r2-a%inV)"" Va'-^S^. 



1 cn^O , sn^0 
or — = - — ^-+ -^^ . 

Secondly, if a > r > a sin y > )8, then the geodesic osculates 
the circle of radius a sin y, and is limited by the convex part 
of the surface between two such circles ; and the equation of 
the projection of the geodesic is obtained from the above 
merely by interchanging a sin y and )8. 

In the separating case a sin y = /8 ; and then /c = 1, m = tan ^y ; 
and the polar equation of the projection of the geodesic is 

1 ___sech^0 , tanh^mO 

a curve having an asymptotic circle y = )8. 

The formulas are similar for the geodesies on the Nodoid. 
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104. EuUr'a Equations resumed, Poinsot's G^qmetriccd 
Representation of the Motion of a Body under No ForoeSi 

We now resume ihese equations of motion, of which; the 
solution by elliptic functions has been indicated in § 32. '•\-* • 

By the Principle of the Conservation of Angular Momentuvi 
(Routh, Rigid Dynamics, Chap. IX.) the axis OC of the re- 
sultant angular momentum G will be fixed in space; and the 
direction cosines of this axis with respect to the principal 
axes of the body being 

Ap/Q, Bq/G, Cr/G, 

the component angular velocity about OC will be 

Ai^+Bq^+Cr^ T . . 

^ — y^- = A^» ft constant, 

where, as before, T denotes twice the kinetic energy of the body. 

It is convenient to denote this component of angular velocity 
about OC by a single letter, say /x; and also to replace G and T 
by DyL and D^k\ making TjG^fi and G^IT= D; and then D will 
be a constant quantity, of the same dimensions as A, £, C 

If / denotes the moment of inertia about the instantaneous 
axis of rotation OP, and if OP denotes the vector of the 
momental ellipsoid at 0, then /varies as OP-^y so that we may 
put I=Dh^/OP^y where A is a new constant length. 

Now, if a> denotes the resultant angular velocity about OP, 

r=:/a)2, or DiuL^ = Dh^a)yOP^, 

so that the angular velocity co varies as OP ; and 

h_OP_x _y _z 
fi u) p q r 

The direction cosines of the normal of the momental ellipsoid 
at P being proportional to Ax^ By, Cz, or Ap, Bq, Cr, are 
therefore Ap/G, Bq/G, Cr/G ; so that OC, the axis of G, is 
perpendicular to the tangent plane at P ; and if OC meets this 
tangent plane in C, it follows that OC=h, so that the tangent 
plane at P is a fixed plane ; and during the motion the 
momental ellipsoid rolls on this fixed plane, called the in- 
variable plave, with angular velocity proportional to OP. 

The curve traced out by the point of contact P on the 
momental ellipsoid is called the polhode, and the curve traced 
out by P on the invariable plane is called the herpolhode; 



• * 

• • • 
• • • 



• • •- 



• • 



• •. 
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these ^n^^ii^ are due to Poinsot, as well as this geometrical 
reprfsontation of the motion. 

:'\*\'''{Th^orie nouvdle de la rotation dea corps, Paris, 1852.) 
;*'*The equation of the momental ellipsoid may now be written 

/while Ax/Dh, By/Dh, Cz/Dh are the direction cosines of the 
invariable line OG ; so that 

Ah?+B^y^+C!^z^=L^h\ 

The polhode is therefore the curve of intersection of these 
two coaxial quadric surfaces, and therefore lies on the cone 

called the polhode cone ; and the projections of the polhode 
on the principal planes are therefore 

{A ''B)By^+{A - C)Cz^={A '•D)Dh^ 

105. Denoting by v the component angular velocity of the 
body about the axis OH, where OH is equal and parallel to GP^ 

Aj>^+ Bq^+ Cr2= r =Dfi\ 
AY+B^q^+Gh^=G^ = D'^^; 
and, by solution of these equations, 

~BG ^ KB'^'c) BC =«>"»• »s^PP<»®' 

or = »^+(l-;g)(l-(;)M*=»^-»'a*, suppose; 

and in these equations we may replace p, q, r, €t>, fi, p by 
X, y, z, OP, hy p, respectively, where p^= OP^—h-, 

Example. — Prove that 
and simplify 
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106. On the supposition that 

AT>BT>G^>CT,ov A>B>D>C, 

r never vanishes, and the polhode encloses the principal axis C; 
but p and q alternately vanish, so that i^ oscillates in value 

between(l-§)(g-iyand(l-|)(g-iy. 

If we put 4= (§- 1){(^ ~ ^)co8*d+ (l -§)«n*«}' 
then ilp«=i)M*~-2co8«0, 

We now find, on substituting in one of Euler's equations, 

the solution of which is of the form, as before in §§ 18 and 32, 

where n«=Z)^2____ ., ^nd ,^ = ^-jy-^-^ 
the anharmonic ratio of A, B, D, C; while 

^ — G 
fi9»=Z)M*^^^,sn«n^ 

Ji — G 
giving (§ 32) 



2 



107. Quadrantal OsciUaiiom^. 

The oscillations given by a differential equation of the form 

(i20/di«=-m2sin0co8 

are called qvxvd/rantal oscillations (Thomson and Tait, Natural 
Pkiio8ophy, § 322), the system having two positions of stable 
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equilibrium given by d = and 6 = Tr, and two unstable posi- 
tions in the remaining quadrants, given by 0=±Jx; for 
instance, an elongated piece of soft iron in a uniform magnetic 
field, or an elliptic cylinder moveable about its axis in a cur- 
rent of liquid performs quadrantal oscillations. (Q. J. M.^ xvL) 
When the system performs complete revolutions, the solu- 
tion is (§ 18) 6 = B,m(mt/Ky k) ; 

but if it oscillates about the positions of stable equilibrium, 
given by = 0, the solution is (§ 29) 

0= am(m^, 1/k), 

or cos0= dii{mtfK, ir), 

sin0 = icsn(m^/ic, k), 

where k is less than unity. 

The second solution will apply to the second state of motion 
in § 32, where ^r>(j«>J?r>Cr, or ^>i)>£>(7,and where 
p never vanishes, and the polhode encloses the principal axis A . 

108. Differentiating the ecjuations of § 105 with respect to t, 

dw_ dv A-B.A-'C dp_ B-C,B-A dq C-A.C^B dr 
"^dt'^^t" BC ^dt" CA ^dt^ AB ^e 

B'-CG-A.A^B 
= ABC P5^' 

d<a^ 
or = — ^( 4. (Oa*- — (1)^.0)6* — a)^.ft)c* — ft)*), 

so that ft)^ and ir are elliptic functions of t, of the form given 
by equation (15), p. 36. 

But, on reference to equation (A), p. 43, we see that 

if «a> ^6i ^c denote the roots of 48^— fl'j^— ^s = 0; so that on 
comparison we may make 

ft)o^ — ft)*, ft)6* — ft)-, ft)c* — ft)*, or Va^—V^, Vft*— 1/*, V^ — i^y 

proportional to ^ — <?«, j? i^ — e^, pu — €« ; 
or, symmetrically, we can put 

^^=-m*(£-a)(pu-.6a), 
i?3*= -m*(C-^Xj^^-«6), 
Cr*= -m*(^-i?)(pu-6e); 
where the factor - m* is introduced for the sake of hcymjogeneity. 
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m being of the dimensions of an angular velocity, such as p, q, 
^f 09, fi, v; and now, on substitution in Euler's equations, 
du? B-G.C-A.A-B « (B-C G-A A-B\ , , 

suppose; so that u=a constant ±n^. 

109. As in § 32, we take A>B>C\ and then 
(i.)when AT>BT>CP>CT, or A>B>D>C, 
r never vanishes, and we must take 

ee>ea>pu>ej,; 

so that Cj = Cc, ^2 = €a, 63 = Cj ; 

(ii.)when AT>CP>BT>CT, or A>D>B>C, 
p never vanishes ; and then 

ea>ee>pu>eb; 
and we must take «! = €«, e^^Cc, e^ = eb. 

Since pu oscillates between €2 and e^ and is taken 
initially equal to e^ we find, on reference to equation (42), 
p. 45, that we must put 

u = 2(0i + a>3 — "n^t, 
so that the constant of integration for u in § 108 is 2(ai+(a^. 

Now, at the cost of symmetry, to get rid of the imaginary 
(&^ and to make the argument of the elliptic functions a real 
quantity nt, equation (42), expressed in the direct notation, 

gives ^-e,= ^l_l » , 



'8 



e 



8 



2 pnt-e^ 

6, — 60.60- «Wli 

and tfj always replaces 63, while 6^ replaces 6^, 6^ replaces Cg* or 
vice verm, according as the polhode encloses A or C, 

110. For the determination of 6^, 65, 6c, we have the equations 

(J8-C)6a+ (0-4)6ft+ (^-5)6c= r/m«=i)/xVm2, 
^(5-C)6a+^(C^-^)e6+C(^ -i?)6,= G2/m2=2)V/m2, 
whence ^r-G2=m2(a -^X^-^)(^6-«c), 

. 5r- (?2=mV - B)(^ - C^)(«c -ea), 
Cr-(?« = m2(£-0)(C'-4)(6a-6ft); 
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Du^ A -D 



e, 



m* A-B.B-C 



''^ '''""m^ b-g:c-a' 

80 that ec—ea is taken positive or negative, according as 
BT—CP or B—D is positive or negative; while ^j— «« and 
^b — ^a are always negative, as explained above. 

Also {ea — €1,) — {f'c - f'a) = 3^a, • • • , 

whence the values of <;«» ^61 <'V 

Then flr2=§{(65-ec)Htec~ea)H(ea-e6)*} 

can be found ; and the discriminant (§ 53) 

A = 16(e,-ecnec-ea)Hea-e,f 
= 1 a^"^ {A-D )\B ^jyfiG-p? , 

A"" 10H{B^C)%C-A)\A -'B)%A-'D)\B''D)\C-D)^ ' 

111. We have supposed no forces to act; but the case in 
which the impressed couple is always parallel and proportional 
to the resultant angular momentum leads to equations which 
can be solved in a similar manner ; in this way we imitate the 
motion of a body, like the Earth, which is cooling and con- 
tracting uniformly. 

Now, the component impressed couples about the principal 
axes being of the form \Ap, \Bq, XCr, 

A(dp/dt)-(B-C)qr = XAp, ..., 

which, on putting y = e~^7^', and Xf'=l — c"^', reduce to 

80 that p\ q\ r are the same functions of t\ which 2>, ?, v would 
be of t^ in the case where no forces act. 

In the case of the cooling and contracting body, we put 
A^c'^^Aq, B=e~^^BQ, C=e"^*(7o; and the equations become 

AQ~J,^{BQ-CQ)qr=0, ..., 

which are solved as before ; and Poinsot's geometrical repre- 
sentation of the motion still holds, with slight modification. 
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A similar procedure will solve the following theorem : 
" A rigid body is moving under the action of a force whose 
direction and magnitude are constant, always passing through 
ihe centre of inertia {e,g. gravity), and of an absolutely con- 
stant couple. 

^'It p,q,T denote the component angular velocities about the 
principal axes at the centre of inertia, and if u, v, w denote the 
compound velocities of the centre of inertia along the principal 
axes at the time t ; then the determination of 

P/iy Ql^y ^/^ W^» V/^' W^. 

in terms of ^fi is the same as that of p, q, r, u, v, w, in terms 
of t, when no forces act; t being reckoned from the commence- 
ment of the motion." (W. Bumside, Math, Tripos, 1881.) 

112. To obtain the equation of the herpolhode, we notice 
that during the motion the polhode cone, fixed in the body, rolls 
on the herpolhode cone, fixed in space, being the common 
vertex ; corresponding areas of these cones are therefore equal, 
as also their projections on any fixed plane, for instance the 
invariable plane. 

Therefore if p, <f> denote with respect to C the polar co- 
ordinates of P on the herpolhode, 

dt ^dtJ^DhVdi ^dtJ^DiX dt ydtr 

Since ?=^ = ?=e = ^, 

p q T V IX 

therefore -rr = r — -7— V^» 

dt h A ^ 

_ {A-D)Ah?+{B-D) B mf+(G-D)(?z^ 

ABC ^ 

= '"^+ ABC ^'*' 

which, combined with the v^,lue of di^jdt or dp^/dt of § 108, 

^P M //A 2 2 '2 2 •! 2\ 

-^f = " A V (* • Pa - p' . pb' - p' . pc^ - p-h 

will determine the equation of the herpolhode. 



^d<f>__Ax/ dz 
^WDhK^di 
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113. Using Weierstrass's functions of § 108, 

m?(B-C, . , C-A, . , A-B, . . mH 



= „s(pv-«»«). 



B-C ,C-A .A-B M* 

with «,.=__ -^iro-^£Z-4^-F— • 

A'"^ B ^ C 
and then jsw - c„ = ^^(l - ^\1q - 1)' (positive), 

t»v - ej = ^,(l - ^)(^ - 1), (positive), 

j»'«v= 4(jw— ea)(jw— €6)(pv— e«) 

«.« A^BKJ^ 

and, since Cj (or ««) > jw > c^ (or «„), 

we must, by (39), § 54, where <' is a proper fraction, take 

Therefore ^=^+«Ji^, 

at ^v—^w 



or 



du n ^v — pit' 



and, integrating, (/> = fit + ij/^-i:^' 

and we are thus introduced to a new integral, called an 
elliptic integral of the third kind. 

The cone described in the body by OH (§ 105) is called by 
Poinsot the rolling and sliding cone ; during the motion this 
cone rolls on an invariable plane through 0, while at the same 
time this plane turns with constant angular velocity fi about 
00 ; so that, if />, <[> denote with respect to the polar co- 
ordinates of H on this plane, 
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114. With the notation of the elliptic functions of Jacobi, 
as in § 106, 

= AC ABC ' 

which can be thrown into the form 

on putting «c*sn*a = -= ._f f 

, DB-C » C B-D , . AB-D 

^^^BD:^' *^ "= ~B D^C "^ "= fi Z^^- 

With ea =e^ei,= e^ e« = e^, and t; = Oi + f coj, then by (32), p. 44, 

and dn«(ir+riirO = ^^^^^=i?-"^ = dn«a; 

jw-^ft B A-D 

so that a = K+fiK\ 

^^^^ ~dt^^ B l-/r%n«asn«7ie 

_ _icnadna n 

sn a 1 — K^n^a anhit* 
and, writing u for nt, 

._ isnadna /^ du 
^ sna ^1 — ic^sn^asn^ 



. i en a dn a . /'/An a en a dn a sn^ , 

= iit w—t/ — = 9 o — s au, 

sna J 1— /rsn^asnm 



the last term an elliptic integral of the third kind, in the form 
employed by Jacobi. 

On putting 8nu = sin 6, and sn a = sin a, Khn^a= — m, then 

.cos g Ag /" d0 

*"^^ * singy(l+msin2i9)^l-iSin*6iy 

• 

the third elliptic integral, as employed by Legendre ; the 
further discussion of this integral must be reserved for a 
subsequent chapter. 
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Examples. 

1. Prove that, if the excentric anomaly in an undisturbed 
planetary orbit of excentricity e is represented by 2am(u^ e), 
the mean anomaly is 

2amu+2-^^,-. 

2. Prove that the envelope of the straight line rays 

K^ sn u+(cn u+K dn \i)y = ic sn t6(dn u+k en u) 
where u is the variable parameter, is the curve 

the caustic of parallel rays, after refraction at a circle, of 
refractive index 1/ic ; and find the order of this curve. 

(Cayley, Phil Trans,, 1867, " Caustics.") 

3. Prove that a portion of a flexible inextensible spherical 
surface of radius a, bounded by two meridians (a lune, or gore 
of a spherical balloon) can be bent into the surface of revolu- 
tion given by 

x = acos6cos(<f>/K), y = acos0sin(0/ic), z=aE{d, k); 

6, </> denoting the latitude and longitude of the point on the 
sphere. 

Explain the geometrical theory, distinguishing the cases of 
ic< 1, and K>1. 

4. Denoting by « the solid angle subtended by a circle of 
radius a at a point whose cylindrical coordinates are r, z vnth 
respect to the axis of the circle, prove that 

<lw_ az IT*., 

where k-= s^r^-j-^'^* *^ = ^t)-^ "(a- 

-- + (rt + r)' c- + (« + rf 

Show how to determine the illumination at any point of the 
surface of the water at the bottom of a deep well, due to the 
light from the sky. 
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5. A uniform circular wire, charged with —e coulombs, is 
presented symmetrically to a fixed insulated sphere of radius 
a centimetres, so that every point of the wire is at a distance 
/ cm from the centre of the sphere, the radius of the wire sub- 
tending an angle a at the centre of the sphere. 

Prove that the electricity, in coulombs per cm^ induced at a 
point of the sphere whose angular distance from the axis of 
symmetry is 0, is given by 

/»-a^ E 

wliATA 4a/sinasine a«-2a/cos(e-a)+/^ 

wnere 'c--^,_2a/cos(e+a)+/«' ^ ''a'-2afcoa(e+a)+f 

6. Prove that if this sphere and wire gravitate to each other, 
and if the wire is free to turn about a fixed diameter perpen- 
dicular to the line joining the centres, the wire will be in stable 
equilibrium when its plane passes through the centre of the 
sphere ; and prove that the oscillations of the wire due to the 
gravitation will synchronize with a pendulum of length 

where h denotes the radius of the wire, c the distance between 
the centres of the sphere and wire in cm, M the weight of the 
sphere in g, C the gravitation constant ; and 

where ir* = 46c/(6 + c)^. 

Determine the position of stable equilibrium and the length 
of the equivalent pendulum, when the attraction is changed to 
repulsion. 

7. Two uniform concentric circular wires of radii 6 and c cm, 
weighing Jf and if g, are freely moveable about a common fixed 
diameter. Prove that in consequence of their gravitation, the 
oscillations will synchronize with a pendulum of length 

where JPand k have the same values as* before. 



CHAPTER IV. 

THE ADDITION THEOREM FOR ELLIPTIC 

FUNCTIONS. 

115. So far we have considered the elliptic functions of a 
single argument u ; but now we have to determine the for- 
mulas which give the elliptic functions of the sum or difference, 
u±v,oi two arguments u and v, in terms of the elliptic functions 
of u and v ; and thence generally the formulas for the elliptic 
functions of the sum of any number of arguments u + v + te? + . . . ; 
and the formulas for the duplication, triplication, etc, of the 
argument. 

The Addition Theorem for Circular and Hyperbolic 
Funfidions, 

The analogous formulas in Trigonometry for the Circular 
Functions are well known, namely, 

sin(u ± v) = sin v, cos v ± cos u sin v, 

cos(u ± v) = cos u cos V + sin w sin v ; 

or, as they may be written, 

sin(u± v) = sin u sin'v±sin't6 sin v, 

cos(u ± v) = cos u cos V + cos't^ cos'r ; 

the accents denoting differentiation ; and to these may be added 

. , ^ >, tanu±tan'y 

1+tanutanr 
these formulas constituting the Addition Theorem for the 
Circular Functions. 

For the Hyperbolic Functions, the formulas are 

cosh(u±v) = cosh u cosh v±sinh u sinh v, 

sinh(u ± v) = sinh u cosh v ± cosh u sinh v ; 
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or, as they may be written, 

coBh(u±v) = cosh u cosh t;±cosh'u cosh't;, 
8inh(u± v) = sinh u sinh'v±sinh'u sinh v ; 

and to these may be added 

. , , ^ V tanht6±tanht; 

tanh(u±t;)= — - — =- — - — =-- ; 

l±tanhutanht; 

constituting the Addition Theorem for the Hyperbolic Func- 
tions. 

116, The Addition Theorem for the Elliptic Functions. 
For the Elliptic Functions the analogous formulas of the 

Addition Theorem are found to be 

sn(u±t;) = (sn u 8n't;± sn'u sn v)/D, 
cn(u ±i;) = (cnucni;+ cn'u cn'v)/i), 
dn(u±i;) = (dn u dn t;±/c"^dn'u dnfv)jD, 

where Z) = 1 — K^nhisnh) ; 

or,performing the differentiations,and dropping thedouble signs, 

, , V snttcnvdnv+cnudnusnv ,-. 

«^(^+^) l-K%n»usn^ '-■■ <^^ 

, . . cnttcnv— snttdnusnvdnv ,^^ 

cn(u+i;)= = — -j--^ — 2 ' (2^ 

^ ' 1— /Anntsn^v 

, , , V dniidnv— /c%nucnusnvcnv ,«. 

'^(^+^> 1-K%n%8nt; ' ^^^ 

Putting ic=0, we obtain the formulas for the Circular 
Functions, sin(u+t;) and cos(w+v), the denominator 2) re- 
ducing to unity. 

Putting K^\ remembering that then (§ 16) snu becomes 
tanh u, en u or dn u becomes sech u, we obtain from (1) 

, . V __ tanh u sech^ -f- sech^u tanh v 
^ ' 1 — tanh% tanh^ 

_ tanh tt(l •- tanh^) + (1 — tanh%)tanh v _ tanh u-|- tanh r 

1 — tanh^u tanh^ 1 -|- tanh u tanh v' 

as before; with the corresponding formula for sech(u-|-t;) 
or C06h(i^-|-t;), the formulas for the Hyperbolic Functions. 

117. To establish these formulas of the Addition Theorem 
for Elliptic Functions, let us employ the geometry invented 
by Jacobi (Crelle, Band 3 ; Oeaammelte Werke, I., p. 279), at 
the same time interpreting the geometry in connexion with 
Pendulum Motion. 

G.I.F. H 



114 



THE ADDITION THEOREM 



To do this, let us suppose that P' would be the position of 
P in fig. 2 at the time t, if it had started r seconds later, and 
pute-T=f; then (§6) 

AN'=AD sn^ne', N'D^AD cn«nf, N'E^AEdnhii^, etc ; 
and we shall prove that PP' touches a fixed circle through B 
and R during the motion (fig. 13). 





For suppose that, in the small element of time dt, P has 
moved to an adjacent point p and P' to p' ; and let PP', pp" 
intersect in 22, so that R is ultimately the point of contact on 
the envelope of PP'. 

Then since, by a property of the circle, PP' cuts the circle 
AP'P at equal angles at P and P', 

PR _,^ Pp velocity of P _ IND 
RF " ^ Fp' ~ velocity of P' ~ V^TjD^ 
Now describe a circle with centre o on ili?,- passing through 
B and F^ and touching PF at a point which we shall denote 
by F \ then 

Pir^=PoS-oU'«=P0H0o«-20o. OJV^-ojB^ 

= 0^+0o«-20o. 0-Ar-5o« 
^OIfi-^Do^^Oif--tOo .ON 
= OoiOD+ D0+0O-2ON) 
= 0o(20D--20N)=^20o.IfD. 
FP^^20o.N'l), 



Similarly, 
.so that 



PF_ jXD_PR 
U'P'-\A'i>"'/iP' 
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and therefore R and R coincide ; and we have thus verified 
that PP' touches at R the circle oR (using the notation oR to 
mean a circle of centre o, and radius oR). 

Putting Oo = a, and denoting the angles A OP, A OP" by 6, 
ff, and ADQ, ADQf by 0, ^, then 

PR? = 2a . J^jD = 4aR cos^/r = 4aZif2cos2^, RP^ = 4aZ<c^s«^ ; 
80 that P'R+ RP = 2^(al)K(cos ^ + cos </>), 

while i^P = 2i sin KS-e'), 

and therefore sin J (0 — O') = ^{a/l)K{cos i/r + cos 0). 
Putting ti,t = u, nt'=^v, 71t=U''V = w; then since (§8) 
0=:amu, sin^fl =icsin =icsnt6, cosjd =dnu; 
^=amt;, sin^0' = /c8ini/r = icsnt;, cosJ0'=dnt;; 
la__ 8inJ(0— d') ^snudnv— dnusnv 



Vi=: 



-, a constant. 



I ic(cos^+cos0) cnv+cnu 

Putting f=0,v = 0, and therefore u = 'yiT=tc^, we find 

Va__ snw _1— cn'M;__ jl—cnw, 
I l+cnw snzi; vl + cnty' 
80 that 

VI— cn(it— i;)_ snudnt;— dnusnv ^ cnv— cnu 
l+cn(u— v) cnv+cnu snudnv+dnttsnt/ 

one form of the Addition Theorem, which by algebraical trans- 
formation can be reduced to one of the preceding forms of § 116. 

118. Representing, as in § 31, sn u by 8^, en u by Cj, dnu by 
dj, and the corresponding functions of v by Sg* Cg, d^ ; then 

1— cn(u—t;) __ ^jdg — «2^i __ ^2 "~ ^1 



VI 



1 + cn(u —v) Cg + Ci fijcZo + «2<^i' 
80 that l-cn( u-t;) ^ (Cg-c^X/^^dg-goC^ i)^ 

1 + cn(u — v) (Cg + c^Xsid^ + 8.2^i)' 

and changing the sign of v, 

cn(u+t;) = -^^^J^-— ^-4» 

^1^2^2 ^2^1^ 

another form of the Addition Equation. 

Again 1-c^iu-v) />^A-sA )\ ^, = (. -''^^';,)\ 

and, adding numerators and denominators (componendo), 
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cn 



cn(u+^;)=^f£;J;^^^ (2) 

the usual form (2) of the Addition Theorem for the cn function. 
But, subtracting numerators and denominators (dividendo), 

^ 2{c^c^-8^d^8^^ 

( \ I ^ ^1 "~ ®9 I fC^^^ 8q 
u+v) = i \j y > 

and another form can be easily established in the same way, 

(Qlaisher, Me88enger of Mathematic8, vol. x., p. 106 ; 
M. M. U. Wilkinson, Proc London Math. Soc, voL sdii, p. 109; 
Woolsey Johnson, Messenger of Mathematics, voL xL, p. 138.) 

•119. Expressed again in Legendre's trigonometrical form, 
with 0=:amt6, i/r=amt;, y = am(u— v), 

fa__ l — cosy _ sin0A'^— sin'^A^ 
I siny cosi/r+cos0 

i_l+co3y__ sin0Ai/r+sini/rA0 
a siny cos ^-- cos 

Therefore, eliminating A^, 
2sin'i/rsinyA0 = (cos^-cos0)(l+cosy)-(cosi/r+cos0Xl"^5OSy) 

= — 2cos0 + 2cosi/rcosy, 
or cos = cos -i/r COS y -- sin i/r sin y A0. 

Expressed in Jacobis notation, since u=v+w, 

cn(v+w) = cn V cn w— sn V sn tt; dn{v+w). 
Changing v+w into u— v, this becomes 

cn(u— v) =cn u cn v+sn u sn v dn(u— v), 
or cos y = cos cos \/r + sin sin ^ Ay . 

Conversely, these relations, treating y as constant, lead to 
the diflferential relations du — div = 0, 
or ci0/A0— dx/r/Ax/r = 0, 

or (d0)2(l - /c^sinV) - (d^)*(l - AinV) = 0. 
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Writing x for sin sin \/r, y for cos cos yfr, and m for Ay, 
then cosy=^(m*— ic'^)//c (§ 17); and the integral relation 
becomes y + mx = ^/(m* — k^)Ik, 

leading to the differential equation, of Clairaut's form, 

denoting dy/dx by p ; this is the form of the differential 
equation when we change to these new variables x and y. 

120. We have begun in § 117 by supposing the points P and 
JP' to oscillate on a circle with velocity due to the level of the 
horizontal line EDS', cutting the circle in B and R (figs. 2, 13); 
but if they are performing complete revolutions with velocity 
due to the level of a horizontal line BR through D not cutting 
the circle, but lying above it (figs. 3, 14), a similar proof will 
show that PR touches a fixed circle having with the circle 
PR the common radical axis BR, the two circles not inter- 
secting; and the Landen point L (§ 28) will be a limiting 
point of these two circles. 

But this motion of P and P' in fig. 14 is imitated by the 
circulating motion of Q and Q; on the circle ilQ in fig. 13 ; so 
that Q(^ touches at 7 a fixed circle, centre o ; and the hori- 
zontal line through E is the common radical axis of this circle 
and the circle CQ, the Landen point L being a limiting point ; 
and thus the Addition Theorem for Elliptic Functions can be 
deduced from the motion of P and R in fig. 14, or of Q 
and Q' in fig. 13, as given by Durfege, Elliptiache FuTictionen, X. 

For if in fig. 14 a circle is drawn with centre o and radius 
oR, such that BDR (fig. 3) is the common radical axis of this 
circle and of the circle AP, then, since the tangents to these 
circles from D are equal in length, 

and now, if the tangent to the inner circle at R cuts the outer 
circle in P and P', 

PR^^Pd'-'om^PO'+Od'-^Oo.ON'-PO^+OR'-Dd' 
^0B^-Do\+0o^-'20o.0N=Wo,ND, 
as in § 117 ; and similarly RP^ = 20o .ND;so that 

^= IN'D _ ye\ociiy oi P , 
RR "SNI) velocity of P'' 
and therefore PR will continue to touch the circle iZ, during 
the subsequent motion of P and R. 
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Similarly, in fig. 13, QQ' during the motion touches a fixed 
circle, centre c and radius cT; and putting Cc^c, 

Qr2= 2c . NE=M dnhit, TQ^^Acl dn^nT. 

We notice, on reference to § 28, that 
ZQ«= 2iC. EN=^ 2LG . EA dnhit = 4Z\1 -Kydnhit=^LA^6nhU, 
so that LQ=LA dn nt ; 

and therefore -^ = tt^ 

or Zr bisects the angle QLQ in fig. 13 ; while LR bisects the 
angle PLP in fig. 14 ; we may state this theorem geometrically, 
" the segments of a tangent to one circle, cut off by another 
circle, subtend equal angles at a limiting point of the two 
circles." 

Then, with the notation of § 117, 

and Q'Q = 2iJ8in(0— </r) = 2ic2isin(0-i^); . 

so that, in Legendre s trigonometrical form, 

,^siu(^^^ / ^ or J. I a constant. 

Putting ^ = 0, then (f> = y\ so that 

Vc _icsin(0 — >/r)_ icsiny ^"".^V 

^"■"A^-TA^ ""iTAy ^^ icsmy' 

V^_ic_sm(0-M/^)_icsiny l+4v 
c "~ A>/r — A0 ""1— Ay* icsiny' 

the product of the two equations being unity. 
Conversely, the relation 

sin(0 ± >/r) = C( A>/r + A0), 
where (7 is an arbitrary constant, leads to the differential relation 

d^; A0 ± d\!r;A\jr = 0. 

121. Taking the equations 

1+Ay^ir sin(0 + Vr) ^^-Zj^y ^Khm(<t>--Jr) 
siny A>/r — A0 ' siny A^ + A^ ' 

we find, on eliminating sin 0, 

2iA5OS0sin^siny = (l+Ay)(A>/r-A0)-(l-AyXAVr+A^) 

= -2A0 + AyAVr. 
A0 = AyA>/r — jc-cos sin \}r sin y, 
or dn a = dn rdn tr— ic^n usn f sn u;, 

with i» = r+H*. 
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By eliminating cas <f>, 

%^wi cos i/r sin y = 2 Ai/r — 2 AyA0, 

A^ = A^ Ay + /c%in cos ^ sin y, 
or dn(t6— t(;)=cln u dnw+K^n usnw cn(u— w;). 

Changing te; into v, 

dn(it — v) = dn u dn v+ic^n u sn v cn(u — v), 
or Ay = A0 Ai/r + /Ain sin yfr cos y. 

Writing 05 for /c%in0sin^, y for A0Ai/r, and m for cny, 
then y+mx — ^{ic^+i^m% 

the integral relation of Clairaut's differential equation 

which is therefore the transformation of 

d0/A0 - dxlr/AxI/- = 0, 

when we change to these new variables x and y. 

Taking the two trigonometrical expressions from § 119, 120, 
for the Addition Theorem, 

1 —cos y _ 8in 0Ai/r — sin -i/rA^ 1 — Ay__/c%in(0 — ^) 
siny "" cos^+cos0 ' siny "" A^+A0 ' 

we obtain, by subtraction and reduction, 

Ay — cos _ cos yfrAip — cos A^ 
sin y sin +sin i/r 

dn(u — v) — cn(u— v) dnucnv— cnudni; 

or — ^ ^ =r , 

8n(u— v) snu+snv 

the form of the Addition Theorem given by J. J. Thomson 
{Messenger of Mathematics, vol. IX., p. 53). 

122. With the notation of the elliptic functions, 

1 + dn(u— v) _ic(sn u en v+sn v en u) 
Ksn{u—v) dnv— dnu 

1 — dn(u— t;) _/c(sn u en t;— sn i;cn u) 
Ksn{u — v) ~" dnv+dnt6 

Therefore, as before, with Glaisher's abbreviations, 

1 — dn(i6 —v) _ (cZg — d-^)(s^C2 - s^c^) 

l + dn(u-i;)'"((i2+ciiXV2+Vi)' 

dn(u - v) =?i^i^2±^2^i. 



120 THE ADDITION THEOREM 

Similar algebraical reductions to those given aboye for 
cn(u— v) will establish the formulas for dn(u— v) and dn(u+t;)f 
given by Qlaisher {Messenger, X., p. 106), 

dn(u + v) = ?A^2Z1?2^5 = Ci<^^id2+ic\8^ 

the last of form (8), § 116. 

123. The Duplication, Triplication, etc., Formulas. 

Puttingt;=u in formulas (1), (2), (3) of 116, and writing 
8, c, d for sn u ^n u, dn u, we find 

2scd 



sn2u = 



l-/c2«*' 



_. -282 + /C^8* _-iC^ + 2/cV + icV 

cnzu- ^_^,^ - /c'2+2icV-ic«c*' 

, o _ l-2/cV+/c^8^ _ /c^-2ic^(fg+d* 
dn^u- ^_^^, »_____. 

Writing S, C, D for sn 2u, en 2i/, dn 2u, we find 
l-C/__«^2 i-i) _^^c^ D-G k"^^^ 

1 + C" c'*' l+D" cZ« ' D+Cc'd?' 

Putting u=iir, then /S=l, 0=0, D=k'; and 

8nii:=^(j^). cnj^=^(j^-) dnJZ=V/. 

Again, in § 67, 

««/-,, N \ - (^ + Qs^C^. /c)cn(u, ic) _ 1 + /c' / l-dn(2u,/c) 
sn(t;, a;- ^^^^ ^^ ^- Vi^dn(2u,icy 

and 2u, = (l+X)i;, X = (1-0/(1+/), 

J /I . X \ 1— Xsn2(i;, X) 
^^(^+^'^>^^ = i + Xsn>,xy 

sn(l + X.t;,/c}- i+xsnV,Xy 

,- , . . cn(v, X)dn(t;, X) 

cn(l +X . V, /c) = 1 .\ 2/ \\ > 
^ ' 1 + X8n'^(v, X) 

which is called Landen's second transformation. 
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Again, putting v = 2u, and making use of the above formulas, 
we shall find 

1 - 6/cV+4(l +/cV«*-3'f*«^' 

l-8n3u ^ 1+ 8 / 1 - 28 + 2iC V - /c^8*Y 

l+sn3u l-8Vl + 28-2/cV-ic28*/ ' 



1— icsnSu 



^ 1 + KS/ l ~ 2ic8 + 2k8^ - IC Vy . 
1 - iC«Vl + 2|C8 - 2|C8^ - iC^S*/ ' 



l+icsn^u 
with similar expressions for en 3u and dn 3u, leading to 

l-cnSu ^l-c f K^ +2k'^c+ 2ic V + /c^c^ y 
l+cnSu^l + c \k'^-2k^c-2,^<^+kW * 
l-dn3^ _ l-d / ic^+2ic^cg-2d;» -dY 
l+dn3u""l+dVic'2-2ic'2rf+2# -dV ' 
dn3u-ic^ _d-ic7(?* + 2ic^cP-2ic^d -/c^ ^ . 
dnSu+K'''d+K\d'-2K'(P+2K'd-KV ' 
the algebraical work is left as an exercise for the student. 

124. Poristic Polygons ofPoncelet, with resfpect to two Circles, 
Starting from the point A in fig. 13, and drawing the 
successive tangents AQ^, QiQ^j Q^Qz* ••• ^^ *^® inner circle, 
centre c, from the points Q^, Q^, Qg, ... on the circle CQ; 
or starting from A in fig. 14, and drawing the tangents AP^, 
PiP^^ P^Ps, ... to the inner circle, centre o, from P^, Pg, Pj, ... 
on the circle OP ; then, if we denote the first angle ADQ^ or 
AEP^ by am tc;, it follows from this construction that 

ADQ^=:AEP^^Km2w, ADQ^=AEP^=dAn^w,...\ 
and we have thus a geometrical construction for the elliptic 
functions of the duplicated, triplicated, ... argument. 

When tc; is an Q.liquot part, one n^y of the half period 2Ky or 
T of the half period 2T seconds, then after n such operations 
the polygon AQ^QJ^^, ... , or AP^P^^, ... , will close on itself 
at the starting point A ; and the preceding investigations show 
that during the subsequent motion of these points, the polygon 
formed by them will continue to be a closed polygon, inscribed 
in the circle CQ and circumscribed to the circle cT, or inscribed 
in the circle OP and circumscribed to the circle oR ; and thus 
we have a mechanical proof of Poncelet's Poristic Theorem for 
two circles, a problem discussed by Fuss, Steiner, Jacobi, 
Richelot, and Minding. 

(Cayley, Philosophical Magazine, 1853, 1854, 1861.) 
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Let US consider the particular cases of w equal to J, J, J, \^ 
... of the half period 2K. 

(i.) When w=2K, PF is horizontal in fig. 13; and P and 
F coincide in fig. 14. 

(ii.) When w=K, the circle oR in fig. 14 and the circle cT in 
fig. 13 shrink up into the limiting point L, Landen's point 
(§ 28) ; and now any straight line through L will divide these 
circles OP or CQ into two parts described in equal times, JT ; 
while in fig. 13 the line PF will touch the circle described 
with centre E through B, i, and 5', subtending an angle 4a 
at ; and any arc PP' will be described in time IT, half the 
time of describing BAF ; hence the following theorem — 

" Two segments of circles are described on the under side of 
the same horizontal straight line, one subtending twice as 
many degrees at the centre as the other; if a particle oscillates 
on the lower segmental arc under gravity, any tangent to the 
upper arc will cut off from the lower an arc described in half 
the time of oscillation." (Maxwell, MatL Tripos, 1866.) 

As F is passing through A in fig. 15, P is instantaneously 
at rest at B or F; and AB, AF are obviously tangents at B 
and F to the circle BLF, drawn with centre E ; while PF is 
one side of a crossed quadrilateral, escribed to this circle BLF, 
and inscribed in the circle BAF, 

When the circle cT shrinks up into the limiting point L, 
then, as in § 120, 

QL^='2CL,EN, Lq^ = WL,EN'', 

and since QL . LQ is constant in the circle CQ, therefore 
EN, EN' is constant, and equal to LE^, the value it assumes 
when N and N' pass each other at the point L. 

Since EN,EN'^EL^=EF, 

a circle can be drawn passing through N, N\ and touching EB 
at B ; and the triangles ENB, EBN' are therefore similar^ so 
that ENB^EBN', EN'B=-EBN 

(Landen, Phil. Trans., 1771, p. 308.) 
Translated into a theorem of elliptic functions, 

EN. EN'=-EA^dnhudnhf, and EF^k'\EA\ 
so that, as in (59), § 57, 

dnudnt;=ic', when u--v=K, 
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Otherwise, since (§ 28) 

QL^ALdnu, LQf=^ALdnv, 
and QL.LQ:=^AL.LD, 

therefore dnudnv = LD/AL = K. 
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A 
Fig. 16. 

The similarity of the triangles AQL, LDQ shows that 

AQ/AL^DQ^/LQ'; 

and since S 10) AQ= AD snu, D^= AD cnv, 

therefore, as in (57), § 57, 

snw=cnt;/dnt; or cdt;, when u = v+K. 

Again, smce DQ^/DL = A Q/LQ, 

., • DL snu /c'snu 

therefore cnt;=-i-= ^ — = -, , 

AL anu onu 

as in (58), § 67, when v=u--K. 
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Conversely, if the straight line QLQf, passing through L, 
moves into the adjacent position qL^, then 

I^Q_Qi_ /Jgjy velocity of Q 
gV~iQ'"" Vj?JV^'-velocity of QT 
if Q and Qf move under gravity, or diluted gravity, on the 
circle CQ with velocity due to the level of £; so that QLQ^ 
will continue to pass through L, and will divide the drde CQ 
into two parts described in the same time IT (% 28). 

If in fig. 13 we denote the radius of the circle cT by r, then 

cosy=r/(J2+c), 
y or amti; denoting the angle ADQ^ ; while, from § 120, 

1 — Ay c . R—c 

and tnence ir = r^-. — ^^ — 3, ic * = 7 ^r; — rs — ;3- 

Again, if Dq is drawn from £> to touch the circle cT, and 

the angle ADq is denoted by y' or am w\ then 

, r cosy y cnii; 

smy =^ — = — — ^ or snii^ = J . 

'^ ic— c Ay dnii; 

so that (§ 57) w+w'=K. 

125. Poriatic Triangles. 

(iii.) When tt; = §^ or ^K, triangles QiQ^Qz can be inscribed 
in the circle CQ and circumscribed to the circle cT, while at the 
same time triangles P^P^^ (or hexagons) can be inscribed in 
the circle OP and escribed to the circle oR (fig. 16). 

The well known relations of Trigonometry 

c2 = /?2-2JRr, or a* = i?+2jRr', 
where Cc = Cy Oo=a, cT^^r, oR = r, are now easily deduced. 

We may write these relations, more symmetrically, 

r . 7' - r t' . 

+ ».— = 1. or - — o-z-r-i>=l- 



R-c^R+c ' a-R a+R 
In fig. IG, ADQ^^y^BmlK, ADQ^ = y=Bm\K\ 
and since cQj bisects the angle NJ^^A, which is equal to y, 

therefore DcQ^ = J(^ — y) 5 ^^^ ^^^i = ^Q^> or DQj = Dc. 
Similarly AQr—Ac; so that 

Therefore sin y' + cos y = 1, 

or snJ^+cn3A''=l, 

T T 
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We shall employ this suffix notation for the points N, P, Q 
to Bignify points corresponding to aliquot parts of K. 

Corresponding to w = ^K, the circle oR becomes the circle 
through B, Jfi, B" ; and now PgAP, is a triangle escribed to 
this circle, and inscribed in the circle OP. 

For w=jf, the circle oR becomes the circle through 
B, N,, R ; and now we shall find that hexagons can be 
escribed to this circle, and inscribed in the circle OP. 




The tangents at Pj, Pj touch the circle BN^B", and the 
tangents at Pj,P, touch the circle BN^Bf; while AP^, AP^ 
are the common tuogents of the circles BN.B', BNtB". 

Denoting the sides of the triangle QiQjQ, by q^, q^ q^ then 

2(3. +?,+?,)■ 
But tt|, tt^ «j denoting the value of u corresponding to the 
points Qi, Qf, Q3, and d^, d^ d^ denoting the corresponding 
values of dn u, then (g 120) 

so that (fVb^«+M^^h^=^r 

di + dj+dj^ d 

a constant, a relation connecting d^, d^ d^, when 
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126. Poristic QmadrilcUerala. 

(iv.) When w= JiT, quadrilaterals QiQ^Q^Q^ can be inscribed 
in the circle CQ which are circumscribed to the circle cT, and 
now the corresponding relation is found to be 

\R^c) '*'\R+'c) ^^' 
while T^Ts, T^T^ intersect at right angles in L, being the 
bisectors of the angles between QiLQ^ Q^^Qz (fig- 17). 

This relation is proved immediately by taking the quadri- 
lateral in the position AQiDR* ; and now y =y'=am ^K, 

so that squaring and adding leads to the desired relation. 

As in (ii.), quadrilaterals can be escribed to the circle BLR, 
which are inscribed in the circle OP, since Nx coincides with L. 

But the circles BNiR and BN^ are related to the circle 
OP with regard to poristic octagons; and the common 
tangents of these circles are easily recognised at the points 

•^i' -^4' ^l' 

Conversely, starting with the circle cT and the internal 

point L, and drawing T^LT^, ^2^^* through L at right angles 

to each other, the tangents to the circle cT at I\, T^ T^ T^ 

will form a quadrilateral Q^Q^Q^Q^ which is inscribed in a 

circle CQ, the diagonals QiQj, Q^Q^ passing through L, and 

being equally inclined to T^T^ and T^T^. 

If QiC, Q^c, Qffi, Q^c are produced to meet the circle CQ again 
in q^, jj, 93, q^, then q^q^ and jg?* ^^^ diameters of the circle 
CQ; for Q^q^ bisects the angle Q^QiQ^, so that the arc 
Q^q^ = Rrc JiQ^, and similarly the arc Q298=*^^ 9zQi> ^ ^^^^ ^^^ 
arc 5iQ2?8='®'^^ ?iQ4?8» ^^^ ^^^^ ^ therefore a semi-circle. 

It follows, from elementary geometrical considerations, that 

or T^T^+T^T^^ = T^T^^+T^T^^^; 

cQr<^^z' cQ,^ cQ,^ r 
so that cji* -f- cq^^ = cq^^ + cq^ = (iZ^ — c*)7^, 

leading to 2{R^+ c') = {R? - c^fji^, 

or, 83 before, {l^^^ ^i^V^' -'' 



^^^ '^ 2^"^/) 2—^/1 i^wn 2-.^» 
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Denoting by tij, u^ «,, u^ the values of v, at Q^, Q^ Q,, Q^, 
80 that u,— Uj=U2— ttg=tig — u^=J^; 

and denoting by d^, d^, d^ d^ the coiresponding values of dn u, 
then (§57) d^d, = d^^=K'■, 

and (S 120) LQ=2l(l-K')dnu. 

so that Q^Qs = 2l{l-K')id^+d^.Q^Q^ = 2^1-K')(d^^)■, 
while QiQi = 2,J(d)(di+d^, etc. 




Fig. [7. 

Now by a property of the circle (Euclid VI. D) 

so that l\\ -K'f(d, + di,Xdj+d4) 

= clUd^+d^)(,d^+d^) + (d^+d^)(d^+d^} 

=d{(d,+d,)(,<}^+d,)+iK'}, 
or (<^+''8X*^+^4) is constant, and =2^/(1 + '),« 
the value obtained by putting u^ = 0, when 

andd, = ci,=^ic', d^^K, d, — 1. 
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when Uj— U2=i-^. 



so that 



dn(tt+JiQ dn*tt+(t' 



j„/-._i_iirv / //, , />dnu— (1— icOsnttcntt 
dn(u+iZ)= V-cCl+K) '^^, . 

/»« A, _i_ 1 Ji^ /' //I _j_ /\Cnu— snudnie 

127. Poristic Pentagona, etc. 

(v.) When v=|-K', or ^K, the poristic polygons are pentagons 
(fig. 18), and the relation to be satisfied is of the form 

i+p+?-(p+?)^-(p+g)(p-?)*=o, 

or (p-g)*=P + 9-l-l/(p + ?), 

where p and q are used to denote rj{R-~c) and rl(R + c), 

We notice that the relation for pentagons leads to a cubic 
equation, when two of the three quantities R, r, c are given ; 
but the equation reduces to a quadratic when o= or the circles 
are concentric, the case considered by Euclid. 

The reader is referred to the articles of Cayley (PhU. Mag., 
Series IV., Vol. 7, and Collected Works) and to Halphen's 
Fonctiona Elliptiquea, t. 11., chap. X., for the proof of this 
relation and the similar relations for other polygons. 

We shall find that Halphen's a and y (t. 11., p. 375) are con- 
nected with our R, r, c, /c, and w by the relations 

and thence Halphen's x and y can be formed. 

By the use of Legendre's Table IX. for i'(0, k) (F. R, t. II.) 
we are able to construct geometrically, to any required degree 
of accuracy, figures of circles related to each other for poristic 
polygons of any given number n of sides. 

Having selected an arbitrary modulus k or modular angle 
Ja, we look out the value of K^ and then determine, by pro- 
portional parts, the value of in degrees corresponding to an 



a = ic2 = 
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amplitude of Kjn, 2Kjn, ... ; and these values of ^ will mark 

the position of the points Qj, Qg, 

Thus, in drawing figs. 13, 14, 16, 17, we have selected 
it=8in60°,whea^=2-156S; and in drawiogfig. 16 for poristic 
triangles, we find, from Legendre'a Table IX., 

ami^=c.m. of 38°49', am|fi'=cm. of 68°5'. 




Fig. 18. 

These angles enable us aJso to set out figs. 13 and 14, where 

the circles are drawn so related as to admit of poristic hexagons. 

In drawing figs. 15 and 17, Landen's point L is sufficient to 

complete the dif^ram ; also to double the number of sides of 

a polygon of an odd number of sides. 

In fig. 18, K has been taken as sin 75°, as in figs. 1, S, 3 ; and 
now K= 2-76806 ; and from Legendre's Table IX., 

ami^=c.m. of SO^IS', am|A'=cm. of 70''20', 
by means of which the figures can be drawn. 

Fig. 19 shows poristic heptagons, to the same modular angle 
of 75°, laid out by means of the relations 

,p^ = a(a\K=c.m. of 22°8', ^j = am?Z^=c.m. of 56°49', 
^s=:amfZ=cm. of 77°6'. 
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128. The poristic relation between the quantities R, r, c 
has|been obtained by placing the polygon in a symmetrical 
position; but another method is employed by Woktenholme 
{Proceedings Lcmdon Math. Society, voL VIIL, p. 136; also 
by Halphen, F.E,.^ 11., chap. X.), where the polygon on the circle 
OP is considered in its limiting form, when passing through 
one or both of the common points B and R, . 

Thus with triangles, the tangent to the circle oRdXB must 
meet the circle OP again at a point Pj, the point of contact of 
a common tangent of the two circles P and R, the degenerate 
triangle being BPP. 

For quadrilaterals, the tangents to R k\, B,R must meet at 
A on the circle P, BACAB being the degenerate quadrilateral. 

For pentagons we obtain the degenerate form jBPiPtPxPi J5, 
where BPx is the tangent at B to oR, the circle through 
By N^, R, and P^ is the point of contact of a common tangent 
of the circles OP and oR (fig. 18). 

For hexagons (fig. 16) the limiting form is BPrPiRP^PtB, 
where £Pj, P^R are tangents B,t B, R to the circle through 
By Nry B' ; and so on. 
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129. O^ometrical Application8 of EUiptic Functions to 
Spherical Trigonometry. 

Taking the fundamental formulas of Spherical Trigonometry 

cos o=cos a cos &+sin a sin h cos (7, 

sinil siujS sin (7 

". =-^-Tr= ^ — =«^' suppose ; 

sma smo sine 

then cos (7= ^(1 — /Ain^c) = Ac, 

so that cos = cos a cos &+ sin a sin 6 Ac, 

a formula like that of § 119, with a, &, o for <l>,yfr,y; so that if, 
keeping C, c, and therefore k constant, we vary a and b, then 

cos^.cia+cos^ .db=^0, 

or da/Aa— cK>/A6 = 0; 

and, conversely, the integral of this differential relation is the 
formula above. 

(Lagrange, TMoHe des fonctiona, p. 85, §§ 81, 82 ; 
Legendre, Fonctuma elliptiques, 1. 1., p. 20.) 
If, in Jacobi's notation, we put 

a = am(u, k\ b = am(t;, k), c = Bm(w, k\ 
then the differential relation becomes 

du^dv=0, 
80 that u— V = a constant = w, 

since a^c, or u=w, when 6=0 and v=0. 

Supposing K is less than unity, and the angle C is acute, then 
oC, and of the other angles, one, A, must be obtuse, and the 
other, B, acute. 

But by changing to the colunar triangle on the side BC, we 
may convert the triangle ABC into one in which all three 
angles are obtuse ; and in such a triangle we may put 

a=amu, 6 = 7r— amv = am(2^— v), c = Bjn(2K^w); 
so that if the triangle ABC has three obtuse angles, we may put 

a=amte^, 6=amu2, c=amu3, 
where v^+U2+u^=u+2K--v+2K'-w=4sK ; 
and now 

cosil = — dnttj, cosB=— dnUg, cos(7= — dnttj, 
so that> by § 29, we may write 

il = '7r— am(/citi, 1/ic), J5=7r — am(/cU2, 1/ic), (7=7r — am(/cU3, l/ic), 
where k is less than unity. 
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For instance^ if ABC is the spherical triangle formed by three 
summits of a regular tetrahedron, 

4= £ = a = K 

and cosa = co8 6=cos(j= — J, 

sina=sin 6=sin c= §V2> 

''■"sina""V2~ 8 ' *^ "" 8 ' '^*^ " 16 ' 
while Ui = U2=^8 = iif^, 

so that en i-K'= — J, sn ^-K'= § V^* ^^ f-^= h 

When K = 0, K=^7r, and the triangle ABC is coincident with 
a great circle ; and now 

a=te^, 6 = ^2, c=U3, and a+b+c=2Tri 
while cos^=cosB=cos(7= —1, A=B=C==Tr. 

When /c= 1, ir= oo ; and therefore of u^, U2, U3, two of them, 
say u^ and U2, are infinite ; so that 

cosa = sechui = 0, or a=\ir\ and similarly 6 = Jx; 
the triangle ABC now has two quadrantal sides and therefore 
two right angles, the third side c and angle C being equal» and 
taken greater than a right angle. 

130. For values of /c which would be greater than unity, we 
change the notation by considering the polar triangle; and now 
if ABC is such a polar triangle, having three acute sides, instead 
of three obtuse angles, we put 

sin a _sin6 __sin(j _ 
sin^ sin 5 sin (7 ' 
and A = am v^, B = am V2, C= am Vg, 

where v^^ZK—u^, V2=2ir— Ug, v^=2K'-u^ 

so that v^+V2+v^—2K. 

Now sina=/csnt;i, sin6=/csnv2, sinc=icsnv3; 
cosa= dn-yp cos6= dnt;2, cosc= dnVg; 
so that a=am(/rt;i, I/k), 6=am(^2' 1A)» c=^eLm(tcv^ 1/k). 
The fundamental formula 

cos c = cos a cos 6 + sin a sin & cos c 
now leads to the formula of § 121, 

dn Vj = dn t/jdn Vg + K^n v^sn v^ en Vg, 
or du{v^ + V2) = dn v^dn v^ — ic^sn r^sn V2cn('i;i + Vj). 

In the degenerate case of /c=0, K=^7r, and 

Vi+V2+v^ = 'jr, or il+fi+(7=7r; 
and now a=0, 6 = 0, c=0, so that the spherical triangle is 
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indefinitelj smsll, and may be considered a plane triangle; 
and we can thus deduce the formulas of Plane Trigonometry. 

131. A spherical triangle thus falls into one of two Classes, 
L or II. ; in Class L the triangle, or a colunar triangle, has 
three obtuse angles; in Class II. the triangle, or a colunar 
triangle, has three acute sides ; the quadrantal triangle falling 
into Class I., and the right-angled triangle into Class II. 
In Class I. we put 

sin A _ smB _ BinC _ 
sin a "" sin 6 ~ sin c "" ' 

and then k is less than unity ; and we put 

a = am Up 6 = amu2, o=amt63, 

where Ui+U2+U8=4ir, 

and then 

il='7r— am(irt4, 1/k), £=7r— am(/cU2» 1A)» C=7r— am(/cU8, l//c). 
In Class II. we put 

sin a sin b sin c 



sin A sin B sin C 



=#c, 



and then k is less than unity ; and we put 

il = amvi, 5=amv2, (7=amv8, 
where Vj^+V2+v^=2K, 

and then a=am(irt;i, 1/k), 6 = am(/rt;2i l/'c), c=8an(icv^ l//c). 

When this triangle of Class II. is the polar of the triangle 
in Class L, Ui+v^ = U2+V2 = u^+v^ = 2K, 

The change from one Class to the other affords an Ulustration 
of the change from one modulus to the reciprocal modulus (§ 29). 

The spherical triangles employed originally by Lagrange 
and Legendre fall into Class I.; and a full discussion of the 
connexion between Elliptic Functions and Spherical Trigono- 
metry will be found in the Quarterly Journal of Mathematics, 
vols. 17, 18, 19, in articles by Glaisher and Woolsey Johnson. 

But it is preferable in some respects to work with the 
spherical triangles of Class II., as growing out on the sphere 
more naturally from the infinitesimal plane triangle ; so it is 
proposed to develop here the relations with Elliptic Functions 
by means of a typical triangle of Class II., having three acute 
sides, and to refer to the articles of Olaisher and Woolsey 
Johnson for the corresponding relations of Class I. 
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132. Writing Cp 8^, d^ for en v^, sn Vj, dn v^, etc. ; then with 

we may put, in Class II,, 

A=s,mv^, £=amv2, C=a,mv^; 
80 that cos A = Ci, sin A = «i, etc. ; 

and now sina=/csin^=ic8i, cosa=di, etc. 

From the fundamental formulas 

cos c=:cos a cos &+sin a sin b cos C, 
— cos (7= cos ^ cos B— sin -4. sin £ cos c, 
we obtain c?3 = cZicZ2H-/c^*iS2^3, 

— C3 = CjCg — Sj82(i^ 

where dg = dn Vg = dn(i;i + Vg), Cg = en Vj = — cn(t;i + Vg). 

Again, from these two formulas of spherical trigonometry, 
—cos C=cosA cos£— sin^ sin B(cos a cos 6+ sin a sin 6 cos (7), 

cos -4 cos£— sin^ sin£cosacos& 



or —cos (7= 



1 — sin^ sin JSsinasinb 



so that -C3 = cn(i;,+t;2) =^^Y^zS^^' 

o. ., , cos a cos 6— sin a sin 6 cos il cos jB 

Similarly, cos c = = ; — r— ^ — n— = — t > 

•^ 1 — sin ^ sm ^ sin a sin 6 

cLm d "™ ic^s 8 c (* 
leading to d, = M^i +v^= i" ^8„LV * • 

As a specimen of Class II., take the spherical triangle formed 
by three adjacent summits of a regular icosahedron ; then 

, _COS (7+C08 il cos B_ COS (7 __ 1 

anci COS c — ^ ; < • t% ~^ ^ yy *~~ #»> 

sin-^sm^ 1— cost/ ^5 

so that ic = 8inc/sinC=fV(10-2^5); 

and then v^ = Vg = t's = ^K, 

so that en |^= cos (7= K V^ "" 1)» 

dn §ir = cos c = tV^- 

133. To prove that in a triangle of Class II. we obtain the 
differential relation 

cos6.d^+cos6.dB=0, or dA/AA+dB/AB^O, 
when we change A and B, keeping c and G constant, dis- 
place the triangle ABC into the consecutive position ABC\ 
keeping the points A, B fixed and the angle AC'B unchanged 
in magnitude (fig. 20). 
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Then, if GA and CB produced on the sphere meet the great 
circle of which C is the pole in P and Q, the arc PQ==G; and 
if C'A and C'B produced meet this great circle in P" and Q, 
the arc P'Qf is ultimately equal to the arc PQ, or 

lt(PP'/QQO = l. 




Fig. 20. Fig. 21. 

But PAF== -d^, QBQ = dB; while ultimately 

PP'= —sin jlP.d-4 = —cost. c?-4, QQ;==cosa.dB; 
so that cos b . dA + coa a . dB=0, 

or dA/AA+dB/AB=0, 

since 8ina = icsinjl, cosa = A-4. 

With ^ = am v^, 5= am v^, this becomes 

dvj^+dv^=0, 
so that i;i+t;2=constant=2ir— V3, where C=B,mv^; 
since 5+C=7r, or V2+v^=2K, when ^1 = 0, ^^ = 0. 

Conversely, this differential relation, interpreted with respect 
to the triangle ABC, of which the side AB is fixed, expresses 
the constancy of the opposite angle C, 

134. If, as is customary, we deduce the differential relation 
cosB .da+cosA .db = 0, or da/Aa+db/Ab = 0, 
from a spherical triangle ABC of Class I., in which 

sin-4=icsina, cos-4 = Aa, 
we keep the angle G fixed, and displace the side AB into its 
consecutive position A'R, without change of length, through 
an infinitesimal angle 6 about the centre of instantaneous 
rotation /, the point of intersection of the arcs AI, BI, drawn 
perpendicular to CA, CB respectively (fig. 21). 

rjn db _ . AA' _ sin IA_ sin IBH _ cos 5 
da ~^ BR ~~ sin IB ~^ sin I AH" cos A 
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135. To obtain immediately the addition formulas (1), (2), 
(3) of § 116 for the elliptic functions, Mr. Kummell draws the 
arc CD perpendicular to AB (fig. 20), and denotes the perpendi- 
cular CD by p, the segments BCD, ACD of the angle C by 
F, (7, and the segments BD, DA of the base Chy f,g; so that 

F+0=CJ+g=c. 

(Kummell, Analyst, vol. V., 1878.) 
Now, from the right-angled spherical triangles ACD, BCD, 
cos (? = sin -4 cos 6/cos p, sin = cos -4 /cos p ; 
cos F= sin B cos a/cos p, sin F= cos B/cos p ; 
or with sin A = 8^, cos -4 = c^, sin a = k8, cos a=di, etc., 
and writing M for cos p, 

cos ==8^d J M, sin 0=cJM; 
cos F^^a^dJM, sin jP= Cg/ilf. 
Also sin p =8111 A sin 6 = sin a sin B = ks^s^, 

so that M^ qp cos^p = 1 — k\^8^, 

a quantity which we have found it convenient to denote by D, 
Now, cos C = cos -F cos O—sinF sin (7, 

or Cg = (SiSgdidg - ^^^2)/ A 

or cn(i;i + Vg) = — en Vg = (c^Cj — 8^8^d^d^lD, 

formula (2). 

Again, sin 0= sin(^+ 0) 

= sin FcosO+ cos -Fsin 0, 
or «3 = (8102^2 + 8^c^d^)ID, 

where 8^=svLV^=BJi{y^+v^, as in formula (1). 

Changing the sign of V2^ 

sn(t;i '-v^^BvaiF— G), 
or F—0 = Bm{v^-'M^, 

while F+ (? = am Vg = am(2^— v^ — v^ 

so that jP= ^tt — i am(t;i + ^2) + i am(Vi — v^, 

(? = i-TT— i amCvi+Vg)- J am(t;i- 'y2). 
Thus, for instance, 
tan{ J am(i;i+t;2) + i am(t;i— Vg)} = cot (? = tan J. cosb = 8^dJc^, 
tan{^ am(t;i+t;2)— i am(t;i— 1;2)} = cot jP= tan £ cos a^s^djc^ 
Again, from the right-angled spherical triangles BCD, ACD, 
cos /= cos a/cos p = dJM, sin /= sin a cos J5/cos p = ks^cJM ; 
cos gr = cos 6/cos p = dgZ-lf, sin gr = sin 6 cos -4/cos p = ks^CiIM ; 
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and therefore 

dii(v^ + Vg) = dn Vg = cos c = cos(/+ g) 
=co8/co8gr— sin/sin gr 

__ 0/^(1/2 "" '^^i ^2^1^2 
1— /C^8l%^ 

as before, in (3), § 116. 

Also Bin(f+g) = k 8n(i;i + Vg), sin(/-.gr) = ic sn(Vi -v^); 
whence /and g can be found as functions of v^+Vg ^^d ^i"~'^2' 

136. The formula employed by Morgan Jenkins in the 
Messenger of Maihematic8y vol. XVII., p. 30, as fundamental 
in Spherical Trigonometry, is 

sin(j!l+£) _ sinO , v 

cos6+cosa 1+cosc' 

and this now leads to 

d^+d^ 1+^8 

or, in the Legendrian form 

sin(^+£) _ sinC 

^B+^A i+A(r 

a formula already obtained from pendulum motion in § 120. 
Then the formula 

^1^2 ^2^1 — ^8 



or 



d^—d-^ 1 — dg 
8in(4— 5)_ sin (7 
A5-A4 "r^^AO* 



n^^..o sin(^-£) sinC ,^v 

gives — ^ <- — - (p) 

cos 6— cos a 1— cose 
The formulas of § 120, in the form 

^1^2 ' ^^fh. =- ^8 ^1^2 "" ^2^ s= ^8 
^2 » ^1 1 ' ^8 ^2 "" ^1 1 "" ^8 

lead to the relations 

sin(a+6) _ sine 



cosJ?+cos-4 1— cos(7 
sin (a— 6) _ sine 



(y) 



{S) 



QosB—QosA l4-cos(7 

and from these four formulas of Spherical Trigonometry Mr. 
Morgan Jenkins deduces the analogies of Napier, Delambre, 
and Qauss. 
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137. Write, as before, in § 135, 
J. = ami&, £=amv, 
i^ = Jtt — i am(u + v) + i am (i6 — -j;), 
(?= ^TT — ^ am(u+ v) — J am(u— v). 
Then, since 

8in(J?' + (?) + 8in(i?'- tf ) = 2 sin FcosG, 
therefore, writing c^, e^, d^ for en u, sn u, dn u, and Cj, «2» ^ ^ ^'^ 
en V, sn v, dn v, and i) for cos^ or 1 — k^b^s^^ 

sn(u + v)+ sTi(u—v) = 2 8^C2dJD; (1) 

cos(^- 0) - C08(i^ + (?) = 2 sin i'sin G, 

cn(u— 1;)+ cu(u + v)=2c^cJD; (2) 

cos(/- g) + cos(/ + gr) = 2 cos/cos gr, 

dn{u-v)+ dii(u + v)=^2d^dJD; (8) 

sin(i^ + (?) - siD(i?'- (?) = 2 cos F sin ff , 

8n(u + t;)— sin(u—t;) = 282^1^1/2); (4) 

cos(^- 0) + coq(F+ (?) = 2 cos ^cos (?, 

cn(u— v)— cn(u + v) = 2 SidiSgdj/D ; (5) 

cos(/-gr) - cos(/+ gf) = 2 sin/sin gr, 

dn(u— t;)— dn(u + t;) = 2ic^8iCi82C2/Z>; (6) 

sin(i^+ ff)sin(^- (?) = sin^i?^- sin^C?, 
sn(u + v) sn(u - i;) = (c^* - q^)!) = (s^^ - 8j2)/i). ^7) 
Again, since 

1 + sin(/+ g)sm{f-g) = cos^gr + sin^/, 
and sin(/+gf) = ic8n(i6 + t;), sin(/— gr) = ic 8n(u — v), 

+ iAn(u + i;) sn(2^ - v) = (rfg^ + kW^)/D ; (8) 

+ sin(i'+ (?)sin(i'- (?) = sin2i?^+ co82(?, 

+ 8n(u + t;) sn(u-v)=(c^^ + 8,%^)/D; (9) 

- cos(F+ G)cos{F- G) = sin^G + sin^i; 

+ cn(M + t;) cu{u—v)=^{c^'\-c^)ID\ (10) 

+ cos(/+gr) cos(/-gr) = cosycos2gr. 

+ dn(u + t;) dn(u-t;) = (di2 + d22)/i); (11) 

- sin(/+gf) sin(/-gr) = C082/+sin2gr), 

-/c2sn(u + v) m{U''V) = {d^ + i^8^c^)ID ; (12) 

-8in(i^+ (?)sin(i'-(?) = sin2(? + cos2i?', 

- sn(u + t;) sn{u-v) = {c{^ + 8^%^)/D\ (13) 

+ cos(i^ + 6)8in(^- (?) = cos2(? + ^os^i^, 

- cn(u + t;) cu(u-v)^(8^^d^^+s^^d^^)/D; (14) 

- C08(/+gr) cos(/-gr) = sin2/+8in2gr, 

- dn(u + v) dn(u-t;) = ic2(8iV + «2V)/^; (15) 
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{l±8in(.F+(?)} 
{1± 8n(u + t;)} 
{l±8in(^+(?)} 

{1± 8U(U + V)} 

{1± 8in(/+sf)} 

{l±KSll(u + v)} 

{1± sini f+g)} 
{l±K8n{u + v)] 
{lTcos{F+Q)} 
{1± cu{u + v)} 
{l±cos(F+0)} 
{It cji(u + v)] 

{1± C08(/+g)} 

{1± du(u + v)} 
{1± coB(f+g)} 
{1± du(u + v)} 



{ 1 ± 8in(i^- ff )} = (sin F± cos (?)«, 

{1± su(U'-v)} = (c^±8^d^yiD; (16) 

{l+sin(i^-(?)} =(8in G±cosF)\ 

{1+ Qn(u-'V)} = {c^±8^d^)yD; (17) 

{1± 8in(/-(7)} = (cossf±8in/)2, 

{l±KBn(U'-v)} = {d^±K8^c^flD; (18) 

{ 1 + siii(/- .9) } = (co8/± sin g)\ 

{lTKSu{u-'V)} = (d^±K8^c^yiD; (19) 

{1 ±co8(i^- 0)} = (sin i'tsin Of, 

{1± cii{u^v)}^(c^±c^y/Dy (20) 

{l±cos(i^-. G)} = (cos G+cos J')*, 

{1± cn(u-i;)} = (8id2+«2^i)7i); (21) 

{ 1 ± cos(/— gf)} = (cos/i cos g)^, 

{l± dn(u--v)}^(d,±d,YID;.: (22) 

{ 1 + cos(/- g) } = (sin /+ sin g)\ 

{1+ dn('M-i;)}=/c2(8iC2+82Ci)2/i); (23) 

8in(2?'+ (?)cos(F- (?) = sin GeosO + sin Fcos F, 

8n(u + t;) cn(u— t;)=(8iCirf2 + ^2^2^i)/-^5 (^^) 

- sin(2?'- 6)cos(^ + (? ) = sin QcosO- sin F cos i; 

8n(w— v) cn(u + v) = («iCi(i2"-V2^i)/-^J (^^) 

sin(/+ gr) cos(/- gr) = sin / cos /+ sin gr cos gr, 

8n(u + v) dn(u — t;) = (81CZ1C2 + 8^d^c^lD ; (26) 

8in(/-gr) cos(/+ g) = sin/cos/- sin g cos gr, 

8n(u— v) dn{u-\-v)={8^d^c^-'8^d^^D) (27) 

-cos(^+ (7)co8(/-gr) = {cos J. cos5-sin A sin£cos(/+gr) } cos(/-gr), 

cn(tt + v) dn(u— t;) = (CiC2C^d2— /c'*8i«2)/-05 (2S) 

cos(^-G)cos(/+gr) = cos(-F-(?){cosacos6 + sina8in6cos(^+ff)}, 

cn(u — v) dn(u + -v) = (CiC2(iiC?2 + k^s^8^ID ; (29) 

sin 20 = 2 sin ff cos (?, 

sin{am(u + t;) + am(u — t;)} = 2«iCici2/-D; (30) 

sin 22^= 2 sin -F cos jP, 
Bin{am(u + v)'-B,m(u—v)} = 28^c^dJD ; (31) 

— cos 2G = sin^O — cos^G, 

cos{am(u + v) + am(u - v)} = (c^^ - 8^d^)ID ; (32) 

- cos 2F= sin^l*- cos^i^, 

C08{am(u + t;)-am(u-i;)} = (c22-82W)/-0> 0*^3) 

the thirty-three formulas of Jacobi, given in his Fundamenta 
Nova, 18, and reproduced in Cayley's Elliptic Function8. 
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Similarly any other formula in Spherical Trigonometiy is 
converted into a form of the Addition Theorem of the Elliptic 
Functions, and conversely; by writing Cj, 8^ for cos J., sin^l, 
and d^, ks^ for cos a, sin a, eta, with 

Thus the six four-part formulas, of which 

cot a sin c = cot 4 sin 5 + cos c cos £ 
is the type, obtained by eliminating cos b between (a) and (j8), 

lead to S8^ = *2^i+V2^8» 

with five other similar relations. 

By means of these and the preceding relations we can prove 
the following examples on the formulas of Elliptic Functions. 

Examples. 

1. Prove that, if u+v+w+x = 0, 

..V cnudn^ — dnucnt; .en 2(;dn a;— dn wen a; _Q 

snu— snv snw—Qnx 

(ii.) /c'^— /c^/c'^n u sn V sn tysn a;+/c^cn u en v en tc;cnaj 
— dn u dn t; dn ic; dn a; = 0. 

2. Prove that 

(i.) ns(u - i;) + sn(u + ^) = - -^ ^ _^^^^ \ . 

(ii.) 1 - Khn^u + v)3n%u - v) = (1 - /An%Xl " ic^sn^t;)/!)* ; 

(iii.) iAn(u + v)sn(u — v)sn(u + tc;)sn(u — w) 

■ (1 — <c^8n^iO(l — f^anh) 8uhu) _ . 
(1 —tchn^ii sn^^Xl — ic*sn*u sn%)"~ ' 
r \ 1 — /c^cd^(u + -; ;)cd^(u —v) _ ,^f 1— /An^sn^ y 
^ 1 — KHn\tL + v)avL\u — t;) ~ \k^ + ic^cn^ cn*v/ * 

« /• \ l-8nu _ cn4(u+i0dnH(u+Z) . 
"*• ^^'^ l+snu K'^mm^d+K) 

^ ^ l+icdnit+/rsuu 
4. Prove that 

1 — i^v? ^(u + t;)sn* i(u — v) ' 
and hence prove that the expression 

1— /csnajsny l + KauzBuw 
l+icsnajsnj/ 1— /csn2;sntt; 
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remains unaltered when for x, y, z, w we substitute respectively 
i(x+y+z+w), iix+y-z-'W), ^{x-y+z-w), 

lix-y-z+vh^ 

5. Prove that, if tanh -4 = /c snV tanh B=k sn*/8, 

tanh(^ -5) =ic sn(a+/8)sn(a-)8). 
Deduce Jacobi's relations, 

8n(j8 + y)sn()8 - y) + sn(y + a)sn(y - a) + sn(a + )8)sn(a - /8) 

+/An()8+y)sn(y+a)sn(a+)8)sn08-y)sn(y-a)sn(a-i8) = O; 
or 

l-icsn()8+y)8n(j9-y) 1 -ic8n(y+a)3n(y-a) l-/csn(a+/8)sn(a-^) 
l+/csn(/8+y)8n(jS-y) l+/csn(y+a)sn(y-a) l+/csn(a+/8)sn(a-/8) 

or =1; 

1 - jc sn(< - a?)sn(y - z) l-icsn(^-y)sn(g-a;) l-/csn(^-g)sn(cc-y) 
l+ic8n(^-a;)sn(y-0) l+/csn(^-2/)sn(2?-a;) l+icsn(^-0)sn(a;-y) 

or =1; 

l-jcsnusnt; l+/csn(u+tc;)8n(^+te;) l-/csn(u+v+ty)sntc;_ 
l+zcsnusuv l-icsn(ie+ty)sn('V+tc;) l+icsn(u+v+tc;)8n w;"" 

(Glaisher, Q. J. M., vol. XIX., p. 22.) 

6. Prove that the tangents at the points on an ellipse of 
excentricity e whose excentric angles are 

= Jtt — am(u, e), -i/r = Jtt — am(t;, e), 
will meet on a confocal ellipse when u—v is constant, and on 
a confocal hyperbola when u+v is constant. 
Hence show that the general integral of 

di/>U(l - e^sin V) - dylr/J{l - c%in V) = 
may be written 

^^2^ 8in4(0+ Vr)+p^ cos^K^ 

and convert this into the form 

cos y = cos cos yjr+smip sin "^^,^(1 — c^in^y), 

proving that tanHy=^g^J. 

7. Prove that the straight line joining the points 

ccn(u+v), csn(u+t;) and ccn(u— v), csn(u— v), 
on a given circle of radius c, will touch an ellipse whose semi- 
axes are csn(K—v), ccnv, when u is constant and v is 
variable; and determine the envelope when u is variable and 
V is constant 



CHAPTER V. 

THE ALGEBEAICAL FORM OF THE ADDITION 

THEOREM. 

138. The first demonstration of the existence of an Addition 
Theorem for Elliptic Functions is due to Euler 
(Acta Petropolitanat 1761 ; Institutiones Calculi IntegraZis), 
who showed that the differential relation 

dxlJX+dylJY=0, 
connecting X = oo^ + 46ic^ + &cx^ + Mx + e, 

or (a, 6, c, d, e)(ic, 1)*, 

the most general quartic function of a variable x, and T the 
same function of another variable y, leads to an algebraical 
relation between x and y, X and Y, 
This algebraical relation is 

where G is the arbitrary constant of integration; and this 
relation when rationalized leads to a symmetrical quadri- 
quadric function of x and y, of the form (§ 148) 

axhj^+2pxy{x+y)+y{x^+^y+y^)+2S{x+y)+e=0, 

or (aa;2+2i8a;+y)2/2+2(/8a;2+2ya;+% + ya;2+2&+e=0, 

or (ay2+2/82/+y)a;2+2(i8/+2yi/+«5)x+y3/2+2^3/+6=0. 

(Cayley, Elliptic Functions, chap. XIV.) 

With a=0 and 6 = 0, X and F reduce to quadratic functions 
of X and y ; and then 

'^ — " ^ = a constant 
x-y 

is the general integral of dxj^X+dyl,JY^Q, 

142 
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139. By writing {lx'+m)/(Vx'+m') for x, which is called a 
li7iea/r eubstUution, this symmetrical quadri-quadric function 
becomes unsymmetrical, the five constants a, )8, y, S, e being 
thereby raised in number to nine ; and then 

dxjtJX becomes changed to Qm! '-VrrC)dai \ ^ X\ 
where X'=(a, 6, c, d, eX^+w, i'aj+m')*. 

The invarrianU g^ and g^ of the quartic X have been defined 
in § 75, and in § 53 the discrimmant A=^g^—27g^, and the 
absohUe i/nva/riant J=g^/A ; and now, if g^, g^t A\ J' denote 
the same invariants of X\ we find 

g^^iVm'^VmYg^, g^={Vm--lmyg^, A'^^ilmf-^Vmy^A; 
while the absolute invariants J and /' are equal 

Conversely, any unsymmetrical quadri-quadric function 
whatever of x and y may be written 

Oix,y)^(ax^+2px+y)y^+2(fix^+2yx+S^y+ya?+2S^'x+€'' 

Oix,y)=(ay^+2^y+Y)x^+2<^y^+2y'y+Sr)x+yy^+2S'y+€" 

=Pa?+2Qx+R=0; 
Lf M, U" being quadratic functions of x, and P, Q, R being 
quadratic functions of y. 
Then by difierentiation 

{Px+Q)dx+(Ly+M)dy=^0; 
and by solution of quadratic equations 

Ly + if = ^{JiP - LN) = JX, suppose ; 
Px+Q==J{Q^'^PR)^JY, suppose; 
and thus we are led to the difierential relation 

dxlJX+dylJY={), 
where X and T are quartic functions of Z, not necessarily of 
the same form, but having the same g^ and ^3. 
A linear transformation, such as that given by 

2/=(Zy'+m)/(iy+mO, 
can however always be found, which will transform 

dy IJY into dy'ljr, 

where F' is a quartic having the same coefficients as the quartic 
X ; in other words, the quartics X and Y have the same in- 
variants ; so that we may, without loss of generality, consider 
X and Fas of the same form, and therefore drop the accents 
in the expression for 0{x, y). 
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Now ^X:=Ly+M=(ax^+2^+y)y+^+2yx+8, 
^Y=Px+Q=(af+2fiy+y)x+fiy*+2Yy+S; 

so that ^ — ^^^■^^ = aa:y+^x+y)+y, 

if 

a form of the integral relation, in which the coefficients a, b, c, 
d,emX and Y are functions of a, /8, y, 5, e, determined by 
aod^+iboc^+Qcoc^+idx+e 

the Hessian, with changed sign, of (a, )8, y, 5, eX^J, 1)* ; and 
a(a;+2/)H46(a;+2/) + (7 

= {axy+P{x+y)+y}^ 

= ()82-ay)(aJ+2/)H2()8y-a<S)(a?+3^)+y»-a£. 

140. Lagrange proves Euler's Addition Equation as follows: — 
Put dx/dt=^Xj and therefore dyjdt— — V^* ^^^^ 

^ = 2(ax8+36aj2+3ca;+d) = 2Zi. 

^^=2(a2/«+36yH3cy+d) = 2Fi, 
suppose; so that putting x+y=^p, x—y = q, then 

= iapqip' + q^) + &?(%)« + ?«) + Gcpg + 4dg ; 
whence gg-g |=ap2»+263 

or ?- ^ '^^-^ ^. ^(^^ -2aJ^A-4i^ 

q» dt dt^ ^dt\dt)~ ^"^ d« + ^'^i • 

Both sides of this equation are now integrable, so that 

or / V^-VA ' = a(a; + y)2 + 46(a; + y) + C. 

We notice here that, if (7=46*/a, 

JX-'JY _ a(x+y)+2b 
x-y ^a 
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141. In the canonical form considered by Legendre, with 
x = suu, dx/du = ^(1 —x^.l —i^ix^), 

2/ = sn V, dy/dv = ^(1 - y^ . 1 - K^y^), 

then X=l-aj2.1-/c*ic2^ F=l-2/M-icy. 

Therefore dx/^X + dyjj 7= 0, 

leads to du+ dv =0, 

or u+ V = constant; 

which, in Clifford's notation, may be written 

sn " ^rc + sn " ^ = constant. 
Euler's Addition Theorem of § 138 now gives 



H'^^^J-'^^^+y^' 



y 

__ (en u dn u — en t; dn vY — /c^(sn*u — sn^v)^ 

(snit — sni;)^ 
_ /dn u en t; — en u dn v\^ __ f dn(u+ v) — cn(u + t;)l ^ 
\ snu— snv / \ sn(u+t;j f* 

by J. J. Thomson's formula of § 121. 

142. But the Addition Theorem (1) for sn(u+v) of § 116, 

/ , X snucnt;dnv+snt;cnudnu 

sn(u+v)= — -j-^ s , 

1— /rsnntsn^t; 

when translated into the inverse function notation, gives 

1 — K^^^ 

This reduces, for ic = 0, to the trigonometrical formula 
sin"^+sin~iy = sin-^{a;^(l— 2/2^+2/^(1— aj^)}, 
the integral of dx/J{l -a^)+ dy/^(l -y^) = 0; 
and for /c = l, to 

tanh"^cB+tanh"^ = tanh'V— - > 

^ 1+xy 

the integral of dx/{ l-x^)+ dy/(l - y^) = 0. 

Similarly, equations (2) and (3) of § 116 may be written 

^ l — K^x^y^ 

We can now see why so little progress was made with the 
Theory of Elliptic Functions, so long as the Elliptic Integrals 
alone were studied, and also why Abel's idea of the inversion 
of the integral has revolutionised the subject. 

O.S.F. K 
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143. A slight change of notation in the canonical integral 
(11) of § 38, suggested by Kronecker (Berlin Sitz., July, 1886), 
introduces a further simplification, on writing 

a;=irsn2Qu/^ic); 
then dx/du = ^k sn(Jtt/^/c)cn(Ju/^ic)dn(Ju/^ir), 

g-.?(.-5)(.-^) 

with /D=ic'^+/c; 

and now u=fdx\JX, 



with X = cc(l— /&«+«*). 

Now 

J(u + v)IJk = sn - V(«^M +^^' Wiyl'^) 

l-xy 

144. In Weierstrass's notation, we take 

Z=4a^-gf2a;-grj, 
so that, in the general expression of the quartic X, 

a = 0, 6 = 1, c = 0, cZ=-igrj, e=-g^; 
and now Euler*s form of the Addition Theorem becomes, with 
z for C the arbitrary constant. 

Now if x=pu, y = pv, so that ^X=—p'u, juJY^—f'v, 
then we shall find (§ 147) that z=p(u+v); so that 

P(«+t')=i(^^^^y-ptt-P'; (F) 

\ pit — pv / 
or, in the inverse notation, 

p-ia.+j,-ij,=,p-i|j(>/^r>/T)*_x-2,}. 

Put u+v= — tc;, so that 

p(u+v) = pi;, p'(u+i;)=-p't(;, 
since (§ 51) ^ is an even function, and p'w an odd function 
of w ; then, with 

\pu— pv/ 
and therefore also, by symmetry, 

^ , /p't;-p^-M;Y^ , / p^^;-pW ,j,.» 

*\^v—^w/ *\pty— pu/ 
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Thu8 p't; - v'v) _ 9'w - p'lt _ p'u - p'v 

fv-fw pw—fpu pu—pt;' 
or (fw— ptt;)p'u+(pt/;— pu)p'i;+(pit-jw)p''M;=0, 
or (jp'v — fp'w)pu + (p'w — pu)pv + (p'u — p'i;)pM; = 0, 

1, pu, p'u I 

or If pv, p'v =0 (Q) 

1, pw;, p'ti; i 
Weierstrass thus replaces the three elliptic functions snu, 
cnu, dnu by a single function pu, and its derivative p'u. 

145. Take for example the integral of ex. 8, p. 65, 
yX'^dx, where X=:{x—a){ax^+2bx+c), 
a cubic function of x, having a factor x—cu 
This example shows that we may put 

and then p-2^ = 4 ^^+^^+^ -4 ,^^7,^'^ 

_ . { (gg + 6)(y. - g) + aa^ + 2ba + c}^ 
(aaH26a+c)(aj-a)^ 
Now, if y and z are the values of x corresponding to the 
values V and w of u, and if 

u+v+w=0, OT /X'^dx+/Y-^dy+/Z-*dz=0, 

a a a 

then the integral relation (G) of § 14!4 connecting x, y, z becomes 

(y-z)X^+(Z'-x)Y^+(X''y)Z^ = (1) 

We notice that the integral relation does not require the 
knowledge of the factor a: — a of X; so that, writing 

X=Aa?+3Bx^+3Cx+D, 
we have, on rationalizing the relation (1), 
3(y--z)(z-x){x-y)(XYZ)^ = {y'-zfX+{z-xYY+{x-^yyZ 

= 3(y-0)(2J-a;)(a;-2/){^x?/;w+£(2/2+0a3+rc2/) + (7(ic+2/+2;)+i)}; 

or XYZ^{Axyz+B{yz+zx+xy) + C{x+y+z)+DY. ...(2) 

(MacMahon, Cortiptea Rendus, 1882 ; Q. J, M,, XIX., p. 158.) 

Then X^Yi{(y'-z)X^+{z-x)Y^} 

+ (^'-y){Axyz+B(yz+zx+xy) + C{x+y+z)+D} = 0, 

so that ^- ^^yHyx^-^Y')+(^'-y){s^y+(^(^+y)+^) 

X^YH ^*- Y^)-{x-y){Axy+B{x+y)+G}' 
equivalent to AUdgret's result (Comptea Rendus, 66). 
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146. We shall find it convenient to replace the constant C 
in Euler's integral relation by 4o+48, and to consider 8 as the 
arbitrary constant, the meaning of which is to be interpreted ; 
and then 

where 

F(x,y) = a^h^^+2bxy{x+y)+c(x^+4:xy+y^)+2d(x+y)+e 

= {ax^ + 2bx+c)y^+2{bx^+2cx+d)y+coi?+2dx+e 

= (ay^+2by+c)x^+2(by^+2cy+d)x+cy^+2dy+e, 

a symmetrical quadri-quadric function of x and y^ 

Treating 8 as a function of the independent variables x and 
y, we shall find 

IdF /y_ldX .^ 
/X^^= '^^ 4(^^^ FJX-^XJY 

"^ -dx {x-yf {x-yf 

^ _ (a2/^+36yH3cy+cZ)a;+6i/+3cy«+3(Zy+e .y 

{aor^+^bx^+^cx+d)y +ba?+^cx^+^dx+e .^ 

= --(x^)»V^+ (f_y)3Vy. suppose; 

and similarly we shall find that s/^^ ^^ ^^^ same value. 
But if 8 is taken as constant, then 

^dx+^dy^O, 

or dx/JX+dy/JY=0, 

so that the differential relation which leads to Euler's integral 

relation is thus verified. 

147. But now denote 

ifS^-QiS-g^ by S, 
where g^=ae'- Ahd + 3c^ g^ = ace + 2bcd — ad^ — c6* — c*, 
so that (§ 75) g^ and g^ are the quadrivariant and cubicvariant 
of the quartic X (Burnside and Panton, Theory of EqucUions; 
Salmon, Higher Algebra). 
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We shall find, after considerable algebraical reduction, that 

so that 4_^+ 1 ^=- 1 ^. 

and the elliptic elements dxj^X and dyj^ Fare now reduced by 

this substitution to Weierstrass's canonical form daJ^S of § 50. 

Mr. R. Russell points out a concise way of performing this 

algebraical reduction, by means of the linear substitution 

t={TX+y)l{T+\) in the quartic (a, 6, c, d, e){t, 1)*; 
which then becomes of the form 

Xt*+^X^+X^7^+6F(x, y)^+4{r^x+ Y^)t+ f, 
or At*+^Bt^+6Ct^+Wt+E, suppose. 

If the invariants of this new quartic are denoted by ffg* ^ • 

then Gg = (a; - yYg^, ^a = (« - yf(^s ; 

and S=4i8p—g^—g^ 

2(0! -y)« ^* 2(x-2/)« ^» 
_ (C- ^^ JEf - 0,(C- ^A JE) - 26, 

_ {DJA-BJEf 
(x-y)' 

_ {(T,x+ Y,)JX-(X,y+X,)JT}^ 

{x-yf 

148. Rationalizing the integral relation of § 146, 

{2<a;-y)2-F(a:,2/)}2=ZF, 
or ^{x - yf - 8F{x, y) - E{x, y) = 0, 

where E{x, y) — {{ciC'- 6%^ ^ (^^ _ j^^^^ ^ j (ct€ — c?) } aj* 

+ {(adJ-6c)2/H(iae+26d-|c%+6e-cd!}aj 

or (^-^gd(^-'y)^-sF{x, y)-H(x, 2/) = 0, 

where H{x, y) = {ac'- h^)x^y^ + (aci — bc)xy{x + y) 

+ i{ae + 2bd - 3c2)(a^ + 4^2/ + y*) + (6e - cd)(x +y)+ (ce - d), 
a symmetrical quadri-quadric function of x and y, 

149. When x = y, F{x, a;) = X, and 

JF(a;, x) = fi(aj, a;) = (oc - 62)a:* + 2(ad - 6c)ic8 + (ae + 26d - Sc^^ 

+ 2(6e -cd)x+ce-d^ 
the Hessian H of the quartic Z. 
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One value of a is now iofinite, and the other 

t= -HjX, 
as in § 75 ; for, when x=y, 
._F{x. y)-JXJ Y_Q 
' 2(a;-i/)* ~0 
„ {Fix.y)}^-XY _. -2E(xy) _ H 

-^' lix-ynFix, y)+JXJY}-'''F{x, y)+JXJ F" X' 
a substitution due originally to Hermite {CreUe, LII., 1856). 
Now, since t=oo , when X=0,OTX=a, 

a 

a denoting a root of the quartic Z = ; and here 

_ „ ( r;x + F,) yx - (z^y + z,) ^ f _ o 

_ ( F,x + Y^X - (Z^y + Z,)« F ^ Q 

(a;-2/)»{(5>+ l^j)VZ+(Z,y+X,)VF} Z«' 
where G is a certain rational integral function of x of the 
sixth degree, called the uxtic covariant of the quartic X; the 
preceding algebra showing that 

T^X^=0\ or 4^8-^2^Z2+ff8X8+G2=0, (H> 

this is called a syzygy between X, H, and 0. 

(Burnside and Panton, Theory of Equations, p. 346.) 
For instance, if X is already in Weierstrass's canonical form^ 
so that, if a; = pu, 

X = ^'^u = 4ar^ - f/yX - (/g, 
then H=-{x^+\g^^-2g^; 

and now t = p2u, 

so that y2u=<^^+^-^3>'+'^^^^. 

This may also be written 

1 d^ 
f>2u = pu--^-jlogp%. 

150. With 2/ = X, 

28 = ax* + 2hx + c — mJcLmJX, 

or 8*— (aaj2 4.26a;+c)s — (ac — 6*)a;2— (ad— 6c)a;— J(ae— c*) = 0. 

With 2/ = 0, 

2« = {cx^ + 2c7a; + e - ^e^X)/a?, 

or cc*«2— (ca^+2rfa;+e)8 — J(a«— c*)a:*— (6c— cci)a:— ce+cP=0. 
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Writing F{x, y) in the firet equation of § 146 in the form 

7+^r(x-y)+^7''ix-yy, 
we can find a; as a function of s and y by the solution of a 
quadratic, in the form 

This method of the reduction of the general elliptic element 
dxj^X to Weierstrass's canonical form dsj^S is taken from a 
tract " Problemata qucedam mechanica functionum dlvpti- 
carum ope soluta, — Disaertatio inauguralia,'* 1865, by G. G. A. 
Biermann, where the formulas are quoted as derived from 
Weierstrass's lecturea 

151. Changing the sign of ^F, we find that 

leads to the differential relation 

\ dx 1 ^3/_ I da 

so that, putting /d^/y/X = u, Jdyj^ F= v, 

--v^fdkuX^J^lJS, 

y « 

implying that u— 1;=0 when a;=y, since 8=oo when x=y] 

and now, in Weierstrass's notation, 

Changing the sign of v, and therefore again of F, 

so that p2u = - H^/X, p2t; = - Hy/ F, 

implying that u = when Z=0, v = when F=0; so that 

u=:/dx/^X, v^fdylJY, 

a a 

where a denotes a root of the equation X=0. 
Then p(tt_v)+p(u+t;)=^^'|>. 



u 



p(u-v)-p(u+v)=^^^. 
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Mr. R. Russell finds, as is easily verified algebraically, that 

F(x,y) H,_ {X^y+X^f F(x,y) Hy_ (Y,x+Y,Y 
(x-yf X" ix^yfX' {x^yf Y-{x^yfY' 

But, from the Addition Theorem (F) of § 144, 

p(u-v)+p(u+i;)+p2i; =-]?-; x ) T \ f 5 

and therefore 

X{y+X^ ^ _ 1 pX^-^)--p'(^+^) 
{^ ^y)J^ 2p(u-v)-p(u+t;)' 

{^'■'y)s/Y 2 p(u-t;)-p(u+v)' 
the sign being determined by taking v small, when j/ = a, nearly. 

Now. p'(«-f)-p'(tt+t;)= -2^±^Vy. 

so that, as in § 147, 

152. When y=oo, 

p2v= -It Hy/Y =(b^-ac)la, 

and p'2i;= -ltGj,/F* = (ay-3a6c+26»)/a^; 

1 p(u-t;)+pXu+^ )^ j^ Y^x+Y^ ^ ax+b 
2p(u-i;)-p(u+i;) {x-y)jY Ja ' 

Again, from equations (F)* and (G) of § 144, 

1 pTu--t;)-p' 22;^l ^\u''v)+^\u+v) ^ Y^x+Y^ 

2 p(u— v)— p2v~2 p(u— v)— p(u+v)"' {X'-y)^Y^ 

and putting tt = 0, and therefore a; = a, we find 

aa+6_p'f+p'2'y 
^a ""pv-p2'y' 

so that the quartic can be solved, when pt; and p't; are known. 
(Solution of the Cubic amd Quartic Equation^ Proc, London 
Math. iSoc., vol. XVIII., 1886.) 
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Otherwise, with <= —HjX, 

dt__ H'X-HX' __20 

dx Z« Z«' 

while T* = 4<» - g^ -g^= G VZ», 

80 that dtl^T= - 2dxlJX, 

and u =JdxlJX =\JdllJT= \9-\- SIX), 



a « 



a denoting a root of the quartic ^=0. 

Then p2u=e= -HjX, p'2u= -7= -G/Z*; 
while t; = when 2/ = a, and F=0; 

80 that pu = 8 = _i?'-?( 

{x — aY 
If v, i, K denote the values of u, 8, S, when a; = 00 , 
A;=i(aa*+26a+c) = pv, £'=(aaH36aH3oa+d)V"= -p'v; 

,_aaH36a2+3ca+d 
x — a 

so that x-a = -. j^. =,- ~^~ / > 

and now p2v = (6^ — ac)/a, p'2 v = (a^d — 3a6c + ib^)la^. 

Conversely, given these values of p2t; and f'2v, and supposing 
the bisection of the argument of the elliptic functions to be 
carried out, we can determine pt; and p't;, and thence solve the 
quartic equation Z = 0. 

153. Since F{x, a) vanishes when a:=a, a root of -3l'=0, it is 
divisible by «— a ; so that 

^ {(Ui^ + 2ha + c )x^+2{ha^ + 2 ca+d)x + ca^+'2.da + e 
^ 2{x-af 

= |(aa2 + 26a+c) , suppose, 

X ~~ CK 

a typical linear transformation, which convei*ts dxj^X into 
ds/y/Sf the canonical form of Weierstrass. 

Denoting the four roots of X=0 by a, )8, y, S, then since 
6/a= - J(a+)8+y+5), c/a=Ka/3+ay+a5+y5+^/3+i8y), 
we may write 

cc — a \a — p a — y a — 0/ 
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and DOW 

., )8(a-yXa"^) + y(a-^)(a-/8) + ^(a-i8)(a-y ) 
(a-y)(a-^) + (a-5Xa-/3)+(a-)8)(a-y) ' 

with three other values ^, y\ S corresponding to )8, y, A 

Now JS^ ^^— ^p JX 

JX 



= (aaH36a2+3ca+d) 



Denoting by c^, «2> ^3> ^be roots of the diacri/niinatvng cvhic 

4e»-gf2e-gr3 = 0, 

so that 'S=4(« — «i)(8— e2)(^— ^s)» 

then we may write 

8 - «i = ia(a - y)(a - ^ )~^» 

8-e^ = \a(a- ^)(a - y^^ ; 

so that, to x = a, fi, y, S, corresponds 8=00, e^, e^ e^; and then 

Ci = A«{(a-y)(<S-i8)-(a-<S)08-y)}, 

e, = TVa{(a-<JXi8-y)-(a-/8;(y-<S)}, 
«8=T^a{(a-|8Xy-<S)-(a-y)(5-)8)}. 
If we interchange a and jd, and put 

then to z = 13, y, S, a, corresponds 8^=^00 , e^ e^ e^; 
so that 8 = 8^ gives a linear substitution converting 

dxj^X into dzjtJZ^ 
in which a; = a, )8, y, 5, corresponds to = /8, y, i, a. 

If 8 is replaced by pu, and the same function of z by pv, then 
we find from § 54 that 

gives the four linear transformations which leave dx/gJX 
unaltei*ed ; and corresponding to the values (a, )8, y, S) of cc 
we find (a, /S, y, S\ (13, y, <S, a), (y, S, a, )8), (<J, a, )8, y) of ;& ; 
the first transformation being merely z=:x, not a distinct trans- 
formation. 
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164. When, as at first, 

._F{x,y)-JXJY 
2{x-yf ' 
and when e is a root of the discriminating cubic, then s— e is a 
perfect square ; and we find 

v(.-.>- v^-vWjy,v^. . 

where, as in § 70, the quartic X is resolved into the quadratic 
&ctor8 Nx and D^t and Y into the corresponding factors Ny 
and Dy ; this can be done in three ways, corresponding to the 
three roots of the discriminating cubic. 
Thus the integral relation 

leads to the differential relation 

dxlJ{NJ),)+dy/J{NyDy) = 0, 
as is easily verified algebraically, N and D being quadratics. 

155. A more elegant expression can be given to these rela- 
tions if we follow Klein (Math. Ann,, XIV., p. 112; Klein and 
Fricke, ElUptische Modulfunctionen, 1890) in employing 
hoTnogerieovs variables x^ and ajg, by writing xjx^ for x, and 

JX J J(ax^^ + ^hx^x^ + eca?! V + ^^<xi^ + ex^*)' 
Conversely, by writing x for ajj, and 1 for x^, we return to 
our original non-homogeneous variable x. 
ELlein employs the abbreviations 

(xdx) for a;2^i—^^2» ^^^ i^V) ^^^ ^iVi'^^tyit 
also tx for (a, b, c, d, eXa^i, ajg)*; and now with 

= 16 — 1; =:/dx/^X, 



w 



where F(x, y)'=i2\^i^.yi'+^^^y.y^+^^^2') 






156 
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and y/S 



reducing to the above in § 153, when fy = 0. 

The Hessian H or H(x^, x^) of X or f(a;j, 0:2) is now given by 



144if= 



B2f ^2f 



'dx^dx^ ^x^ 
and the sextic covariant or 0{x^^ x^ by 

Bf 3f 



8G = 



^2 
3F 



aff _ 

We may also use x and ^ as the homogeneous variables in 
the quantities, instead oix^ and x^. 

Thus, for example, the integral yf~i(a5dy), where 

i=x^hj + \\ofi'i^-'Xy^^ (the toosoAedron form) 

is shown to be elliptic by means of the substitution 

m 32f 



where 



H= 



1 



-dx^' 



'dx'dy 



'dx'dy dy^ 

Then we can verify the syzygy 

-fi3+1728f« = r2, 
Sf Bf 



where 



± — — V 



IJTT 



'dx' 






Now 



80 that 



since 



= a?^+y^+b22{x^y^-a:^y^)-l000b{pi?^y^^^x^^y^), 

z{xdy)'^ 3m Sfff' 

dz —hTz fr 5 (gdy). 

4«8-.(/s=4r2f-*, provided flr8=-6912; 
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Similar reductions will show that the integrals 

/H'^ixdy) md/T'^(pcdy) 
are also elliptic ; also the integrals 

fi^y — ocfy^) " ^{xdy) and y{a:^ + 1 ^x^y* + y^) ' ^(xdy), 
depending on the octahedron form, 05^+140::*^+^® 
(Schwarz, Werke, II., p. 252 ; Klein, Lectures on the Icosahedron.) 

156. The further development introduces the theorems of 
Higher Algebra on the quartic and cubic, for the treatment of 
which the reader is referred to Salmon's Higher Algebra and 
Bumside and Panton's Theory of Equations. 

Thus, H denoting the Hessian of a quartic X, and e^, e^, e^ 
the roots of the discriminating cubic 

4e*— gfg^— gr8=0, 
then 4^{H-\-e^X)iH-^e^){H+e^X) = 4>H^-g^HX^+g^X^= - G^ 
where denotes the sex tic co variant (§ 149) ; so that H+eX 
is the square of a quadratic factor of 0. 

Following Burnside and Panton (p. 345) we shall find it 
convenient to put 16(H + eX)= —P^\ and then 

Pj, Pg, Pg denoting the quadratic factors of the sextic covariant (?. 
Then P^+P^+P^^ -4.8H, 

since «i+«2+^8 = 05 

while . («2-^8)^iH(63-e,)P,2+(«i-62)P32=0; 

and ^PiH«2^2'+«8^3'= -l6(e,^+e^^+e,^)X= ^Sg^X. 
Since {e^ - e^)P^^ = (e^ - e^)P^^ - (e^ - e^)P^^ 
= {s/(ei'-'e^)P,+J{e,-e^P,}{^{e,-e^)P,-^^(e,-^e,)P,], 
therefore each of these factors must be the square of a linear 
factor, and we may therefore put 

VC^i - ^3)^2 - s/(^i - ^2)^3 = 2 w^2^ 
so that Uj and Ug are linear ; and now 

V(^2-«3)A= 2^1112, 
s/(e^-e^)P^=^u^^+u^^ 
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157. Mr. R Russell points out (Q. J. M., XX., p. 183) that 
Hermite's substitution of ^= ^H/X reduces the integral 

/(?-i(to to \/{4^^-gJ.-g^r*di. (1) 

so that Q-Ux = - \{U^ - g^t - gf3)-'(tt. 

Again the integraiy^(4^— g^g^— Srj)"*^^, as well as the general 

integral fU'^dx, (2) 

where U or U{x, 1) denotes the cubic (a, 6, c, ci)(a?, 1)', 
is again proved to be elliptic by the substitution 

8»=-irV?7«, (3) 

where K or K(x, y) denotes the Hessian of the cubic U(x, y), 



given by 9K{x, y) = 






B^CTB^IZ /32i7\« 



^05* 9y2 \3ajdy 



-(S)- « 



3x31/* dy'^ 
The cubicovariant J of the cubic CT is given by 

^J^-'y)=--^' ^1 

i'3x' 33/ 

and the discriminant A by 

A = a2d2+4ac8-6abcd+4d6«-362c«; (6) 

and now we have the syzygy 

J^= ^4>K^+AU^ (7) 

(Salmon, Higher Algebra, § 192 ; Bumside and Panton, 
Theory of Equations, § 159.) 

Differentiating (3) logarithmically 

3d£_3Z'_2fr_ SJ 
8dx^K' U^ KU' 

while V(48^+A)=^; 

dx adx Uda ds 



so that 2 f.r — r ,,T^ T-A\* 

Ui K J .^(4«8+Ay 
and /uMx = ^'\8\ 0, -A)=f'\^KU-*) (8) 
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When we know a factor, x—a, of U, then we may employ, 
as in ex. 8, p. 65, the substitution 

2= 0l{x-a) (9) 

Putting i7= {X - a)(ax^ + 2b x + c') 

= (x - a) { cue* + (aa + 36)ic + aa* + 36a + 3c}, 
then ^s^—g^ is a perfect square, when 

ac'^ ^2 ^ (.eg + 6)g + 4(ac - 6 ^) , 
^« aa2 + 26a+c' aa^+2ha+c 

and now «— — ! = » ^^^ - 

-3Z Ss 



(aa^ + 26a + c) 17* aa2 + 26a + c ' 

V^^r^""aaH26a+c' 
while 
f40»-(7 /l I 2(ysY_ 3{(aa + 6)(a;-a) + 2(aaH26a + c)}* 

3(a;~a)2{(aV+2a6a-262+3a(;)a;+...}* 
^ (aa2 + 26a + c)^f72 

(aa2 + 26a + of U^ (aa^ + 2ba + cf ' 

'''^^''^ j(S-^g,r-^^^''"^^^^ ^^^> 

a transformation equivalent to that of § 47. 

158. Mr. R Russell also shows {Pvoc. L. M. S., XVIIL, p. 57), 
., , /* lx^ + 2mx + n ^ 

where X denotes a quartic and H its Hessian, can be reduced 
to the sum of three elliptic integrals by Hermite s substitution 

For we may replace (§ 15G) 

h?+2ifnx + n by pP^ + qP^+rP^ 
or by 4^J{-'H^e^X) + ^j\--H-e^X) + ^rJ{--H-e^X), 
where j9, 5, r are determined by equating coefficients; while 

dxjJX = \dtlJ T = \dtjj{t -e^A-e^A-e^)) 
so that the integral becomes 

rpJ(^ H- e^X)+qJ ( -H-e . ,X)+ r J(-H-e^X) J Xdt 

J J{aX + ^U . a'X + ^'H) s/it-f^v^-e^'^-e^) 
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^f Ps/(t-e,)+qJ(t-e^)+rJ(t'-'e^) M 

^ff P , g I ^ ] ^^ 

J \j{t-e^^t-ey Jit-e^A-^ey J{t-e^A--e^)jJ{a^ 

the sum of three elliptic integrals. 

Particular eases may be constructed by making )8 and ^ 
zero, or a and a zero ; when we obtain 

/{h? + 2mx + n)dxlX, or /{Ix^ + 2mx + n)dxlH. 

159. Mr. Russell remarks that the reduction of the well- 
known hyperelliptic integral 

(Ix^ + 2mx+n)dx 



fz 



to the sum of elliptic integrals is a particular case of this 
theorem, since the quartics 

1— aj^.l — /cXaj2 and 1+kx^.1 + \x^ 
can be expressed in the forms aX+^H and aX+jS'H, 
by taking X=\ +/cXa;*, and therefore H=K\xi^ ; 
and now a = l, a=l, )8= -(l+icX)/icX, ^ = {k+\)Ik\. 

These integrals are considered in Cay ley's Elliptic Functions, 
chap. XVI., where x^ is replaced by x; they arise in the expres- 
sion of Legendre's elliptic integral 

/d</>IA(<p, b) in the form E+iF, 
when the modulus b is complex, so that b^ = e+if. 
(Jacobi, Werke, I., p. 380 ; Pringsheim, Math, Ann., IX., p. 475.) 
Writing P for xQi—xX\+icx){\-\-\xX\--Kkx\ Jacobi finds 
^^ /dxlJP = l{V+c'){F{<l>, c)+F(<f>, 6)}, 

/xdxlJP^},^^^{F{<t>, c)^F(<l>, 6)}, 
where '^ = U-7J' ^^Ifc+cJ' 

, . ,, (l+/c)(l+X)a; j^ (l-a;)(l-«:Xa;). 

^ (l+Ka!)(l+\x) ^ (l+/ca;Xl+^) 
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Then employing the inverse function notation, 

1 f y A+^jI+Xi^A if j l+K.l + X.X \\ 

V(/cX.l+/c.l+X)r'^ Wl+/cir.i+Xx'^y"^° WUicOJ.l+Xrc'Vr 
When \ is negative, then b and c* are conjugate imaginaries ; 

so that we can now express F{</>, b) in the form E+iF, when 

6^ is of the form e+if. 

For, writing - X for X, and now writing 

P for x(l -x)(l+KxXl-\x){l +k\x), 
th f^ 2g rxdx _ 2F 

^^ y 7? va+ici-xyy ^p V(/cx.i+/c.i-xy 

In the particular case considered by Legendre, X = 1, and now 

P=a;(l-aj2)(l-/c^a;2), 

on replacing /c by ic*; so that 

/x^idxlJ(l -ic2. 1 -/cV) 

can be expressed by elliptic integrals. 

Mr. R Russell employs the substitution 

y = Ax/{l+Bxy. 
and now 

r dy _r A{\'-^Bx)djx 

J J^y^'^-y^'^-^Ty) J J\Ax{{\^Bxf^Ax){{\^-Bxf-tTAx)'\ 

so that, putting 

therefore i^ = ic^X^ 5 = ± ^(/cX). 

Taking jB=^(/cX), and 

(l + fia;)2- ^ic = (l-a;)(l-/cXiz:), 
(l + fix)2-(7^a; = (l+/caj)(l+Xa:), 
then 2^/cX— -4 = — 1— /cX. 

2V/cX-c7^=/c + X, 
or ^ = (l + V/cX)2, (r^=-(V/c+VX)'; 

and taking i? = — ^(/cX), 

then ^ = (1 - Jk\\ (t^ = - ( V/c - V^)^. 

o.E.r. L 
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160. Mr. Roberts's integrals {Tract on the Addition of the 
Elliptic and HypereUiptic Integrals, p. 53) 

/{A+B^)dxl^Q, 

where Q is a reciprocal quartic in x\ say 

Q=^a^+^bofi+6cQ(i^+4tbx^+a 

or aQ = (ax* + 2bx^ + af - {2a^ + 46^ - 6c)aj*, 

furnish another particular case of Mr. Russell's theorem, since 
Q can be expressed in the form 

where X and H are in their canonical forms, 

Z=ic*+6ma324.1, ir=m«*+(l-3mV*+m. 
Or we may put x+x''^ = Uy x—x'^^^v, when the integral 
becomes \A {U+V) + \B{ U-V), 

du 



where 






J{au^'^'^a-b)w^ + 2a'^'Sb + 6cy 

dv 



J{av*+^{a+b)v^+2a+Sb+6cy 
Thus l+x^ = {l + j2x^+xi^X^ ^J2x^+a^) 

= {X+J2H){X^J2H), 
where X = l+x^, H=x^. 

Therefore the integral / . . i^\ ^ 

is reduced to elliptic integi*als by a substitution, such as 

and then becomes 

Another particular case of the general theorem occurs in the 
reduction of the integral 

y(lx+m)dx/^R, 

where iJ is a sextic function, the roots of which form an i/nvolvr- 
tion, and whose invariant E therefore vanishes (Salmon, Higher 
Algebra, 1866, p. 210). 
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This invariant E is the one tabulated in the Appendix, 
p. 253, Higher Algebra^ where it occupies thirteen pages. 

The sextic covariant of a quartic X is a specimen of a 
sextic of which the roots form an involution ; and writing 
320 or 

J'iJ'2^8=(ai^+2^ic+cJ(a2aj2+262a;+C2)(a8a:H26j^+C3) 

= C4(a; - ©1 . a; - 0i)a2(cB - ©2 • * - 02K(^ - ^8 • ^ - 0s)» 
then since the squares of Pj, P^ P^ are linearly connected by 
the relation of § 156, therefore P^, Pg, P3 are mutually har- 
monic, and any one is therefore the Jacobian of the remaining 
two ; this leads to the three relations 

Now ^^^"^1 ^-^J ^^"^ ^"^2 ^r^_8 ■^"^ 3 
p ic—01* a;— ©i' ^—^2' ^""^2' '^'^i>z ^ — ^3* 
are the six linear transformations which reduce 

/^ to Legendre'8 canonical iormf-^^^^l^^-^, 

as in § 74 ; so that if the quartic X is resolved into the 
quadratic factors N and i), we may write 

JVr=p(iB-e)2+9(x-0)2, 

/> = P(aj-0)2+Q(a;-.^)2. 
Now NjD is maximum or minimum when aj=&, or <f). 

Making P^, Pj, P3 homogeneous by the introduction of y, 
which is afterwards replaced by unity, so that 

P=(ai, ftp CjXa;, 2/)^..., 
then the three distinct linear transformations of § 153, which 
leave dxj^X unaltered, are found to be 

^^_3Pi/aPi ^^Pg/?^ BP3 3P3 

(R. Russell. Ptoc. L. M, fif., XVIII., p. 48.) 

Now r^^'^ajT or /'(^^i+^^^2)(V^-«^A2) 

where Uj, Uj are defined in § 165, is reduced by the substitution 

3/2 = ^2/1^1, or p{x-<f>)l(x-'e\ 
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This integral has been considered by Richelot (Crelle^ 
XXXII., p. 213) ; and by differentiation we find 

^ so- V2+i)s/Vi+|.=-^5-r^'' ' 

according as y^ is less or greater than >^2 — 1 ; and thence the 
integration can be inferred; the value of ic to be taken is 
V2-1 or tan 22 J", when it will be found that K'\K^J%. 

161. As further applications, consider the integrals 
/(A0)-lcZ0, f{t^<i.Y^^d^, /(A0)-^t/0, /(A0)-*d^, 

where A0 = ^(1 — i^^in^^). . 

(Legendre, FonctioTis elliptiqiies, I., p. 178.) 
Putting A</> = x^, and 1 — 6^ _ ^2^ n^^^ 

the integration required in the rectification of the Cassinian 
oval, given by 

^i^2 = /3"» 01' r*-2aVcos2e+a* = )8*, 
where i\, r^ are the distances from the foci (±a, 0). 

The expression 1— x*.a;*— c^ can be expressed by H^—X^, 
where X=a;*+c, H=^{\+c)oi?\ 

and now the substitution y = X/H gives 

Jb lib 



so that 



/(A^yklf/i 



1 /" dy 1 f dy 

~2jJ{{l+c)y-2~Jc)J{l-y^)'^Uj{{l+c)y+2Jc}J{l-j/') 

_ J r J ■x'+Jc \+Jc\ i( <^-Jc_ J^-^c w 

-V(2+2c)r° l(r+VcK7(2+2c)J ""^ l(l-Vc)a;'7(2+"2c)/J 
by means of the results of ^ 39-41. 
In the Cassinian 

— UUS - - -^ — Dili ^ — t 

^dd^ r*-a* + /3i 



dr ^{4aV-(r* + a*-^)2}' 



^v. 
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<l«__ 2aV 

''VN/{(«H/8«)*-r«}V{r«-(a^-/8='r}" 

r 

Now, if we put 
then 8 = a*/"! a* + ^)^coa^</> +(a^- fi^)hin^</, } ' *rf^ 



Similarly /(^^<l>)-'^l4>-/j^^-%c^^) tX 

which can be expressed in a similar manner. 
Again, substituting A^<p = oc^, then 




y;A^)-i<?.^=^y^^-5^^3^j ' 



/ 



particular cases of the preceding general integrals. 

Mr. R. A. Roberts (Proc. L, M, S.^ XXII., p. 33) has shown 

that /(Ix + m)(a^ + 2ba? + c) " ^ °^ " *^Za; . 

can be expressed as the sum of elliptic integrals, not always 

however in a real form. 

Mr. Russell shows that if x — O^^X'-O^ are the factors of P^, 
a quadratic factor of the sextic covariant, then 

7x +m J 

is reduced by the substitution 

to the form /—/?— h4-o/ j-7— x^2/» 

and this again by the substitution 

t« the form f^^PM^xt^'^P^^f-^z. 

two elliptic iutegrals, not necessarily however in a real form. 



£ 
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AbeVs Theorem applied to the Addition Equation. 

162. Eulers Addition Theorem is now found to be a very 
special case of a Theorem of great generality, due to Abel, the 
method of which we shall employ here, in the very limited form 
required for the Addition of the First Elliptic Integrals. 

Consider the points of intersection of the fixed quartic curve 
whose equation is 

y'=^. (1) 

with any arbitrary algebraical curve whose equation in a 
rational form may be written 

f(x.y) = (2> 

By continually writing X for y\ we can reduce equation 

(2) to the form P+Qy = {); (3) 

and now the abscissas of the points of intersection of (1) and 
(2) are given by the equation 

P+Qs/X^O, (4> 

or, in a rational form, P^ — Q^X = (5) 

Denoting the degree of this equation (5) by /jl, and its i*oots 
by a?!, x^f ... Xfi, Abel puts 

\[fX=^P^-Q^X = C{x-x{){x-x^) ...{x-x^l (6) 

and now he supposes the roots of this equation to vary in 
consequence of arbitrary variations in the coefficients of the 
terms in equation (2), corresponding to arbitrary changes in 
the shape and position of this curve; the coefficients in 
equation (1) are however kept unchanged. 

If dP, dQ denote small changes in P and Q due to the 
changes in the coefficients, and if dxr denotes the correspond- 
ing change in any root Xr of equation (5), then 

yfr'Xr . dxr + 2PSP - 2QSQXr = 0, 
or, making use of equation (4), 

\lr'Xr.dXr''2{QdP'^PSQ)JXr = {), 

dXr _^ QdP-^PSQ _eXr ... 

jxr ylr'xr "xl^x; ^^> 

suppose. 

Now, if the degrees of P and Q are denoted by p and q, 

then the degree of Ox is p+q; and we shall find this is 

always at least one less than /a — 1, the degree of yf^'x, or two 

less than /a, the degree of yfrx. 
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For if in equation (3), P^ and Q^X are of equal degree, then 
g=2> — 2, and /x = 2p; so that /x— p— g = 2; and fi—p—q is 
greater than 2, if q is less than p^2. 

But if g is greater than j:>— 2, then the order of \frx is given 
by that of Q^X, and therefore /x = 2g+4, while p=g+l at 
most; so that y^i— p — 9 = 3 at least. 

Since xdx is thus of lower degree than xf/x, we can split the 
fraction xdx/\frx into a series of partial fractions, such that 

and now, if we make x=0, we find that 

2^5,=" <») 

a theorem in Algebra due to Euler ; otherwise stated as 

St V T 7 \=o^ (») 

provided m is less than /a — 1, the « marking the position of 
the missing factor Xr—Xr, 

Applying this theorem to equation (7), we find 

S^r/V^r = 0. (10) 

r = l 

SO that, if, in consequence of any finite alteration of the 
coefficients in equation (2) or (3), the roots of equation (5) 
become changed to x\y x\, . . . , x'y,, then 

J^'"dxJJX^+J^'"dx.JJX^+...+J^'''dx^^O, (11) 



''i ^t ^f. 



the Theorem of Abel, as required for present purposes. 

It is the combination of the theory of Integrals and of the 
theory of Algebra which furnishes the key of Abel's Theorem ; 
the algebraical laws are expressed very concisely by a single 
equation (5), of which the variables are the roots, and whose 
coefficients are not independent, but are connected by a number 
of relations. 

Thus, if we take P of the p^ order, and Q of the order p— 2, 
we have a plexus of fx or 2p equations of the form (4) 

aa;^+y8av*-Hrc/-2+...+(yV"'+...)V^r=0; 
and the elimination of a, /8, y, . . . , y', . . . leads to a determinant 
of 2p rows, each row of the form 



• • • • 
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163. Suppose for instance that (2) is the parabola 

y = aoi?+2fix+y, (2) or (3) 

then equation (4) becomes 

ax^+2px+y-JX = 0, (4) 

and (5) becomes the quartic equation 

(aa;2+2)Sa;+y)2-Z = 0, (5) 

Denoting the roots by rCj, x^, x^ x^, then the elimination of 
(I, )d, y leads to the determinant 

as the integial relation, corresponding to (/x = 4), 

\/^l s/^2 s/^B s/^i 

By making a = ^a, so that the parabolas are of constant 
size, or by writing equation (0) in the form 

(ooj^ + 2^aj + y )2 - aZ = 0, 
one root, x^ suppose, becomes infinite ; and now 

4a(/3 - 6>c» + (4/82 + 2ay - ^ac)x^ + 4(^y - ad)x + y^ - ac = 0, 
80 that 
4(y8-6X^i+a?,+a;3) = 6c-2y-4/3^/a 

= 2air32 + 4^aj3 + 6c - 'IJaJX^ - 4^/a, 
or 4(^ - 6)(a?i + x^ = 2cur8* + 4^3 + 6c - 2JaJX^ - 4j8*/a. 
Now the two relations 

aa?!* + 2^x^ + y — >Ja^X^ = 0, 
aajj^ + 2^iC2 + y - JaJX^ = 0, 
give by subtraction 

{x^-x^{a(x^+x^+2^) = Ja{JX^-X^, 

that (^^^i^^2y^^(^^+^^)2+4^(^^+^^+^^^ 

= a{a:i+a72)2+ 46(a:i+a:j)+C, 
where C = 200532 + 46iC3 + 6c — 2^a^X^ ; 

and we thus obtain Euler's original integral relation, the 
general integral of the differential relation 

da^JX^ + dx^JX^ = 0, 
when C is constant ; and a particular integral of 

da^lJX^ + dxJJX^ + dxJJX^ = 0, 
when x^ is considered as variable. 



so 
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164. When X is in Legendre's canonical form 1 — o;^ . 1 — /Ac*» 
then Abel takes P=aa;+it'*, Q = 6; 

and now equation (6) becomes 

y\tx = {iix + ic»)2 - 62(1 - ic^Xl - irx^) 

where x^ + ajg^ + 0^3* = 6 V — 2a, 

^2^3^ + ^i^\ + ^i^^2^ = 6^ + h\^ + a^, 

/>* 2m 2/m 2 _ fi2 
1 2 "^^ ^~ * 

But a and 6 are determined by the equations 
aa'i+a;i^+ 6X^ = 0, aa;2+ar2^+6X2=0; 

so that 6 = "^^^^1, 

x-^Ji 2 x^ I 

and therefore, as in formula (1), § 116, 

^ ^ 2 _. *^l ^ 2 ' •^2^ 1 

X-tj\ d "^ ki/A./\. I X """ K^X't Xa 

Also l-a;iM-aj2M-iC8^=l-^V+2a+62+ftV+a2-6« 

= (l + a)^ 
while 0^2 + x^^ + x^ — k^x^^x^ = — 2a, 
so that 

^-x^-x^-x^+i^x^hi^^-^^il^a) 

= 2V(l-a5i-.l-^'2'-l-VX 

Or(2-»i2_aj^2_^2 + ^2^2^^2^^2)2 = 4(l_^^2)(1.^^2)(l.^^^^^^^ 

which may also be written 

as in § 119, with aji = 8nu, a;2 = 8n v, x^=^%u{'w±v). 

This, with a;, = sn u^, iC2 = sn n^ x^ = sn Uj, may be written 
1 — cn^tt^ — QXihi^^ — cn-Ug + 2 en u^cn tt2cn u^ = K^i^tJb^sv^^ii^nhjt^ ; 
where u^+u^+u^^^^K^ 

(§ 131) ; and, with a triangle of Class I., is equivalent to the 
formulas in Spherical Trigonometry 

1 — cos^a — cos^ft — cos^c + 2 cos a cos 6 cos c = ic^sin^a sin^ft sin^c 
= sinM sin^ft sin^c = sin^a sin^j? sin^c = sin^a sin^ft sin*(7. 

165. To obtain the Addition Theorem for Weierstrass's 
functions, we consider the intersections of the cubic curve 

2/2 = 4aj8-^2^-Sr3, or X, (1) 

with an arbitrary straight line 

y = aa:+i8; (2) 
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80 that 



and (§ 144) x. 



Now, if a?!, x^t ajg denote the roots of the equation 

ifX^-g^-g^-iax+^y^O, (5) 

then aaji+jQ+ ^Zi = 0, 

a — ~~ , f^ ^ > 

The elimination of a and ^3 between these two equations and 

leads, as in § 144, to the determinant (Q) 

1, x^, JX^ 1, j»M, p'u 

1, x^ JX^ =0, or 1, ^v, p'v =0, 

1, ojg, VZg 1, jw, p'w 

where tt+t'+tc; = 0. 

In addition, from (5), 

x^^ + iCa^i + ^xX^ = - ifl^2 - ia A 

so that 

(a?! + ajg + aJsX4a;ia;2aj3- g^ = (aj^Xg + a^Zi + iTiajg + \g^^ (I) 

166. Consider the intersections of the fixed cubic curve 

y^=Aa?+^Bx^+^Gx+D, (1) 

with a variable straight line 

y = ax+fi (2) 

Then ylrX=={ax+pf''(Ax^+:mx^+SCx + D) 

= {a^-A){X''X{)(x-x^){X''X^\ (6) 

and X, + aj., + rco = — 3 "f^^. , 

^2^3 i" iCy^i T" X1X2 — 0—3 -jTi 

or - A 

Denoting by y^, y^, 3/3 the corresponding values of y, then 

= €?x^x^+{B-\{a^-'A)(x^+X2+x^]{x^^+x^+x^x^ 
+ {C+\{a^-A)(x^^+x^^+x^x^)(x^+X2+x^ 
+ 2) — (a^ — -4 )x^x^^ 
= ^ x^x^^ + B{x.^^ + iTjCCi + x^x^ + (7(Xi + ajg + ^s) + ^' 
as in § 145. 
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Now, if the constants a and ^8 receive small increments 
Sa and Sfi, then 

and \lr\ = (a^'-A ){a^ - x^)(a^ - x^\ 

so that ^ = 3 -^i§^ (7> 

and 

^+^+^=3( ^' + ?« + -^o )4% 

y* Vi y» vcg-a^.^i-xg Xi-JBj.Xg-iBs iBj-ajj.ojj-Va --4 

■>-3(— ^— . ' H- - -'—)4^, 

^8-^1-^-^2 a?i-«2-«2-^8 x^-x^.x^-x^JaP-A 

= 0, (10) 

and the sum of the three integrals is a constant, which can be 
made to vanish by taking for the lower limits a root of the 
equation j/ = 0. 

In the particular case of the cubic curve 

the relation expressing the coUinearity of the three points is 

Now, as in § 145, with g^ = ^y fl^3=li ^^^ 

and, by symmetry, with 

we find from (F) § 144, after reduction, 

so that u+i; = a, a constant. 

With pa = l, then (§ 149) p2a = l ; so that (§ 62) 

p2a = p(2«)2 — a), or a = fcwg. 
We may therefore put 

and express x and y by functions of t 

For any other arbitrary value of a, the integral relation 
connecting x and y will be, by § 145, 

(1 -a;S)(l «y»)(l ^e3) = (l -0^3/^)8 ; 
and treating z as constant, this leads to the differential relation 

{l^7?)-^dx+{l-y^)-ldy = i). 
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We can put 

(1-a^)* (l-y^)^ (l-2»)i 

^""--r:—^ ^'=-r-y' ^--T^' 

where u+v+w = {) ; 

and ^w=^l, for the value z = go; and then 

iC» + y8 = l. 

167. When the quartic X is resolved into two quadratic 
factors N and D, we may replace (1) by the quartic curve 

y'=NID; (1) 

and now equation (4) is replaced by 

PJD+QJI^=0; (4) 

so that equation (5) becomes 

. I^D-^QW=0 (5) 

The elimination of the constants from the pleoaua of equations 
determined by the roots of this last equation (4) leads to 
determinants, whose rows are of the form 

For instance, by taking P and Q linear, so that the variable 
curve (2) or (3) in § 162 is a hyperbola, we can obtain the 
integral relation of § 154 in the form 

( W. IJurnside, Messenger of MatheToatics.) 
We have taken JT as a quartic function of x, so as to apply 
to the elliptic functions, but Abel's theorem holds for any 
higher degree of X, the method of proof being exactly the 
same; and, according to Klein, we resolve X, supposed of 
even degree, into factors N and D, diflTering in degree by or 
a multiple of 4, when we wish to make use of the fixed curve 

1 68. The reader is referred to the treatises of Salmon or of 
Bumside and Panton for the proof of the Theorems in Higher 
Algebra quoted here ; they are easily verified, however, if we 
work with the quartic in its canonical form 

U= ic*— 6m a^^+ y^; 
when -ff = — mx^ + (1 — 3m^)a^^ — niy^ 

G==i{1^9m^)xy(x^^y'). 
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The following examples, taken from recent examination 
papera, will illustrate the character of the algebraical work. 

Examples. 

1. Denoting by U the binary quartic, reduced to its canonical 
form, a^ — Gma^y^ + y^, its quadrin variant and cubinvariant by g^ 
and ^3, and its Hessian and sextic covariant by H and 0, 
prove that 

(i.) 4m8-sf2m-.(78=0; 
(iL) H-^mU is a perfect square ; 
(iii.) 4m^g,HU^+g,U^+(P=^0; 

(iv.) h(^, -^^-lQH(gH^g,U)(g,H+Sg,U); 

(vij.) the Hessian ofW+fiH is 
and the sextic covariant is 

2. Denoting the roots of ^€?'-g^—g2=0 by e^, e^, e^, prove 
that the roots of {x^ + \g^^ ± 2g^ = 

are of the form s/(^^s) + s/i^s^i) + s/i^i^z)- 

3. Denoting the discriminant, Hessian, and cubicovariant of 
a cubic 17 by A, K, and J, prove that 

(Work with the canonical form U=ax^+hy\) 
Denoting the same functions of W+ijlO by A', K\ J\ prove 
that A' = (X2-/x'A)2A, 

4. Prove that X and F in § 139 have the same invariants y^ 
and g^ (Bumside and Panton, 1886, p. 418). 

5. Prove that, in § 156, 

is the square of a linear factor of X. 
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6. Discuss the properties of the quartic X' in § 1 53, whose 
roots are a\ jS', y\ S, 

7. Prove that (§ 160) 0^, ^^ ; Q^, <f>^ ; 6^ </>2j define um involu- 
tion of the roots of the sextic covariant (R. Russell). 

8. Prove that the cubic substitution 

y= ^(ba?+3cx^+Sdx+e)/(aa?+Sbx^+Scx+d)= -XJX^ 
, dy __ Sdx 

where Ux={ay b, c, d, e)(x, 1)^ 

(Hermite ; Crelle, LX., p. 304 ; R. Russell, Proc. L, M. 5., 
XVIII, p. 52.) 



9. Integrate / — ^^ ~ry 



10. Prove that, with « = pit, 

J{p2u - Ca) + s/(^2w - e^) = - 2(8 - 6^(8 - epWu ; 

11. Prove that, if 

(i.) iQ{v; -20, -40) = 5, then p2t' = 0, pSv= -i, j?4i;= f, ... 

(ii.) Kt';-60, -10) = 5, 0, i, i^,... 

<iii.) j^v; -15, 19)=i I, VV,... 

12. Prove that 

(1)/{A+Bx)dxly is elliptic, if 2/2 = (l- a;2Xa+ 3a;- 4iB»); 

(ii.) f(A+Bx+Cy)dx/— is elliptic, if 

K^f y) = (cLf fc, c,/, flr, hXx-, y\ 1). 
(W. Burnside). 



CHAPTER VI. 

THE ELLIPTIC INTEGRALS OF THE SECOND AND 

THIRD KIND. 

169. The Elliptic iDtegrals, and thence the Elliptic Func- 
tions, derive their name Elliptic from the early attempts of 
mathematicians at the rectification of the Ellipse. 

It was some time before mathematicians perceived that the 
simple integral to begin considering is 

which has not originally such a special connexion with the 
ellipse ; but the name Elliptic Integral has nevertheless been 
retained generally for all integrals of this nature. 

To a certain extent this is a disadvantage ; not only because 
we employ the name hyperbolic function to denote coshu, 
sinhu, tanhu, ..., by analogy with which the elliptic functions 
would be merely the circular functions cos 0, sin <f>, tan 0, . . . ; 
but also because it is found that the elliptic functions are a 
particular case of a large class, called hyperelliptic functions, 
but included in a larger class, called Abelian functions after 
Abel, which, beginning with the algebraical, circular, hyper- 
bolic, and elliptic functions of a single argument u (j> = l) 
are in the general case the functions of;/) arguments which are 
met with when we consider the integrals 

/{I, X, x^ ..., xP-'^) dx/^X, 

arising in the linear transformations oi fdjx\JX^ in which 
JT is a rational integral function of x of the degree 2jt)-|-2; 
for now the linear transformation (Za;-f-m)/(ra3-|-m') converts 

fdxlJX into (Zm'-rm)/(ra; + m')^-icir/^Z. 

175 
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170. Legendre's elliptic integral of the second kind has already 
been defined in § 77 ; and denoting it by ^0, then the length 
of the arc BP of an ellipse is given by aE<p, where the arc BP 
and the excentric angle of the point P are both measured from 
the minor axes OB, and now the modulus is the excentricity of 
the ellipse. 

The quadrant of the ellipse BA is given by aE, where, 

as in § 77, E denotes /A<f>d<pf the complete elliptic integral of 



the second kind, in which = Jtt. 

The perimeter of the ellipse is therefore 4kiE, the same as 
that of a circle of radius aE/^ir. 

The periodicity of sin <p and A0 shows that, as in § 14, 



and generally Ei^ir + 0) = ^n\E-^ E<l>, 

when m is an integer. 

Expanded in ascending powei*s of the modulus k, 

A^ /I ^' 9.\h ^ "^l-S.o ... 2n — 1 (/csin^)^ 
SO that, employing Wallis*s theorems of integration, as in § 11, 

^.>w=i.[.--f(Hfc¥)'i£i]- 

*=i 

whence the numerical value of E can be calculated. 

Tables of the numerical values of E<p for every degree of ^ 
and of the modular angle are given in Legendre's F. E,, XL, 
Table IX. ; while the values of log -& are given in his Table I. 
for every tenth of a degree in the modular angle. 

We reproduce this Table of logE, and of logE', correspond- 
ing to the complementary modulus k, to 7 decimals, and to 
every half degree in the modular angle Ja, corresponding to 
the values of log ^ in Table I., p. 10. 

171. By differentiation and integration, we prove that 
d/E<t>\ F<i} d. jp,\_f<^<t>_E<l} K^ sin0co80^ 

and therefore, with = i7r, 

d(E\_ K d j.._E 
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We can now prove Legendre*8 relation, that 

EK'+E'K-KK' is constant, and = J-tt ; 
for denoting it by A, we find that dA/cU^^O, so that A is 
independent of /c; and taking ic = 0, then 



172. la Jacobi's notation, with = amu, 

Eip = jFam u =y^dnhidu ; 



and now, from the quasi-periodicity of am u (§ 14), 

E{mTr +</>)= E am(2mK +u)==2mE +E am u, 

where m is an integer. 

We may therefore, as in §78, separate j^amu into two 

parts, one the secular part, increasing uniformly with u, at a 

rate 2E per increase 2K of u, and the other a periodic part, 

denoted by Zu in Jacobi's notation, and called the Zeta 

function ; so that 

^ am u = Eu/K+ Zm, 

or Zu=/{dnhi'^E/K)du, 



The Addition Theoi^emfor the Second Elliptic Integral. 

173. A well-known theorem, due to Graves and Chasles, 
asserts that if an endless thread, placed round a fixed ellipse, is 
kept stretched by a pencil, the pencil will trace out a confocal 
ellipse (fig. 22). (Salmon, Conic Sections, § 399.) 

If the excentric angles (measured from the minor axis of the 
ellipse) of the points of contact P, Q of the straight parts of 
the thread PR, MQ are denoted by <p, yfr, so that the 

s.TcBP=aE<t>, a,rc BQ =^ aE\l^ ; 
and if we put <p = a,mu, \lr=B.uiv, the modulus k being the 
excentricity of the ellipse, then, as asserted in ex. 6, at the end 
of Chap. IV., R moves on a confocal ellipse, when u— v is 
constant, and conversely. 

For the coordinates of R being given by 

__ cos \ff — cos ^ , sin d> — sin yft 



sin 



(0-V^) ' ^ sin(0-Vr) 



we find from Jacobi's formulas (4), (5), and (31), § 137, replacing 
u and V by ^(u+v) and i(u^v), 
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-cdi(ii.-v) = Bn J(tt+u), gen J(w-v)=cni(u+w); 

and ixlafHy!^'f = \. 

where a = adc J(«.— r). /3 = &nc J(u— v); 

80 that <^-^ = a^-h\ 

uid therefore £ describes a coofocal ellipse, if u — v ia constant. 

If u+v is constant, 

we find (x/a7-(j//^*= 1, 

where a'=a«8n J(w+i;), (8' = aii:cn J(it+tj), 

so that a'* + ^' = a?ic^ = a« - 6*. 

and ^ therefore describes a confocal hyperbola (MacCullagli). 

To realise mechanically this motion of R on the hyperix>la, 
the threads RP, RQ must pass round the ellipse, and be led, 
in the sa/rru direction, round a reel moveable about a fixed 
axis at (7; so that, as the reel revolves, equal lengths of thread 
are wound up or unwound. 

If the hyperbola starts from the ellipse at L, then 
PR-as:aPL = QR-UKQL. 
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If the threads are wound in opposite directions on the reel, 
then R will describe a confocal ellipse, as at first ; but in this 
case the reel may be suppressed, and the thread merely made 
to slide round the ellipse, as in the theorems of Graves and 
Chasles. 

Moreover, it is not necessary that the tangents RP, RQ 
should proceed to the same ellipse, but to any two fixed con- 
focals, and the same theorems hold. 

If tangents R'P", RQf, are drawn to the ellipse from any 
other point R on the confocal hyperbola RR, forming with RP, 
RQ the quadrilateral RrRV, then r, r' lie on a confocal ellipse, 
by the preceding theorems ; and now a circle can be inscribed 
in this quadrilateral whose centre is at T, the point of concourse 
of the tangents to the confocals at jB, r, R, r'; for TJB, Tr, TR, 
Tr' bisect the angles of the quadrilateral; (Salmon, Conic 
Sections, § 189). 

If R is brought up to L, the circle touches the ellipse at L ; 
so that the point of contact of the circle inscribed in the area 
bounded by two tangents and the ellipse is at the point where 
the confocal hyperbola through the point of intersection of the 
tangents cuts the ellipse. 

174. Putting u — v = w,orF^'-FyJr = Fyy 
then when v = and Q is a,t B, u = w and P is at (? where 
= y suppose; while R will come to D on the ellipse jRD, where 
it is cut by the tangent at B, 

Now, since 

PR+RQ-avc PQ^BD+DO-Kvc BO, 
or arc PQ - arc BG=PR+RQ-BD-DO; 

therefore E^ — E\[a — Ey = a certain trigonometrical func- 

tion of <f>, \[a, y, which is found to be — /c^sin ^ sin ^ sin y ; 
this is the Addition Theorem for the Second Elliptic Integral. 

T? r>T>9 pf • cos\/r-cos^V . , o f siu <A-sin •0- 1^ 

For PR^ = a^ sm — ^ — yf \ +bH- -.-^- — rf-cos d> \ 

^ (g^cos^^ + b«sinV){ 1 - co8(0 - yr)}^ 

sin^(^-^) 

sothatPE = aA0 ^-.^7l^"y , i?Q=aA^ ^"^7l^"tl 

^ 8in(0 — Yr) ^ ^ Qini^ — x/r) 

while BD = J^^=.^^,DG=aAy^-^^^^. 

smy ' siny 
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Therefore, by § 121, 

= a—i — -- {cos <f> cos \[r + sin </> sin ^Ay — co8(0 ~" V^)} 

= — a — ; ^ sm d> sin xlr 

sin y ^ ^ 

= — a/c%in <f> sin yfr sin y. 

In Jacobi's notation this is written 

Eeanu-^Eamv—Eamiu—v), or Zu—Zv—Z(u—'i;) 

= — /c^sn u sn t; sn(u — v), 

175. Putting v = w, and therefore u = 2t(;, then 

^am 2w-'2EQ.mw= — /c^sn 2t(;sn%, 
or changing w into ^tc;, 

^amty— 2£amit(;= —i^nw8n^w= —sn tw^r-r (§ 123). 

^ ^ l+cntc; ^^ ' 

Then PR+RQ^-atc PQ=52)+2)(?-arc JS(? 
= a(l+dnt^)i:i5^-ai;am.. 

= a(l+dniy);i-; [-aanw y- 2a j& am hw 

^ '^l+cn^(; l+cntc; ^ 

o / sntc; J, 1 \ ft /sn itc; dn ill; „ i \ 

\l+cnii; ^ / \ cn^w ^ /' 

and now en ^w, or en Hu—v) = b//3, where ^= OK. 

176. A ready way of proving the Addition Theorem is to 
take the spherical triangle of Class II., in which 

il=amt;i, -B = aniV2» C'=am'y3, 
where v^+V2+v^ = 2K, 

and to vary all the sides and angles, keeping k constant. 

Then dv^+dv2+dv^ = 0, 

or dA /cos a + dB I cos b + dC/ con c = 0, 

or cos b cos c . d-4 +cos c cos a . dB +co8 a cos b . dC= 0, 
or (cos a — sin 6 sin c cqs il)d J. + (cos 6 — sin c sin a cos B)dB 

+ (cos c — sin a sin b cos C)dC= 0, 
or cos ad-4 + cos 6c?5+cos cdC 

= K\smBsinGcosAdA +smCsinAco3BdB +8mAsmBcosCdC) 

= /c^(i(sin -4 sin B sin (7).. 
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Integrating, 

E(A)+E(B)+E{C)'-2E=KhmABmBBmC, 

since ycos odA =/j{l -KHm^A)dA = E{A), 



and ^2 = makes 5 = 0, and Jl + (7= tt, or E{A) + E{C) = 2E. 
In Jacobi's notation 

-Sam v^-\'EKm t'2+ jE?am Vg— 2jF=/c%n v^sn v^n v^ 
or Z-^i + Zv^ + 2^3 = /c%n t;i8n VgSn 7^3, 

with Vi+V2+v^=^2K. 

With u+t;+w;=0, 

Zu+Zt;+Zt(;= — /c^nusnvsn-M;, 
or Zu+Zv— Z(u+'i;)= /c^snusnv8n(u+t;). 

Fagnano's Theorems, 

177. The particular case of the Addition Theorem, obtained 
by putting y = j7r, or u — v^K, was discovered by Fagnano 
(1716), and leads to his theorems, namely, that if P, Q are two 
points on an ellipse of excentricity /c, whose excentric angles 
<f>, \Jr, measured from the minor axis, are such that 

A<f>A\Jr=K\ or tan^tan^=l//c'=a/6, 
then the arc BP + arc BQ — arc AB = a/Ain <f> sin \Jr, 
or arc BP — arc AQ = a/c^sin ^ sin ^ = K^^'ja ; 

and then tan^^ tan^^' = >— ^ ^^^-^ 7^ = to » 

or /c^aj V2 - a2(a;2 + aj'^) + a* = 0. 

On reference to tig. 23 it will be found that, if OY^ OZ are 
the perpendiculars on the tangents at P and Q, then 

(i.) AOZ=<t>, AOY=\Ia, 

(ii.) ATcBP-eLTcAQ=PY=QZ=VQ''PZ 

so that VZ=PT, and PFor QZ=K^xx'la; 
the tangents at P, Q meeting OA, OB in jT, F; 

(iii.) OP^^OQ^ = OY^^OZ^; (iv.) 0F.0Z=a6. 

When P and Q coincide in P, then P is called Fagnano's 
point ; and then 

(i.) the arc PP— arc AF= a — 6 ; 

— 7-Tt \l TT i 

a + b ya+b 



(ill) KF=:a, FH = b, FG^a^b, OG=J{ab); 
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(iv.) the tangents at P, Q intersect in R on the confocal 
hyperbola FRD, through F, D, whose equation is 

a 
(v.) the tangents at P and Q' intersect in R' on the confocal 
ellipse KDH, through K, 2), H, whose equation is 

(vi.) PJB-arcPP=Qi2-arcQP; 
(vii.) the circle inscribed in the region bounded by AD, DB 

and the ellipse AB touches the ellipse at F; etc. 
The proof of these theorems is left as an exercise. 




Fig. 23. 

178. Denoting the arc -4Pby «, the perpendicular OF on the 
tangent at P by p, the angle AOY hy yfr, then by Legendre's 
formula 

^ =^4.,, while PY- ---P 

80 that 8+PY= /pdyjA ; 
and in the ellipse 

p = ^(a^cos^^ + 6-sin^/r) = a A^, 
while 

P F= — dp/dyjr = a/c^sin \fr cos ^/A^ = a/c%in sin ^ ; 
so that 8 + ttic^sin ^ sin ^ = ayA^d^ = a^E?^ = arc JSQ, 



or arc BQ — arc -4 P = a/Ain ^ sin ^, 

as at firsts in Fagnano's Theorem. 
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Confocal Ellipses and Hyperbolas, 
179. If we put 

x-\'iy—csm{<f>+iQ\ 

then a; = c sin cosh 0, i/ = ccos08inh0; 

so that — i:?z+ •^ug/> =^> 
cosh*0 sinh^0 

J^ t-^c^ 

sin^^ cos^0 ' 

the equations of a system of confocal ellipses and hyperbolas, 
since cosh*0 — sinh*0 = sin^^ + cos*0 = 1. 

so that, in an ellipse BF, along which 6 is constant, the 

arc BP = c/y (cosh*^ - sin V)c^ = aJF^ 
as before, with a = c cosh 0, and the modulus equal to the 
excentricity sech 0, 

For the confocal hyperbola, along which is constant, the 
arc is given by 

c/^{cosh^e - cosV)^^, 
which can be expressed by elliptic integrals of the first and 
second kind, of Legendre's form. 

Putting 

a = csin0, 6 = cco80, 

the equation of the hyperbola is 

{xlay-iv/by^l; 
and now the coordinates of any point P on the hyperbola may 
be given by a cosec x, b cot x 5 «^d the tangent at P by 

- cosec X""^ cot x= 1» 

and then amh = i^r — x» 

cosh 0= cosec X, 8inh0 = cotx, tanh0=cosx» etc. 
The tangents at P, and at another point Q defined by x> 
will therefore meet at a point jB, where 

aj_ cot x' — cot X sin (x — xO y sinx — sinx"^ 

a cosec X cot x' — cosec x'cot X cos x'"- cos x' b cos x'— coax' 
When we put 

X = am u, x' ~ ^™^ ^ 
the modular angle being <f>, then as in § 173 for the ellipse. 
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SgCadi 



" i(^ - v) 






and therefore, eliminatiDg en ^(u — v) and dn J(u— v), 

ai(u+v)' " /an i(«+w) ic8ni{tt+v)' 
and a'~^=(^ = a'+b'. 



where a=- 



3 that R describes a confocal ellipse, when u+v ia constant 




Fig. 24. 

180. Bjf putting u+v=K, we obtain theorems for the hyper- 
bola (fig. 24) analogous to Fagnano's theorems for the ellipse. 

Now (§ 123) a = cJ(l+K'), P=cJk. 
or a* = c(c+6), ^=cb; 

and R describes the ellipse FD, whose equation is 

which will intersect the hyperbola in a point F, the analogue 

of Fagnano's point on the ellipse, the coordinates of which are 

C8in0^(l+cos0), c(cos^)* 
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Now, as in § 57, with 

X=amu, x'=amv, and u+v=Kf 
AxAx=/c'=co8 0, 
and cot x cot x' = /c' = cos </>, 

or sinh sinh ff = k, 

and ifx,y and a;', y' denote the coordinates of P and Q, 
a; = a cosec x = a Ax'/cos x', ic' = a cosec x' = a Ax/cos x ; 
y = a cotx=a/c'tanx', y'=a cotx' = a*:'tanx; 
and thus yy' = aV = c^cos*^. 

Drawing the perpendiculars Y, OZ from on the tangents 
at P, Q, and denoting the angles AOY, AOZ by w, o'; then 

tan 0)= -^-= ^'^ = tan cos x= tan <f> tanh = sin sin xl^X > 

sin ft) = sin sin x', cosft) = Ax', sinft)'=sin^sinxi cos &>' = Ax- 
Now denoting OY, OZ by p, 2>', then 
p = f^{a^oos^oo — bhin^co) = c^(si}i^<f> — sin^ft)) = c sin cos x' ; 
pp' = c^in^^cosxcosx' = c^sin^^cos ^sinxsinx' = c^cos0sinft)sinft)'. 
Making use of the formulas 

^=^^!p^P and PY^^"^. 

then 

P F— arc AP=y^pd(t) = cf^{^m^(f> — sin2ft))dft) 



= c/sin V cos V^X Mx = ^/(^ V - O^xV^X 

=c(^x'-'^''^x); 

also P F= c sin ta cos co/^{sin^</> — sin^ft)) 

= c tan x' Ax' = c/tan x Ax 
= c cosh sinh ©/^^(cosh^© — sin*^). 

181. The arc ^P of the hyperbola is now expressed in terms 
of an elliptic integral of the first and of the second kind ; we 
can however express the arc by means of two elliptic integrals 
of the second kind, or by two elliptic arcs by means of Lan- 
den*s transformation (§ 67). 

We shall find that if we put 

u>+x= ^V^» ^^ sin(2^ — x) = sin w = sin <p sin x', 

then tanx'=-S?^^,. s.o^Jl±^^^^, 
^ sin0+cos2^ ^ sin 0+ cos 2^ 

, « 48in0 , 1 — sin0. 

where ir= >, . - -^tt?! y = ., , . — 5^> 

^ (l+8in0)2' ^ l+sm0 
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,__ sin2>/r . __ sin08in2>/r 

^'^^-' (l+8in0)A(Vr,y)' ^'"^ ^ ~ (l + 8in0)A(V^:yy 

. , l + 8in0cos2\/r 
'^ (l+sm0)A(V^, y) 

^(8in*0 — sin^ft)) "" Ax' "" (1 + sin <f>)A{\[r, y)' 

cos ft) + ^(sin*^ — sin^ft)) = Ax' + /c cos x' = (1 + sin 0) A(^, y) ; 
so that 

(1 +8in 0)A(V.. y)dV.=^^^^^±Jp^V 

= (Ax'+2.cosx'-|-~,)dx'. 

Integrating, 

(1 +<c)^(V'. y)=^x'+'^ sin X - J'c'^^x' ; 
and now the arc of the hyperbola 

AP=PY+2cicsmx'+cEx'-2c(l+K)E{\lr,y). 

182. If we put X-x' = h'>r-i, 

then we find (§ 180) 

^^ (l+co8^)tan^ ^^. sec VAx' 

^ 1— co8^tan*x'' 1 — coa ^ tan*x'' 

, ._ (l+co3^)8inx'co8x' 
8in f ^^^7 . 

A(f.A)- ^^, -(i+co8^)Ax" 

and jr^-^^=(l+coa^y^„ with X=tan*J^. 

Now, 8in(2x' — ^ = X sin £, 

as in Landen's second transformation (§ 123); and 
(1 +cos^)A(^, X)di= (AV+C08 0)W/AV 

= (Ax'+2co8^^^^,+^2^>x 

= 2Ax'dx'+2cos4<-sin*^«i?-^). 

Integrating, 

(1 + cos <f>)E{^, X) = 2Ex' + 2 cos ^^x' - "^^ V si° x' ^os xV^x' 5 
and the arc AP can be expressed by means of E^' and E{^, X). 

When X = x' = ^^ i-^> then ^= Jx ; 
also (§ 175) 2E/= E(k) + 1 - cos <p, while 2F^ = K ; 
80 that (1 + O-fi^CX) = E{k) + k'K. 
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183. The following theorems, analogous to those of § 177, 
can easily be proved by the student : — 

(i.) The difference between the infinite asymptote DT and 
the infinite arc FT is equal to -42)— arc -4-^; so that 
the difference between the infinite asymptote OT and 
the infinite arc J-Tis equal to 0D+AD'-'2bxcAF\ 

(ii.) the coordinates of F are {c+h)^ {{c—h)jc)f s/Q^I^)'y 
and the tangent FK=AD=^h, KG = c; 

(iii.) the tangents at P, Q intersect in It on the confocal 
ellipse through F, whose equation is 

and the tangents at P\ Q intersect in R on the eon- 
focal hyperbola through D and K, whose equation is 



c—a a 
(iv.) PR-axcPF^^QR-ATcQF; 
(v.) P'ir+ii'Q-arcP'Q is constant; 

(vL) the circle inscribed in the region bounded by the 
straight line AD, the asymptote DT and the hyper- 
bola AQ touches the hyperbola at F; 
(vii.) PT= c cot xAx, Q V= c cot x'^X* Q'^ = cAx'/sin x'cos x'. 

PT,QV=FK\ PY.QZ=c\ 
Qv-PT^QZ, or vZ = PT, 

Pj;^,^ l-co«(x-xO ^ jiQ^eM- ^-r^^-A eic. 
8in X cos X — cos X sin x cos x — cos x 

184. The geometrical theorems of § 173 for the ellipse hold 
with slight modification for the mechanical description of con- 
focal ellipses and hyperbolas from a fixed hyperbola. 

The threads from the reel must be led round distant points 
on the hyperbola APQ (fig. 24) and be wrapped on the curve ; 
and now, starting from F, the confocal ellipse FRD will be 
described, if the threads are led off in the same direction. 

At J5, one thread DT must be supposed of infinite length ; 
and, beyond D on the ellipse FD, the thread DT must be trans- 
ferred to the other branch of the hyperbola. 

By making the threads come off the reel in opposite direc- 
tions, the confocal hyperbola DK can be described, starting 
from D or any other point jB. 
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185. The integration of the functions of § 77 can now be 
expressed by means of the elliptic functions, and of the function 
Eejn u, defined by 



Then J^i^nhjidu =u—E am u 



ft^QvNidu = jF am u — k'^Vj. 


To integrate a reciprocal function, for instance nd^u, we 
notice that 

T-2 log dn u = ic%d^a. — dn^u, 

so that J^K^ndihidu = E am u — /c%n u en u/dn u ; 



and so on. 

Again, since cd^=sn2(ir— u), 



^u — E+EeLmiK—u) 

= u — ^amu+/Anucn u/dnu ; 

and since K^ndhi = du^K—u), 

/K^ndhxdu ^E-E am(ir- u) 

= J? am u — ic^sn u en tt/dn u, 

as before. 

In Problem III, § 86, we find 

dt dn^e . -. 
dQ cn20 

and n^ =fd^QdQ = - ^^ am + sn dn 0/cn 0. 



(> 



Examples. 



1. Prove that the area of the Cassinian 

r* - 2a Vcos 20 + a* = 6* 

is 2/(6* - a*sinV)*d0, if 6 > a ; 



or 2 /(a*-6*sinV)'*6*cosVd0, if a > 6. 
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2. Rectify, by means of elliptic arcs (pointing out the 
geometrical connexion), 

(i.) yjb = sin xja, cos xja, cosh oj/a, dn xfa, en xja, sn xja, . . . ; 
(ii.) r=bcos{b6/a) or acos(a0/6), the pedals of an epi- or 

hypo-cycloid ; 
(iii.) rcos(60/a)=6, or r cosh(60/a) = 6, Cotes's spirals; 
(iv.) the lima9on r=a+bcosd, the trochoid, and the epi- 

and hypo-trochoids. 

3. Express a; as a function of 8 in the Eldstica of § 97. 

Prove that if the ordinate is made equal to p, the perpendic- 
ular on the tangent from the centre of an ellipse or hyperbola, 
and if the abscissa is made equal to the arc -4P±PF, the 
curve will be an Elastica (Maclaurin, Flv^ons^ 1742.) 

4. Prove that (l^^^)^+}—^if^-.K=0; 

^ di^ K cLk 

Change the independent variable in these differential equa- 
tions from /c to A, 0, or u, where 

/c = >^^ = sin0 = tanhu; 

and reduce the resulting equations to the canonical form 

y dx^ 
Solve the differential equations in which 

1— /dfc' 
J=z------^^^ cosec220, — co8ech*2u, — sech*2u, .... 

(Glaisher, Q. J, M,, XX., p. 313 ; Kleiber, Messenger, XVIII., 
p. 167.) 

5. Prove that, if u^+U2+u^+u^= 0, 
Zuj -f- Zitg + Zug + Zu^ 

A T" f^S-tSaOoSA ^ 0| So Oq 8a / 

_ yd^d^djl^^ fs^c^ 80C2 , Vs , ?4p4\ 
^ K^+d^d^d^d^K rfi ■*■ "^2 rfs X / 
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The Elliptic Integral of the Third Kind. 

186. We can now make a fresh start, and prove the Addition 
Theorem for the Zeta Function independently ; and then pro- 
ceed to Jacobi's form of the Third Elb'ptic Integral. 
{Fvmdamemia Nova, 49; Glaisher, Proc, L.M,S, XVII. p. 153.) 

Multiplying formulas (3) and (6), § 137, 

J «, , V J «, V — 4/c%nucnudnusnt;cnt;dn t; ,-v 
An\v,+v)-dv?{u-v)^ (l_^p.^^y .-(1) 

and, integrating with respect to Vy 

ET /,\.ET / v^2cnudn u/sn u 

^am(u+t;)+j&am(u— i;) = C — :; s — ^ ' « 

^ ^ ' ^ ^ 1 — ic^n^usn^ 

where C is the constant of integration, independent of v. 

To determine G, first put v=^u\ then 

r^ n ft . 2 en 16 dn u/sn u 

1— /c^sn*u 

so that, replacing ^am u by Eu/K+Zu, 

„, . X . rz/ V rzo 2 cn u dn u/sn u 2 en u dn u/sn u 

Z(u+t;)+Z(u— v)— Z2u = = 5 — { = 5 — 5 — i— 5 — 

^ ^ ^ ' 1 — K^n*u 1— /c^snntsn^t; 

_8n2u/- 1— ic^sn*u \ 2 9 sn'u — sn^ 

"^ sn*u \ 1 - K^n^snW "" 1 — /c^sn^ sn^ 

= ic^sn(u + 'i;)sn(u — 'i;)sn 2u (2) 

Replacing u+v, u— t;, and 2u by u, t;, and u+v, this 

becomes the formula given above, § 176, 

Zu+Zv— Z(u+v) = /c^snu snt;sn(u+t;) (2)* 

Again, put u=0 for the determination of G\ then 

(7= 2Ew+2 cn u dn u/sn u ; 
and now 

f7/ , X , r^/ \ of7 — 2/c2sn u cn u dn u sn^v ^. 

Z(u+t;)+Z(u— 'v) — 2Zu = ^j „ — 5 9 (3), 

another form of the Addition Equation of the Zeta Function, 
leading immediately to Jacobi*s form of the Third Elliptic 
Integral, as required in § 114. 

187. Integrating this equation (3) again with respect to v, and 
employing Jacobi*s notation of 

ur \ € ff^^^ u CD u dn u sn^i; dv 
^ * ^ J 1 — K^n^Msn*^ ' 



where u is called the parameter, and v the argument, then 

n(v, u) = vZu - jyZ(u + v)dv - i/Z(u - v)dv. 

"0 
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Jacobi now introduces a new function Qu, called the Theta 
Function, defined by 



or 0u = 0O ex^^y^Zudu; (4?) 



so that Zu=7r — . 

W6 



> 



Now yZ{u+v)dv=log ^'^^\ 







fZ{u-v)dv=log^^^^^-^; 



and Uiv, u) = vZu+^ log Q^qijy 







e{u+vy' 

so that the Third Elliptic Integral is expressed by Jacobi's 
Theta and Zeta Functions, the arguments being u and v, two 
in number only, and not three, ti, /c, </>, as in Legendre's form. 

188. Integrating equation (3) again with respect to u, 
/ /{dn%u + v) — dnr(u -'V)}dvdw = log(l — Khnhi sn^), 



or 

^Qg-^^Q:^-+^Qg Qy ^ -21ogQ^=log(l-/c^ngu8n«t;), 

^ai^^^^l-^n'n^'v. (6) 

a formula which takes the place of the Addition Theorem for 
the Theta Functions. 

For instance, putting u = v, 

e2u=(i-/c«sn%)e%/e»o (7) 

Interchanging the argument and parameter, u and v, then 

that n(u, v)-ll(v, u^^uZv-vTai, (8) 

nCv, v) is thus made to depend upon n(u, t;). 
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189. In Legendre's notation^ n(n, k, 0) or simply 110, is 
employed to denote his Elliptic Integral of the Third Kind 

d</> 



A 



f- 



/r 



(l+7i8in20)A0' 



n being called Legendre's parameter (§ 114) ; and with Jacobi's 

notation, n(n, k, am u) = ^^^^^2^ - 


But Jacobi changes the notation, by putting n=— /c^sn^a, 

and by calling a the parameter; also by denoting the integral 

'/c^sn a en a dn a snhidu , tt/ \ 



and not the integral 

r d/ii , . , , . sn a n(u, a) 

1 9 — 9 9-> which equals u-\ 5—^ — -- 

1 — /rsn^a sn% ^ en a dn a 


In Legendre's notation, the Addition Equation of the elliptic 

integrals of the first kind 

F<t> + Fxlr^Ffi, 

leads to Eil>+E\lr--Efji=tc^siu </> sin ^ sin /j., 

the Addition Theorem for the second elliptic integrals ; 
and now for Legendre's elliptic integrals of the third kind, 
the Addition Theorem is (Legendre, F, E, /., Chap. XVI.) 

^ ^ i^a 1 + 71 — 71 COS cos y cos /i 

= l^tanh-i ^^-">^"^^^"t"°^ (9) 

s/\'-o) 1+71 — 71 cos cos Y^ cos /A ^ ^ 

according as a is positive or negative, where 

a = (l+7l)(l + /c77l); 
this can be verified by differentiation. 

This relation is very much simplified by the use of Jacobi's 
function n(u, a) ; and now with > 

= amu, ^ = amt;, /i = am(u+t;), 
it becomes n(u, a) + TUv, a) — Jl(u + -y, a) = J log fi, 

where ^,^9( u-a)e(.-a)e(.+..f a ) 

e(u+a)e(t;+a)e(u+'y — a) ^ '' 

and Q is capable of being expressed in a great variety of ways 
by means of the elliptic functions en, sn, dn of combinations 
of u, v, a. 

O.E.F. N 



194 THE ELLIPTIC INTEGRALS 

\ 90 J 1— ic^sn^(u^a)sn(v— a)' 

1 eo J l-An«(u+a)sn2(t;+ay 

f 9ae(u+i;-a )V ^ 9(u+i;)9(u+t^~2a) 

f9a9(u+t;+a)V_ 9(u+t;)9(u+t;+2a) 
\ 90 J " l—t^sn^aBn^u+v+ay 

(§ 188), so that {Fundamenta Nova, § 54) 

^g _ 1 — K:%n-(u + a)sn^(t; + a) 1 — Khn^a Bn\u + 1; — a) ,,,v 
~1 — iAn2(u— ajsn'^v— a) 1 — /c%n*asn2(u+v+a)"**^ '^ 
One of the simplest expressions, equivalent to that given 
above in (9) in Legendre's notation, is 

Q_l— /c^snusnt;snasn(u+'y — a) ,-gv 

l+ic^snt6sni;suasn(M.+'y+a)' 

and a systematic collection of different forms of Q is given by 
Glaisher {Messenger of Mathematics, X.). 

190. According as Legendre's a or (1 +n)(l+i^ln) is positive 
or negative, so his Integral of the Third Kind 11(71, k, <f>) fells 
into one of two classes, the first called circular, the second 
logarithmic, or hyperbolic, as we shall call it 

In the corresponding classification of Jacobi's form, the para- 
meter a is imaginary or real; and it is remarkable that in 
dynamical problems, it is the circular form, with imaginary 
jacoMan parametgrg, which is of almost invariable occu rrence. 

When Legendre's 

a or (l+n){l+^/n) 
is positive, and the corresponding Elliptic Integral of the Third 
Kind is circular, then Jacobi's parameter is imaginary; and 

(i.) with n positive, we must put 7i= — /An^a; 

(ii.) —/c^>n> —1, we must, according to § 56, put 

n=-,An2(ir+i6), 
as in § 114* ; and now the integral is expressed by ^ • 

n(u, ia) or n(u, K+ib), 
involving Theta and Zeta functions of the imaginary arguments 
ia or K+ib ; for which there is no theorem, short of expansion, 
to express the result in a real form. 

We shall find however, in the applications, that this imagi- 
nary form constitutes no real practical drawback. 
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Taking for example the result of § 114, then, by (6) § 188, 

with u = nt, and a = K+t'iK' \ while 

•/ . ^\ cnadna , ^r/ \ 
<i>-^d)^—^^^1l^\-Ji{u., a), 

vj ^\ /cnadna , „ \ /9(u — a) 

SO that, by multiplication, 

{x + iyXcos /A^ — i sin jxt), or p exp ^(^ — fd) 
, /M-i).i)-C\e(it-a)eo /cnadna. ,y\ .-^x 

which, when resolved into its real and imaginary part, gives 
the vector of the herpolhode, or its coordinates with respect to 
axes resolving with constant angular velocity /i. 

191. Take Jacobi's n(u, a), and split up the quantity under 
the sign of integration into a quotient and partial fractions ; 
therefore 

1 cnadnaj F du C du \ 

2 sna \^1 — /csnasnu Vl + /csnasnuJ 

= u en a dn a/sn a+JI(u, a) ; 
while 

1 en a dn a( C d^i _ /" ^^ \ 

2 sna \y 1— /csnasnu ^l+/csnasnuj 



=/ 



#c en a dn a sn u , 

du 



1 — /c^n^asn^u 
=y { i/c sn (a + 'M') — J/c sn(a — u) } du 

_1, dn(a + u) — /c CD(a + u) dn a+zccna.^p. 

~~2 ^dn(a — tt) + /ccn(a— u)'dna— /ccna^ 

Therefore, by addition and subtraction, 

cnadna /" du __ /„ cnadna \ 

sna ^1 — /csnasnu \ sna / 



1, 0(a— u) dn(a— u) — /ccn(a— u) dna+/ccna 

2 °6(a+u)'dn(aH-u)+/ccn(a+u.)'dna— /ccna' 

cnadna /" dw _ („ cnadna X 

sna y lH-/csna8nu~ \ sna / 

,1, Qja-'U) dn(a — u)+iccn(a-'U) dna— iccna 
2 °9(a+u)*dn(a+u)— /ccn(a+u)'dna+iccna 
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192. Again, taking the formula (7), § 137, 

and differentiating logarithmically with respect to a, 

sn a en a dn a /c%n a en a dn a sn^ 
sn^a — sn^ 1 — ic^n^a sn^ 

1 cn(aH-u)dn(a+u) 1 cn(a — u)dn(a— u) 

2 8n(a+u) 2 sn(a— u) ' 

and then integrating with respect to u» 

/snacnadnaciu__l, 8n(a+u) ^. . 
sn^a — sn% ""2 *sn(a— u) ^ ' ^ 



= -uZa+2logg^^. (14) 

introducing Jacobi's function Hu, called the Eta Functiony 
defined by the equation (Fundarrienta Nova, § 61), 

1 Hu ,- ^, 

'""""^JkO-^ <^^> 

This form (14) and Jacobi's 11(16, a) are the two forms of the 
hyperbolic integral of the third kind to which Legendre's form 
can be reduced for negative values of a. 

When > 71 > — /c^, we put n = — ic^n-a, 

and obtain Jacobi's form n(u, a) of (5). ~^ 

When — l>ti> — oo,we put w = — Ijwo^di, 

and obtain the above form (14). ~ 

This form again can be split up into partial fractions ; and 
a similar procedure shows that, since 



rdvj 



clu , snu , dnu — cnu 

= log Azr;:rr;::r:r.y or log 



snu ^dnu+cnu' ^ qhu 

therefore, by equations (4) and (7), § 137, 
'cnadnasnttcZu 



/' 



sn^a— sn^ 







__ , rsn(a +u)-' sn(a — u) , 
^y sn(a4-u)sn(a — u) 

__x f du ^ . r du 

"^J sn(a— u) t/su(a+u) 



= ilog 
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sn(a + u) dn(a — u)H-cn(a — u) dna— cna 



sn(a— u) dn(a+tt) — cn(a4-u) dna+cna' 



/ 



— 11 ^"(c^—'M-) dD(a +u)+cn(a-i-^) dna— cpg , . 
""^ °sn(aH-u) dD(tt— u)— cn(a— u) dna+cna' '^ 

Therefore, by addition and subtraction of (14) and (16), 
cnadnacJu 



sna— snu 



— _ y 4-11 Q(<^+^) d n(a + u) + cii(a + tt) dna— cna 
"* ^ ^9(a— u) dn(a— w)— cn(a-u) dna+cna* 

cnadnacZu 



/ 



sna+snu 



_ _ « , I 0(a+u) dn(a+u)— cn(a+tc>) dna+cna 
— "Ti ^&0(ot — u) dn(a— w)+cn(a— w) dn a — en a 

By means of equation (6), § 188, and the formulas of § 123, 
these relations may be written 

'cnadnadu 



f 



sna— snu 



= -uZa+ locr Q^K<^+^) an |a en ^(a+u)dn ^(a+u) 

° Q^{a — u) sn ^{a — u)cn Ja dn ^a ' 
'en a dn adu 



/' 



sna+snu 



__ y , 0^^(a+u) sn ^(a+u)cn ^a dn |a 
-'-uLa+ ^oge4(a-'M') 8niacnKa-u)dni(a-u)' 

The student may prove, by a similar procedure, that 



/ 



snadnadlu ,, 1 — cn(a + u) ^, 

= 5 log- )—- (— n(u, a). 

cnu-cna ^ ^l-cn(a-u) ^ ' ^* 

snadn acZu , , l + cn(a — u) . „. 

i = h log TH /t — ( + n(u, a), 

cnu+cna "* *'l + cn(a+u) ^ ' ^' 

/c^snacnacZu ,, 1— dn(a+u) ^, 

-J ^j = i log .j — -T-^. ( - n(u, a), 

dnu— dna ^ *^1— dn(a — u) ^ ' ^' 

/ic^snacnadu , , l + dn(a — u) . „, 

/ snacnadna — snucnudnu , _, 8n(a + u)Q{a + u)QO ^- 
sn^a-sn^u ctu-iog ^-g- e-* , 

/ snudnu-snadna ^^^^^^ , Q(a+u)90 l-cn(a+u) 
cnu-cna ^ 9a9u 1— ona * 
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EvZer'a Pemdvlum, 

193. Cousider for instance the rolling oscillations on a 
horizontal plane of a body with a cylindrical base, such as a^ 
rocking stone, or a cradle. 

Then the Principle of Energy, considering the line of contact 
as the instantaneous axis of rotation, leads to the equation -^ 

i(c2 - 2c/t cos e+h^+ k^)(deidt)^ = flr^(vers a - vers d), 

where 6 denotes the inclination to the vertical of the plane 
through the axis and the centre of gravity at any time t a the 
extreme value of 6, c the radius of the cylindrical surface, ^ the 
distance of the C. G. from the axis of the cylinder, and k the 
radius of gyration about the parallel axis through the C. G. 

When c = 0, this equation reduces to ordinary pendulum 
oscillations, as in (3) § 3 ; but in the general case we have the 
oscillations of what is sometimes called Euler's Pendulum. 

^ (c-h)^+k^+{(c+hY^k ^t B.n^e ^ 
4fgh cos2 Ja( tan^ a - tan^ J 6) ' 

and nowj if we put 

tan Jd = tan Ja cos <f>, 

d^^ ^//(l-sin2iasin20)2 

dt_ lfc^-2chcof\a + h^+J(?\ A0 



=V(^ 



d<f> W ch ) 1 — sin^^asin^^' 

on putting n^^gjc, and 

{c+hf + k'' . ^_ (c-kY-^k^ J. 

'^""c^-2cAcosa+/i2+A:2 ^''*'' " (^-2chcosa+h^+k^^^ *"*• 

To reduce this to Jacobi's canonical form, put = am u, 

andsin2ia = /c^8n*a; then dn2a = cos*Ja, 

- o c^ -'2ch cos a + h^+k!^ « ^chcoaHa 
and sn^a = , . i n» . / 2 » ^n*^ = . , , ,g ,^,0 ; 

,, . dt ^snndna dn^u 

so thatti-,- =2 



du en a 1 — K^ii^a sn^u 

sn a dn a 2/c*sn a en a dn a sn^ 



= 2 



en a 1 — /c^sn^a sn^ 



, , ^sn a dn a g.^. . 

and nt^z — u — 2II(u, a) 

en a 

while tan|d=s tan|a en u. 




y 
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" In the ordinary pendulum, where c = 0, this reduces, as 

in §8, to 

tanjd = tan|a cn(ir— nf), 
equivalent to 

sin^d = sin Ja sn nt ; 

where n now denotes s/ioNi^^'^^))- 

As another application of the Third Elliptic Integral the 
student may rectify the inverse (or pedal) of an ellipse or 
hyperbola, with respect to any point; examining the parti- 
cular case when the point is the centre ; also the case of the 
Lemniscate, the inverse or pedal of a rectangular hyperbola, 
with respect, to the centre (R A. Roberts, Integral Calculus, 
p. 310). 

Examples. 
1. Prove that, if A;+&'=1, 



and deduce Legendre's relation of § 171. 
\: J J J{x.\-x.\-lcx)iJ{-y.l-y.\-ky) 

^ 

„ r"^'' f'^ y—x dicdy ^__T 

y y (1 + «bX1 -^-xy) J( l-a:'- l--c^*)V(y*-l • 1-f^*) ~ kk"" 
» -1 (§66). 

■y Jj{^-X:-e^.x-e^x-e^)J{-4i.y-e.i.y-e^.y-e^) ^"^ 

'* - (§ 61). 

. /'"+''>C! iy-x)cUcdy 

y y V((«-'^)-(a;-m)H«n V{(2/-a)-(2/-»i/+mn " 
« «-* (§ *7). 

T.^Denoting K^E, K'-E, E-k'^K, E^k^K by J, J\ 0, & 
respectively (Glaisher, Q. J. Jl/., XX.), prove that 



\ d#c cLk / K \ (Ik dx/ 



^ 



CHAPTER VII. 

ELLIPTIC INTEGRALS IN GENERAL, AND THEIR 

APPLICATIONS. 

194. The general algebraical function, the integral of which 
leads to elliptic integrals, is of the form 

S+TJX 

where 8, T, U, V are rational integral algebraical functions of 
X, and X is of the third or fourth degree in x. 
We first rationalize the denominator, so that 

S+TJX _ {S+TJX)(U-VJX) _M N 1 
U-\- VJX^ m- V^X '^D'^D JX' 

suppose ; and now the integration of the rational part MjD is 
effected by elementary methods, when it is resolved into its 
quotient and partial fractions. 

In the irrational part NjD^X, the rational fraction NjD 
is also resolved, into a quotient, having a typical term od^, 
and into partial fractions, having typical terms 

l/(aj-a) or \j{x-a)\ 

By differentiation, we find that 

^(aj'»- V-^) = {(^ - l)aa;'»+ 4(m - f )ferc«»- ^ + 6(m - 2)caj'»-« 

so that, integrating, and denoting yaf^dx/^X by u^, 

a;'»-8^Z = (m— l)au„j+4(m-f)6it,n-i+6(m-2)<nt,„.2 

a formula of reduction by means of which the integral u^ is 
made to depend ultimately on the integrals u^ v^, and Uq. 

200 
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Similarly, by differentiation and integration, denoting 

/dxl{x-'a)''JX by v„, 
we can determine another formula of reduction, of the form 

mJX 

(x—ajr 
by means of which the integral Vn is made to depend ultimately 
on the integrals Vj, v^, v»i, and u.g ; or rather, on v^, u^, Uj, u^ ; 
since Vq and Uq are the same, and 

By the various substitutions of Chapter II., u^ is reduced to 
Legendre's First Elliptic Integral, while at the same time the 
integrals u^ u^ and v^ are reduced to elliptic integrals of the 
Second iand Third Kind. 

When 33 — a is a factor of X, the substitution x — a = l/y 
shows. that v^ becomes y^d^/^F, where Fis a cubic function 
of y, and Vj now reduces to the Second Elliptic Integral. 

But without carrying out this work in detail, now only of 
antiquarian interest, we adopt instead the Weierstrassian 
notation : and by means of the substitutions of the previous 
chapter we express x and ^X rationally in terms of pu and 
ff'v, ; 130 that the integration is reduced ultimately to that of 
A +Bfp'ti with respect to u, A and B being rational functions 
of fni, 

196. We must at this stage introduce the functions 

fu and (tu, 

the functions employed by Weierstrass, in conjunction with 
his function pu. 

The function fu, called the zeta function, is defined by 

f'u= — pu, or ft6= —ypudu ; 

while the function cru, called the sigma function, is defined by 

|^logon.=fu. 

or log aru =^f^iidu, au = QX^J^^udii ; 

and thus — ^^T = — ^. 



dv; 
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Taking the definition of 8 or pu in § 50, 

expand in descending powers of 6, and integrate ; then 

the * marking the place of a missing term in the expansion. 

Therefore, by Reversion of Series, since u^ is a rational 
function of «, we obtain, in the neighbourhood of u = 0, 

8 or j»tt = -,+ .+-"'|o +%-+.... 
To obtain further terms of the expansion, assume 

and since p'hi = 4^*i6 — g^ipu — g^, 

we can obtain from the last equation a recurring formula for 
the determination of the coefficients c ; and as far as u®, 

*^"u2^ * ^ "20 ^ 28 ^2* :3 . 52^2*'. 5 . 7 . 11 ^ - • 
The expansion of the zeta function is now 

^ u"^* 00 140 2*. 3.52. 7 2*. 3. 5.7. II "' ' 
so that, defined more strictly, 







Similarly we shall find, for the sigma function, 

^,-„^ /72^' gs^' g a'^' gggs^" 

<^-^+* 2*.3.5 28.3.5.7 2».32.5.7 27.3«.5«.7.11 '"' 

so that, strictly defined, 

log (tu = log u+ / l^u jdu, or <7U = uexp / f f u jdic. 
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Homogeneity. 

196. From considerations of homogeTieity it follows, that if 
u is changed into u/m, and at the same time if g^ and g^ are 
changed into m^gfg ^^^ ^Vs* *'^^^ 8 or pi6 is changed into m% , 
or 7n?pu ; so that 

pC-*^; 92* 93)=— 2P {^^ ; ^V2» ^Vs) ^ 

and similarly 

At the same time the discriminant A becomes changed to 
7n}^Af but the absolute invariant J is left unchanged (§ 53) ; 
we may in this manner alter the argument u proportionally ; 
for instance by taking m = iy{e^ - c^) we can make the argument 
the same as in the corresponding elliptic functions (§ 51). 

When m is chosen so that m^^A = l, or m = A"^,the elliptic 
integral is said to be normcdised (Klein). 

Suppose, for instance, that g2 = ^, 
and m, m? are the imaginary cube roots of unity, — J± Ji^3 ; 
then m* = l, and u/vi = mhi; 

so that p(m2u ; 0, g^) = m^ip(u ; 0, g^\ 
p(m u ; 0, g^)=7n p(u ; 0, g^), 
while p'u = p'mit = p'mhi. 

Again f (tt : 0, gS) = — t— = — ^ ^- 

<r(u ; 0, a„) = tmot - = 7>iV - 

V »i/3/ ^ ^2- 

This is the simplest illustration of the theory of Complex 

Multiplication of Elliptic Functions, of which we shall make 

use hereafter ; the general theory is required in the integration 

of the equation 

Mdy dAJC 

s/('^y^-92y-93)'' s/{^^-9^-9s) 
for particular numerical values of g^ and g^, when 1/M is a 

complex number of the form a+ib^n ; in this instance 5^2 = ^» 

and M is an imaginary cubic root of unity. 
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197. With the aid of these three functions of Weierstrass, 
pu, fu, and <ru, it is possible to express any elliptic integral, 
and we can thus complete the problem left unfinished in § 194 

The function ^u is analogous to Jacobi's Zeta function ; and 
with 8 = pu, it may be defined by the relation 

=/i8-i+ ♦ +^rg28'^+^g^-^+...)d8 
Thus, for instance, from § 153, with appropriate limits, 

dx 

To obtain the Addition Equation of the zeta function 
analogous to (2) and (3) of § 186, take the formula (F) of § 144, 

impl3dng also the formula, obtained by changing the sign of v, 

SO that, by subtraction, 

^u-v)-9(u+v)= (^^i^ («) 



where u=/ - 



Integrating (a) with respect to v. 



pu 



where C, the arbitrary constant of integration, may be obtained 
by putting ^ = 0, when jpy = oo ; so that 0= — 2fu, and 

^(u-v)+t{u+v)-nu^ ^^, 03) 

An interchange of u and v gives 

-^n-v)+^'u,+v)-2^v^ ^^; (30 

SO that, by addition, 

^v,+v)- fu - tv = /""^''' (y) 

the Addition Equation, analogous to (2*) § 186. 



^ 
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With U + v + W = 0, 

this may be written, analogous to § 176, 

198. We can now take the function A+Bp'u of § 194, and 
suppose that A and B are resolved into their quotient and 
partial fractions. 

Writing p, p\ p'\ ... for pu. and its successive derivatives, 
then the relations 

p'"=12^',etc., 
enable us to express the quotient or integral part of il+-Bp'u 
in the form 

Considering next a partial fraction of A-\'Bi^'u of the form 

pu — a 
we replace a by py, and write the partial fraction in the form 

pu — ^v pu — ^i; 

AH such partial fractions can thus be expressed by a series 

of terms, 

L = l^liu - i^i) + l^iiv. - Vg) + l^l(n - 1;3) + . . . , 

where the sum of the coeflScients I is zero for each partial 
fraction, and therefore for the whole series ; so that 

Again, by repeated differentiation of equations (j8) and (y8') 
(§ 197), with respect to n or v, we obtain equations, such as 

by means of which partial fractions of the form 

P±91'^ oreenerallv^t^^. 

can be expressed by terms of the form p(u4-t;), ^u — v), and 
by their derivatives ; as well as by terms of the form L and C. 



i 
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Thus, finally, A+B^d'u, or any rational function of pu and 
^'u, can always be expressed as the sum i + P of two series of 
terms, L = l^^u - 1\) + l^^(ii - v^) + l^^u - v^) + . . . , 

where ii + ^2+^8+---=^» 

and P = c+ 2m p^^\v, — v) ; 

and now the integral can immediately be written down, in- 
volving, in general, the sigma, zeta, and p function, as well as 
its derivatives. 

When the sigma and zeta functions are absent, the integral 
is a function of pw and p'u, and is not properly elliptic, but 
only algebraical. 

This method of integration is taken from Halphen's Fonc- 
tions ElliptiqueSy I., chap. vii. 

Halphen points out that to obtain the coeiScients in the 
series of terms 

l^vb -'V)+ mQ<p{u — v)-^ m^<p\u — t;) + m^p\u — v) + . . . , 
corresponding to the same v, it is only necessary to take the 
coefficients of (tt — -y)"^, ('ic — v)~^, (u — t;)-^ ... in the expansion 
of A + Bfp'u in ascending powers of u—v; the coefficient I 
being Cauchy's reaidiie. 



/: 



199. Integrating (/8) with respect to v, then 

■P'^^^ =log'^,«l±-^>-2.f« (fi,) 



which may be considered a canonical form of the Third Elliptic 
Integral, in Weierstrass*s notation. 
Thus, for instance, in § 113, 

1/ pi6— pv 
= I log -;— ^ — ucv. 

By integration of (y), with respect to n and v, 

^^ ? — ai6=loc: ^ - ^— uct;=log-^ ^« *>-—(yi) 

2 ^xi — ^v ^ (rucrv ^ ^ a-ucrv ^^ 

2 pit— py ^ o^on; * ^ (rU(ry ^^ 
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either of which may be taken as a canonical form of the Thir^ 
Elliptic Integral; and also as illustrating the interchange of 
amplitude u and paraTneter v, as in the Jacobian Elliptic 
Integral of the Third Kind, n(u, v), in § 188. 

Or otherwise, interchanging u and v in (/8i), or integrating {^), 

so that, by addition of (P^) and (jSg), 

/^^^^^^"-M-2*. w 

a form of the theorem of the interchange of amplitude and 
parameter, analogous to (8), § 188. 

200. Integrating (j8) with respect to u, 

, (r{v—u) , , (t(v+u) ^, , , . 

^Qg \^, + *^g — :;;^ - 2 log (ru = iog(pu - pv), 

" 3^2 log <rt* - ^ log <7i;. . . (K) ; 

the fundamental formula is the use of Weierstrass's elliptic 
function, analogous to equation (6) of § 188. 

As an application consider the herpolhode of § 113 ; then 

while e*^ = J4^^-"^''; 

so that, in the curve described by H^ 

x+iy = pe''f^ = x_-!_/e-urr 

while in the herpolhode described by P we must multiply this 
function by e*^ or cos /j.t+i sin /jit. 
Putting u = v in (K), we obtain 

-7-= -it5 — ^= -^^. 

This may be obtained by integration of the formula of § 149, 

1 d^ 
p2u = pu-^-^-2logpu. 
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. If u, V, w, X denote any four arguments, 

(r{U'~v)(r{u+v)<r{W'-'X)aiw+x) 
+<r{v-'W)(r(v+w)(r(u^x)a'(u+x) 

+cr{w^u)(r{w+u)a'(v-'X)<r{v+x) = 0, (L) 

since it is of the form 

{U'-V)(W^X)+{V-W)(U-X)+(W-U)(V^X), 
where U— V= —a^iia^ifiw — pv), etc. 

201. We notice that the Third Elliptic Integral can be 
expressed very simply as the logarithm of a function, so that 
we may write (y^) in the form 



/ 






where ^(u, t;) = ^^^^i±2^6-^ 

and ^(k, v) is called by Hermite a doubly periodic function of 
the second kind. 

Changing the sign of u, or v, 

0(u, -i;) = 0(-u, r)= -^^^^^:l^«^; 

so that <f)(u, v)<f>(u, — v) = pu — ^v, 

202. Suppose pv=e^, e^, or e^; then, according to § 54, we 
can take t? = o)i, Oi+Wg, or 0)3, to correspond ; and now 

pv = 0, and log <f>(u, v) = i log (ptt - jw) ; 
so that 

and 0(ifc, v) is an elliptic function for these values of v. 
We may thus put 

where cr^u denotes ^ ^^6-«f«i. 

Similarly, 

where (r,u = ^^+^^"^t^^ c--^^^>^c.^, ,,3u = ^<^^^->.-'K 



O^Oi + COg) ' (TO); 



3 



Also p'u=~2^(pu-ei.pu-e2.pu-e3)=-2criU<r.>U(r3u/(7^<fr, 
and (§ 200) (r2u = 2<ru otjU (f^ (t^u. 
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Denoting by a, j8, y the three numbers 1, 2, 3, taken in any 
order, then the relation 

gives, by a combination of the expansions of cru and pu in § 195, 

so that (TaU is an even function of u, and unaffected by Homo- 
geneity (§ 196). 

Thus, for instance, from ex. 9, p. 174, 

cra2u + (r/52u = { ^(p2u - ««) + V(p2u - efi)}<r2u 

The symbol i/a is employed to denote fwo, so that fj is 
the analogue of Legendre's JP of § 77. 

With positive discriminant A (§ 53), we find (exs. 4, 5, p. 199), 

and with negative A (§ 62), 

formulas analogous to Legendre's relation of § l7l. 

203. Denoting pu, py, pw by x, y, z, then (§ 165) if 

u+v+w=0, 

{x+y+z)(4<cyZ''g^) = (yz+zX'\-xy + ig^Y (I.) 

Denoting also {x—ea)(y — ea){z—ea) by «o^ then since 

«a* = «2/2; -- iflTj -- (2/2? + 2^0; + ary + ifl^aK + (aJ + 2/ + 2?)ca^ 

_ yz-^zx+xy — 2(x+y-^z)ea 
^^^ 2:j(x+y+z) 

by means of (I) ; and this is of the form A + Bea, so that 

(«2 - ^8)«i + («s - «iK + (^1 - «2)«8 = ^ ; * 
or (eg- e3)GriUGri'yGriU;+ (63- eJo-gUcrgt^orgU;^- (e^- e^cr^ucr^va-^w = 0, 

(TaU O'a'l' ©"oU; 

smce 80= . 

(tu <rv <nv 

(W. Bumside, Messenger of Mathematics, Oct. 1891.) 

As an exercise the student may prove that, with 

u+v+w+x = 0, 

+ (^1 ~ e^(T^^a'^va'^W(T^ + (e?2 — e3)(e3 — <?i)(6i - e^)(ru (tV ctW <ra; = 0, 
the analogue, in Weierstrass s notation, to Cayley*s theorem, 
given in ex. 1, ii., p. 140. 

O.B.F. O 
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204. The solution of Lamp's differential equation, which may 
be written in Weierstrass*s notation 

^^-J = '^(^+l)pi^+'^> ^^^ 

is given, when n = l, by the function 0(u, v) of § 201. 
For, differentiating logarithmically with respect to u, 

\ dd> \ o'u—o'v 6, . V ft ft 
ai6 2 pu— pv *^ ^ ^ ^ 

and differentiating again, 

so that 

1 d% 1 /p'u-p'i;\2 , . , . ^ 

cfu^ 4 Vpu-pv/ *^ "^ '^ 

= 2pM,+pt;, 

Lame's differential equation, with 71 = 1, and h=fv. 
The general solution of 

^ S = 2P^ + P^ (2) 

is therefore 

y = (70(u, i;) + C"0(u, — i;), or (70(u, v) + C"0( — u, v). 

When h or pi; = ei, e^, or 63, the solution is one of Lamp's 
functions, as in § 202. 

One solution is now ^(pu^ea), where a = l, 2, or 3; 
the other being 

{ f(^ + Wa) - eaU}J(pU - Co), 

as may be verified by differentiation, or determined indepen- 
dently from a knowledge of the particular solution >^(pu — ^a). 

205. The revolving chain, resumed. 

We are now able to complete the solution (§ 80) of the 
tortuous revolving chain, by obtaining an analytical expression 
for its projection on a plane perpendicular to the axis of 
revolution. 

Putting 2/ = rcos>/r, 2; = 7'sin^, 

then we have found in § 80, p. 70, that, when the notation of 
Legendrc and Jacobi is employed, 

dxjr^ H ^yr 

dx 2V2 bhin%Kx/a) + c^en%Kx/ay 
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which, on putting ii = Kx/a, and 

i^nh) = ~ (6^ — <?)/c^, dn^ V = b^/t^, 
so that, with /c^ = (6« - c^)/(d;^ - c*), 

sn^v = — (fi* _ c*)/c^ cn^v = d^/c^, 

V cii^ en t^ dn t;/sn v 
becomes -.-^ = — 5 — ^ , 

so that i\lr= — u n(u, V) (1) 

^ sn V 

Since sn^v is negative, we may, by (67) § 73, put v=t'iK\ 

whei'e t' is a real proper fraction. 

Now r = c^(l — K^nhi sn\') 

.^ ^u^)e(»-,) ^,^ 

so that t/ + ^^ = ^0 ^ ^ expl Zvm\„,\Z) 

which, when resolved into its real and imaginary part, will 
give y and z as functions of xl or Kxia, and thus represent the 
equation of the chain. 

206. The procedure is more rapid with Weierstrass s notation. 
Writing y^+z^ = r^y we have found that (§ 80) 

so that we may put 

7^ = k\^u-^v\ (1) 

provided that , =^-yw— , 

and jTg, gr, are suitably chosen. 

Since v is the value of u which makes r* vanish, therefore 

the value of (dr^/dxf when 7-2 = (§ 80) ; so that 

^'2^;= ^iQmjn'w^lfi, (2) 

and p't; is therefore a pure imaginary, which we take to be 
negative imaginary, so that v = t'co^ (§ 54). 

^ dylr_H^ dx^ W_ 1__^ iij/v^ 

du~ Tr^ du" Tihjol^ ^u— ^v ^u— pv* 
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from {^') (§ 197) ; so that 

'*- V$-^!'-- <*> 

„U,c ,. ^Vi<"-±g^-^', W 

and y+70= A; ^<?^±^^«-ur. 

y-iz= ^*0(u,-^;), (6) 

giving the form of the chain. 

For a revolving chain fixed at two points, we must have r* 
restricted to lie between positive values. 6^ and c^.and therefore 
pit must be restricted to lie between e^ and e^ ; so that with 
diijdx constant, we must put u = x<a^/a + w^. 

For a chain attracted to the axis with intensity proportional 
to the distance, and thus taking up a form of minimum 
moment of inertia, we have u = akoJa ; and now pn can become 
infinite, and the chain reach to infinite distance. 

In this and other mechanical problems, the parameter of the 
elliptic integral of the third kind is almost always imaginary ; 
the apparent awkwardness of this imaginary parameter is 
removed when we proceed to express the vector y + iz by a 
doubly periodic function of the second kind 0(u, v), whose 
logarithm is the elliptic integral of the third kind ; and thence 
determine y and z theoretically by resolving 0(u, v) into its 
real and imaginary part. 

Familiar instances of the same procedure are met with in 
Elementary Mathematics ; thus 

x+iy = c cos{nt+ia), or c cosh(n^+i^), 
will represent elliptic or hyperbolic motion about the centre. 

Generally, with ic+ 12/ = 0, X+iY=Z=F'z: then 

will give the motion of a particle of unit mass under component 
forces (X, F). (Lecornu, Comptea Rendxia, t. 101, p. 1244.) 
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207. The Tortuous Elastica. 

A procedure, similar to that just employed for the revolving 
'Chain, will show that the equation of the curve assumed by 
a round wire of uniform flexibility in all directions can be 
expressed by the equation 

y'j-iz = k<f>(u, v) 
And z = k^u+yu, 

where u=8<t)Jc+<t)^, 

8 denoting the length of an arc of the wire, and 2c the length 
of a complete wave. 

(Proc, London Math. Society^ XVIII., p. 277.) 

The elastic wire differs thus from the revolving chain in 
having u=8wi/c+a>^, instead of u = XiaJ(i+oo^ (§ 97). 

To establish these equations, take the axis Ox as the axis of 
the applied wrench, consisting of a force X along Ox and 
B, couple Z in a plane perpendicular to Ox ; denote the tor- 
sional couple about the tangent at any point by G, and the 
flexural rigidity of the wire by B. 

Then the component couples of resilience about the axes 
Ox, Oy, Oz are taken to be 

B^y^z'-y^z), 5(^a;''-eV), B{xY'-a^y') 
the accents denoting differentiation with respect to the arc a ; 
the equations of equilibrium are therefore 

B(yV-y"z')=Ox'+L (1) 

Bi^z^x'-zx') =Gy'+Xz (2) 

B{xy^x"y')^Oz'^Xy (3) 

(Binet and Wantzel, Comptes Rendua, 1844). 

Differentiating each equation with respect to 8, multiplying 
respectively by x\ y\ z\ and adding, gives 

G' = ; so that is constant. 
Multiply Equations (1), (2), (3) by x\ y\ z\ and add ; then 

G-Z(2/0'-2/'-r) = O, 
so that yz' — y'z = r^d^/ds = G/X, a constant ; 

And yz" — y"z==i). 

Again, multiplying (2) by y, (3) by ;:, and adding, gives 
Bx\yz' - y'z) - BxXyz" - fz) = G{yy + zz'), 
or Baf^Xiyy'+zz'), 

jRO that, integrating, Bx' = \X{y^ + z^) + H. 



» 
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Then Bhc"^ = X\yy' + zz'f 

^X^{{y^+z'){y^+z'^)--{yz'^y'zf} 
= 2X{Bx' - H){\ - x'^) - G\ 

a cubic function of x' ; so that, by inversion of the elliptic 
integral, x' or y^+z^ is an elliptic function of the arc «, which 
may be written 

y^+z^ = J(?(pa)-pit), (4> 

or Bx' = ^Xlc^poo - pu) + H, 

provided d^^^~B' 

, dx ,, .2H 

and now ^- = 4(^0) - pu) + -y^. 

| = fu + (^a,+ |g)u; (5> 

also ^AV^ = _^^ ^ =2i^(? J_ ^_W<o,Q. 

dii Xr^ du X^h^ po-p^^ po)-ptt* 

By KirchhofFs Kiiieiic Analogue, it follows that the axis of 
a Spherical Pendulum, Gyrostat, or Top can be made to follow 
in direction the tangent of a certain Tortuous Elastica, when 
the point of contact of the tangent on the elastica moves with 
constant velocity ; so that, if x, y, z are the coordinates of a 
point fixed in the axis of the Gyrostat, and Ox is vertical, 

X = k{pv - pu), 
where now u = nt+(ji>^ 

and 2uyjn is the period of the oscillations of the Top, or Spheri- 
cal Pendulum. 

The Spherical Pendulum and the Top. 

208. To prove these formulas independently for the spheri- 
cal pendulum, let the weight of the bob be W lb., and let the 
tension of the thread be a force of NIW poundals; then the 
equations of motion are, with the axis of x drawn vertically 
downwards, 

^+Nx=g. S+iyry = 0. §+Nz=0; (1> 

subject to the condition, I denoting the length of the thread, 
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The equation of energy is 

h(x^+r+'^)=9(x + c); (2) 

while y&--yz = h, B, constajit (3) 

Now, xx + yy + zz+ Nl^ = gx, 

80 that NP=gx+x^+y^+z^=g(Sx+2c)) 
thus giving the tension of the thread. 

Hermite writes (Sur quelques applications des fonctions 
dliptiques, 1885) 

{y + i^Xy -iz)=yy+zi- i{yt - yz) 

= —xx—ih, 
80 that the Twmi of each side is 

(1/2 + z^){if^ + i^) = x^j? + h\ 
Then 

{P'-x^){2g{x+c)-x^} =x^j?+h\ 
or Pa? = 2g{x + c){l^ - x^) - h^ 

= - tgoi? - 2gcx^ + 2gPx + 2gcl^ - h^; 

so that aj is a simple elliptic function of t, which we may write 

x = k(pv-pu), (4) 

where u = nt+a>^, for pu to lie between e^ and e^. 

Then l^khi^p'^u = 2gl(?{pu — pvY — 2gck\pu — pt;)^ 

- 2gkl\pu - pv) + 2gcl^ - A^ 
= k^(4^*u - g^pu - .gg), 
provided n^ = ^gk/P, and ^v = — Jc/A; ; 

while gTg and g^ are suitably chosen. 

The value of fp'v is found by noticing that x = when u = i; ; 
and thus i^^-z^ V^ = 2gcP - A«, 

Now Hermite writes 

1 ^/ . • X Ar^^' 2iVZ2 .3a;+2c ^ . ^ 

Lam^s differential equation for ti = 2, with A = 6pv, 

The formal solution of this equation is reserved for the 
present; but it can be inferred for this case by taking the 
equation (3) and writing it 

clxfr^ h 
du~'n(y^+z^) 
di\]r_ ih/n _^ih/nl.^ih/nl 

^^ a^^w^^' i^^^ r+x ^^^ 
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We now put 

l-x = kifpu-fpa), l+x^kipb-fpu); (6) 

and since l^x^ = — h^, when x= ±1,ot when u = a, or 6, therefore 

With k positive, and pb>pu>pa, we take p'a negative 
imaginary, and p'6= ~p'a positive imaginary, so that (§ 54), 
a=j3ft)3, b = cDi+qwy where p and q are real proper fractions. 

Then ^t=-ZM^+yi , (7) 

du ^ii — pa po — pu 

and integrating, by equation (^), § 199, 

while 

(t/ + izXy - 12^) =y^+z^ = P-x^= k%pu - paXpfc - p^) 

so that 2/+ig=ik ^''+^y^+^W "^^-^fe)^> 

thus giving the solution of Lamd's differential equation for n = 2. 

209. It is interesting to verify that these values of y+iz 
and y — iz are solutions of Lamp's equation for 71 = 2. 

Denoting y+izhj <f>, and differentiating logarithmically, 

_ 1 p'u—p'g 1 p'b — p'u , 
~"2 pu — pa 2 pb — ffu 
and differentiating again, 

^ 1 /pV--p'a Y ^ 1 pu-p'g P V-p^ 1 /p;6-yuy 
^\pu—fHiJ 2 pi6— pa p6— pi6 4\p6— pu/ 

+ 2pu - p(u + a) - p(6 + ti.) 
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r I r 1 r > 2 ^u — pa fpb — pu 

But with p'a= — p'6, 

1 p'u — p'ttpT? — p'u 1 p'*l6 — p'2fe 0/ . . M 

!: ^—-^-T — ^— - = -; ; — - — TT t v = 2(pu+pa+po), 

2 pu-pa p6-pi6 'J. (pit-pa)(p6-pu) '^ "^ ^ '^ 

so that - ^=6pu+3pa+3p6, 

Lamp's differential equation for n = 2, with A = 3pa+3p6, in 
place of the previous value of A = 6pv. 

From Kirchhoff*s Kinetic Analogue in § 207 we may put 

, d f<r(u+a + b) . ^ jitx 1 
du{<r(a+b)a'U ^^ » J 

where X = ^a + 6) — f a — f 6. 

With p'(a-6) = p'a=-p'6, 

therefore f (a — 6) = f a — f 6 ; 

and, changing the sign of a, 

cracr6^% ^ exp(^a-^6>=^0(u, -a+6). 

(Halphen, F. K, I., p. 230.) 

210. In the slightly more general case of the motion of the 
Top, we shall find it convenient to draw the axis Ox vertically 
upwards, and to call 6 the angle which the axis OC of the 
top makes with the vertical Ox, 

ITien, from the principles of the Conservation of Energy and 
Momentum, we obtain the equations (Routh, Rigid Dynamica) 

^A{deidty+hA sin^0(d^/dtY= Wg(c-hco8e\ (1) 

Asm^0(d^/dt)+Crco8e=G, (2) 

where r denotes the constant angular velocity of the top about 
its axis of figure OC, dxl^/dt the angular velocity of the verti- 
cal plane through Ox and OC, k the distance of the centre of 
gravity from 0, W lb. the weight of the top, and C, A 
its moments of inertia about the axis of figure OC, and about 
any axis through at right angles to OC. 
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Putting A/Wk = l=OP, as in the simple pendulum, then 
P is the centre of oscillation for plane vibrations. 

The elimination of d\fr/dt between equations (1) and (2) gives 

iZsin*e(|y=,(|-co«e)(l-cos^d)-i<^^^7 

= 5r(cos 6 — cos aXcos 6 — cos fi)(co8 6 — d) (3) 

suppose ; the inclination of the axis of the top to the vertical 
being supposed to oscillate between a and ^8, 

a> d> 13, or cos a < cos 6 < cos jS < d. 
Guided by equation (17), p. 37, we put 

cos = cos a cos*0 + cos fi sin^^, 
cos 6 — cos a = (cos 13 ~ cos a)sin*0, 

cos^— cos0 = (cos^— cosa)cos*0 ; ., (4) 

and therefore, 

1 

= -^ -.{d — cos a — (cos ^ — cos a)sin^<f> } 

, o cos i8 — cos a ^ d — cos i8 

where k^ = S . ^ = i » 

a — cos a a — cos a 

and In^ — \g{d — cos a). 

Now we may put ^ = am nt, and 

cos = cos acn^^+cos^sn^f, (5) 

so that the projection on the vertical Ox of the motion of a 
point on OG resembles ordinary plane pendulum motion. 
When d!= 1 and cos a= — 1, then 

n2=flr/f, /c2 = co82i^=sin2J(7r-^); 

Q and Ct vanish, and the oscillations are in a vertical plane. 
But, in the general state of motion, 

A d\lr _G^Cr cos 6 
dt "" sin^S 

^1 + Cr 1 G^Cr 
-2 l+cos0"^2 1-COS0 
1 + Gr 1 G-Cv 



2 l + cosa + (cos^~cosa)sn%^ 2 i-cosa-(cos^-cosa)sn^rj^' 
SO that \jr is expressed by two Third Elliptic Integrals. 
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Putting cos 6= ±1 in equation (3), show that 
{^^"-J = 2^(1 + cos a)(l + cos l3Xd + 1) ; 

{''f^y = 2f (1 - cos a)(l - cos fi)(d - 1), 

while, in accordance with Jacobi's notation, we put 

9 9 cos 8— cos a 9 9 cos i8 — cos a. 

^ 1+cosa ^ 1 — cosa 

so that, finally, with u = n^, we find 

di\[r _cn v^dn v^/sn v^ , en Vgdn ^2/^11 ^'2 . /p v 

rfu l~ic%n^jsn^i6 1— ic^sn^gsn^ ' ^ 

and, as in the spherical pendulum (§ 208), we take 

v^ = ipK\ V2 = K+ iqK ', 
where p and q are real proper fractions. 

In the Weierstrassian notation, we put, as in (6), § 208, 
l + cos6 = k(pu — pa\ I— cos d = k(pb — pu)] 
and thence (§ 224?) c — h cos 6 — hk{^a +h) — pu). 

We thus obtain ..^= ---2r___|_ 1? — (7) 

aw pic — ^a pb — pu 

but now the relation ^'a= — ^'6 holds only when Cr = 0, or 

when the motion of the top is comparable with that of the 

spherical pendulum; on the other hand, the relation p'a = p'b 

implies that G = 0. 

The Kinetic Analogue of the Top with the Tortuous Elastica 
(§ 207) is obtained by putting 

a+6 = ft), and \ = ^a+b) — ^a — ^b. 

In the Steady Motion of the Top, a = j8, ^ = 0, ir=j7r; 
and the elliptic functions degenerate into circular functions. 

We thus obtain the condition for the steady motion, and the 
period of the small oscillations, given in B,o\it\\s Rigid Dynamics. 

211. A similar procedure will solve the general equations 
of motion of a solid figure of revolution, moving under no 
forces through an infinitely extended incompressible friction- 
less liquid; the work will be found in Appendix III. of 
Basset's Hydrodynamics, vol. I ; also in Halphen's Fonctiona 
elliptiques, II., chap. IV. The problem is of practical interest 
from its bearing upon the determination of the amount of spin 
requisite to secure the stability of an elongated projectile. 

{Proceedings, Royal Artillery Institution, 1879.) 
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212. We again resume the consideration of the motion of a 
body under no forces, first mentioned in § 32, as affording a 
good practical illustration of the necessity for the introduction 
of various analytical theorems of Elliptic Functions. 

GeometricaZ Representation of the Motion of a Body under 
No ForceSy according to MacCvllagh, Siacd, and Oebbia^ 

Quadrics concyclic with the momental ellipsoid, that is, 
having the same circular sections, are given by (Smith, Solid 
Oeometry, § 170) 

and now, if we produce the instantaneous axis of rotation OP 
to meet the concyclic quadric in P', and denote OP' by R, 

while Ap^+ Bq^+ Cr^ = Dh^J/B^, 

so that, by subtraction, 

^(2^+?Hr^)=mw(i,--l,). or ^-^=§ 

Along the polhode, -K=Asec0, where 6 denotes the angle 
between the instantaneous axis OP and the fixed axis of 
resultant angular momentum OC ; and then 

^^ = cos20-2^ (1) 

the polar equation of a quadric surface of revolution. 

Since B^ is less than hhec^d for all points adjacent to P on 

the momental ellipsoid, therefore in the concyclic quadric 

1 . . ., cos«0 H 

-^,2 IS greater than -^ — -^pi 

except at the point P', and therefore the concyclic quadric 
touches this quadric surface of revolution at P' and rolls 
upon it during the motion. 

We may also take concyclic quadrics, given by 

, h^ H h^ H ,^ ,ox 

and now m^D'^^^ D''^^^^* ^^ 

the polar equation of a quadric of revolution. 

In particular, ii H=D, then -B'sin 6 = h, the polar equation 
of a cylinder of revolution, outside which this concyclic hyper- 
boloid rolls during the motion (Siacci, In memoriam D. 
Chelinif Collectanea mathemaiica, 1881.) 
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213. By reciprocation of these theorems, we prove Mac- 
Cullagh's theorem, " that the ellipsoid of gyration, 

always moves in contact with two fixed points on the axis of 
resultant angular momentum, equidistant from the centre " ; 
and we also deduce Gebbia's extension of MacCuUagh's theorem, 
that " conf ocals of the ellipsoid of gyration, the polar recipro- 
cals of the concyclic ellipsoids of the momental ellipsoid, slide 
without rolling on fixed quadric surfaces of revolution." 

In particular, the polar reciprocal of Siacci's cylinder of 
revolution is a circle, upon which a certain confocal to the 
ellipsoid of gyration slides without rolling. 

Oe(yniehncal Repi^eaentation of the Motion, according to 
Sylvester, Darboux, and Mannheim. 

214. In Sylvester's splendid generalization of Poinsot's re- 
presentation of the motion of the body, it is proved that a 
confocal to the momental ellipsoid rolls upon a plane per- 
pendicular to the axis of resultant angular momentum OC at 
a constant distance from 0, which plane rotates about OG with 
constant angular velocity, and therefore gives a geometrical 
representation of the time. {PhiL Trans., 1866 ) 

The proof of this theorem depends upon two geometrical 
propositions, in connexion with confocal quadric surfaces — 

(i.) "The locus of the pole of a fixed tangent plane to a 
quadric surface, with respect to any confocal, is the normal to 
the first surface ; " 

(ii.) " the diff'erence of the squares of the perpendiculars from 
the centre on two parallel tangent planes of two confocals is 
constant and equal to the diflference of the squares of the 
corresponding semi-axes." 

Thus, in fig. 25, if OP" is a surface confocal with the 
momental ellipsoid OP, then Q, the pole of the invariable 
plane CP with respect to the surface 0P\ will lie in the 
normal PQ to the momental ellipsoid at P ; while the surface 
OF will touch a plane C'P\ parallel to the invariable plane 
CP, and such that OC"^ = OG^-\\ \^ denoting the diff'erence 
of the squares of corresponding semi-axes of the confocals. 
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Since (7 is a fixed point during the motion of the body, 
therefore C is also fixed. 

Drawing the plane QL through Q, parallel to the invariable 
plane, and denoting OG by A, as before ; then since Q is the 
pole of CP, 

OQ,OV^OF\ or OL .OC=^OC'^^h^-'\\ 
so that OL^h^ X^h, LC = X^h, 




Fig. 25. 
Again, denoting as before (§ 104) by /jl the constant com- 
ponent of the angular velocity of the body about OC, so 
that the resultant angular velocity of the body about OP is 
JUL cosec OPC, then the velocity of the point P' in the body is 

/i cosec OPC . OP' . sin POR ^fi.PT, 
where V is the point in which the line OP cuts the plane C'P", 
Therefore the angular velocity of P" about the invariable 

RV PV PQ_ X2 

^OC^U' 



line 00 is 



^G'F'~^CP 

a constant ; so that if the surface OP' rolls without slipping 
on the plane (7'P', this plane must revolve about OG with 
constant angular velocity /jX^/h^, 

The point P' lies in the plane OQPG ; and since 

GT G'F OG' OG 

GP " LQ" '61 " OG" 

therefore OG' . G'P' = OG . CP, 

and P' lies on the rectangular hyperbola PP'; this is the 

geometrical property principally employed by Prof. Sylvester. 

(Solid Geometry, Salmon, ^ 167, 180 ; Smith, §§ 163, 167.) 
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The angular velocity of the vector C'F with respect to the 
revolving plane C'R being ^-^i^li* ^^ follows that, if />', <// 

denote the polar coordinates of a point P' on the herpolhode 
described by P' on the revolving plane G'P\ then 

and p2^ = ^^l-^,jp2+ ABC--' h^^^' 

equations similar to those required for the herpolhode of P. 

In particular, if we take X^ = A*, then 0(7' = 0, and the con- 
focal OP' is a cone; and the plane through rotates with 
constant angular velocity fi, while the cone, called by Poinsot 
the rolling and slipping cone, rolls on this revolving plane, 
the angular velocity about the line of contact OH being p. 

If we consider the curve described on this revolving plane 
by the point H, the foot of the perpendicular from P on the 
plane, then p, <f/ being the polar coordinates of H (§ 113), 

d<^_d^ _ A--D .B-D.C^Dh^ 
(Ifdi ^^ ABC p^^' 

so that the point H describes on the revolving plane an orbit 
as if attracted to ; and, as in § 89, we shall find that the 
requisite central force is of the form Ap+Bp^. 

(Pinczon, Comptes Rendiis, April, 1887.) 
This is otherwise evident, by noticing that the vector x+iy 
of this curve satisfies Lamd s equation (§ 204) 

^,(x + iy) = (2^M, + jpv){x + iy\ 
where p^ = k\ipv—pu)y 

so that '$=(3P^-2J5)^. S = (^*"'--S^- 

A value of X may be found which makes the herpolhode of 
P' a closed curve ; and this closed polhode is an algebraical 
curve, when v is an aliquot part of a period, the correspond- 
ing elliptic integrals of the third kind becoming paeudo'ellipiic. 

Abel has devoted great attention to the subject of yseudo- 
eUijytic integrals ((Euures, XI.), and the algebraical herpolhode 
affords an interesting application of his theorems (§ 218). 
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The Addition Theorem for the Third Elliptic Integral. 
215. Theorems (9) and (10) of § 189 show that, employing 

the function 0(i«., v) of § 201, 

log <^(Ui, t;) + log ^(Wg, i;)=1og ^(Ui+Ug, t;)+logn, 

or 0K»^)0K'^) ^j^ 

or (t{v + n^(r(v + u^(r{u^ + ^^2) ^ j^ (X) 

where, expressed by elliptic functions of Up Ug, and v, 

j^^ HK~^2)-K^+^^i + ^2) . PlOvHfl)___ (2) 

^ K^i + 'M'2) - K^ + i • 'w-i + Ug) pK^i + '^2) - PK^ - 'W'2)"* 
Also, as in equation (8), § 188, 

log <f>{v, u) = log 0(u, v) + uf v — v^u ; 
so that 

log 0(i;, Ui)+log 0(t\ U2) 

= log0(i;, Ui + U2)-{fM.i + fu2-^Ui-|-U2)}t;+logQ,...(3) 

the Addition Theorem for the parameters v^, u^ 

These theorems have been generalized by Abel for the addi- 
tion of any number of amplitudes or parameters in the 
Third Elliptic Integral, and the proof is a simple extension of 
his method, employed in § 162 {(Euvres, XXL). 

Denoting 1:^ a any arbitrary quantity, equation (7) of § 162 
may be written 

1 dxr Oxr 

a — Xr ^Xr^(a — Xr)\f/Xr 

Now, since 6a is of lower degree in a than \f/a, and 
it follows that, when resolved into partial fractions. 



\j/a {a—Xr)yj/xr 
and therefore, writing ix and <f>x for P and Q respectively, and 
A for the value of X when x = a, 

y ^ ^1 — -^ — fjpaSia — iaS^a 
a—Xr^Xr^ yjra" (fdf -- {(payA 

_ _1_ ^fg - S(f>a .J A 1_ Sia+S4>a, JA 

^ s/^ fa — 0a.^^ ^Ja i'a+<f>a. ^A 



or 



^«^t -%-'^^'S^i-^^-it^4-^*^ 
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Integrating, with the notation (§§ 197, 199), 

where a;=j»tt, »/X=— p'u, a = pv, JA = —ijlv; 

%(«'r. v) " * ^fo -^a.jA i'a+,f>'a.jA"-fv;r-9^ ^' 
so that 

is expressible by elliptic functions, p and p', of v ; provided that, 
as in (11), § 162, 



^JdxrlJXr=0, or 2u,.=2u', 



r, (6) 



r 



the coefficients in fa and ^a being determined as functions of 
fnir and p'u^ by the plexus of equations (4) in § 162 ; t'a and 
^'a being the same functions of u'r- 
Thus the function 

n^J^^t (7) 

is an elliptic function of v provided that the sunl of the values 
— Ur of V which make the function vanish is equal to the sum 
of the values — ttV which make the function infinite ; in other 
words, briefly expressed, provided the sum of the zeroes u is 
equal to the sum of the infinities u\ 

In particular, with the u'rS all zero, 2ttr = ; and in equation 
(6). § 162, we can put 

V^a = (faf - (i>ayA = Il{pv - pu,) ; 

so that 2 log (piUr, v) = log(fa + ^a . ^A ) + constant. 

Thus n<KUr.v), or ^^+3M^+«'^)----'^^t^). (8) 

when v^+U2+u^+ ...+Ufi—i)y (9) 

is a rational integral function of pv and p'v, which may be 
written, as in § 198, 

C=Co+Cipt;+C2p't;+...+c^pC^-i)u (10) 

o.E.r p 
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So also, since (§ 201) 
therefore, writing IT for — U/t, 

r-fi-l 

2 log^Ur, ^) = log0(^> 'i;)+logQ+a constant, (11) 

where Q = C/(pU—pv). 

In particular, when U= €«, (pi U, v) = ^(pv - Ca) (§ 202), and 

'n"i(u„t;) = (7/V(«w-«a), (12) 

r=l 

when Ui+U2+U3+...+UM-i = a)tt. 

By an interchange of amplitude and parameter, » 

2 log 0(u, Vr) — 2 log <l>(u, ^r) = log Q — pu, (13) 

provided that 2vr=2i;V 

12 being a function of pit, p'tt, py, p'v ; and 

216. A further application of Abel's Theorem of § 162 shows 
that p is expressible as a function of pv and p'v ; this is the 
generalization of the Addition Theorem for the Second Elliptic 
Integral, given in § 186. 

and this case can be determined as a degenerate case of the 
preceding result; since, making a = 00, 

J JXr J \a — Xr /js/^r J a — Xr JX, 



r 



= the coefficient of 1/a* in the expansion in ascending powers 

«"/<•»' va"^w^:^ ('*) 

Thus, with X = 4ic^ — g^ — g^, and x = pv, 
then f u ^fxdxjJX ; 

And por2(fv,-fi;V)=-21t-^tanh-i|^VA(a = ^)- U^) 

Jacobi calls ^A the factor of the Tldrd Elliptic Integral, 

{Werke, IL, p. 494.) 
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217. Similar results hold when, as in § 167, X is supposed 
resolved into two factors, X^ and X^, 

Denoting P^X^ - Q^X^ by ^, 

and varying the arbitrary coefficients in P and Q, and conse- 
quently the roots of ^ = 0, as in § 162, then 

\l/ar4xr+ 2PSP . X^ - 2QSQ . Xg = 0, 

while PJX^+QJX^ = 0; 

so that \lr'x4xr " 2(QdP - PSQ)J(X^X^) = 0, 

or ^r ^^ QdP'-PSQ ^exr 

gJXr yl/Xr V^W 

and ldXr/j^Xr=^0, or 2ur=2uV. 

Again^ as in § 215, 

a—Xr^JXr'^ylra'" (fa)Mi — (^a)2-42 

_ 1 ^fa . JA^ - ^0a^ ^ilg 1_ Sia.J A ^ + S<l>a,JA ^ 

" s/^ f<i.^-4i— <pa.,JA^ ]JA ia,^A^+ if>a,^A.^ 

y/A ^ia.^jA^+ipa.^A^ 
Thus, as an application to the formulas of §§ 174, 176, 186, 
and 189, take, as in § 38 (Durfege, EUiptische Functionen, § 36), 

X=:X^X^, where X^ = x, X2=(l— a;)(l— fee). 
Then, with ic = sn^, 

y^dx o rxdx 2. „ . 



in Legend re's notation, with ^ = am u, and n= ^1/a. 
Now, if, as in §§ 164, 165, we take 

P or fx=p+x, and Q or (l>x = qy 
and denote by ajj, ajg, x^, the roots of the equation (7), § 167, 
yjrx, or P^Zi-Q^Xg, or (j9+a;)2aj-72(l-a:)(l-fcc) = 0; 

then ^i^2^3 ~ 9^» 

1 - iCi . 1 - aja . 1 - Xg = ( 1+^)^ 

so that, as in § 164, 

where u^+u^+u^ = 0. 
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Again, 



^JA ^""^ fa . VA + ^a . V^, ""^ J A ^""^ fa V^^' ^^^^ 

since o^, ajg* ^ vanish when p and q are made zero ; and this is 
equivalent to the result of equation (9), § 1 89, with a = — 1/n, 

A 1— a.l — ia ,, . x/, . A; 



a« 






and ^g Vil2^ gV(l-a. l-fai) ^ 7i ^>v/(~a) 

fa V^li (P+a)V« l-7ip 

7i^( — a)x^x^^ 



1 + 71 — 71^(1— aj^.l—aTg- 1— aJ,)' 
Similarly, for the Second Elliptic Integral, 







_3 
3 



= -lt-,7 — :, .- , . tanh"!^^^-^^ — —^—7^ (a=:«) 

= -21t(-^+J(l-a.l-A;aV-T^+---| 
yp+a^^^ \p+af J 

=^-2q^'-2J{x^x^^)\ (17) 

as before, in §§ 174, 176, and 186. 

218. Abel's pseudo-elliptic integrals are derived by making 
the u's equal in equations (7), (12) ; or the vs equal in equation 
(13) ; also by making their sum equal to a period wa, or the 
sum of multiples of periods, such as poo^ + qo)^. 

Now /ji log 0(u, v) is of the form log li — pu, 

or 0(u, t;)** is of the form e'f^Q, 

where Q is a rational integral function of ^u and p'u of the 
form of C in (8), sometimes qualified by a divisor ^(ptt'— Ca). 

We begin with the simplest case of an algebraical herpoUiode 
by taking v = Wi + iw^; and then, from equations (39) and (40), 
§ 54, we can infer that the value of s, between e^ and eg, which 

makes 6^ — gg-^i" ^s _ ^i "" ^2 • ^2 "" ^s 

is 8 or pt; = 63+;^(6i-e8. 62-63). 
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Denoting pit by a, p'w by ^/Sf, and fpv by a, we infer that 

ds 



J(8 



is pseudo-elliptic, that is, can be expressed in terms of 

fdslJS and of i8iU'\QJ8/P). 
In fact, by differentiation of 

since ip'v = - 2^(6^ - eg . e, - 63) { ^(c^ - eg) - ^{e^ - eg) }. 
In the herpolhode, therefore, of § 113, 

or = ^-M^+i{>v/(^-^8)-V(^2-«8)M» 

and therefore, relatively to axes revolving with constant 

angular velocity, 

the herpolhode will be the algebraical curve, given by 

a — « 
(0 — 8) cos 29 = ^(8 — 61 .8 — 62)* 

(a-8)2cos229 = (a-8)2-(e3+2aXa-8) + (a-eiXa-«2), 
(a - 8)%in220 4- { >v/(«x - 63) + V(^2 - ^3)}'(a - «) 

- V(^i - ^3 • «2 - ^3){ V(^i - ^3) - V(«2 - ^3)}^ = ^ ; 

u2 2 

where, as in § 113, a — 8, or py— pi6= — 2 Vg* 

Referred to Cartesian coordinates, in which 

p^ = x^+ y^, /o%in 20 = 2iC2/, 
this equation becomes 

[4a;* + { J{e, - e,) - J(e, - e,) }*J^>] 
of the form (a;«+6*)(y*+6*) = a* (18) 
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The relation py — 63 = s/i'^i "" ^3 • ^2 ~ ^s)» 

combined with the equations of ^ 110, 113, leads to the relation 

and either B=D, which gives the separating polhode ; or 

l_j._l 1 

the relation for this algebraical herpolhode. 
Now, from ^ 108-110, 

_(D ^\V_2 ^/2) m2^2 

while, with A>B>D>G, and ee=e^, ^a=^2» ^ft = ^8» 

To determine the confocal surface which will describe this 
algebraical herpolhode by rolling on a fixed tangent plane, we 
must equate the angular velocity of the axes to fiX^/h* ; and 

The squares of the semi-axes of the confocal are therefore 
4 ^"U 2 2 Br- 2\G Ar' 

B ^-\B 2 2 Br- 2V Br' 

C ^ -\G 2 2B) 2\G a) ' 

while the square of the distance from the centre of the tangent 
plane on which this confocal rolls is given by 

The confocal is therefore a hyperboloid of two sheets, of the 
form «^_^_V^^ = 1. 

and in rolling on a fixed tangent plane at a distance & from 
the centre, it will trace out the algebraical herpolhode (18), 
being the preceding herpolhode, changed in scale in the ratio 
of A to 6 (Halphen, F. K, II., p. 285). 



now 



AND THEIR APPLICATIONS. 231 

219. A more complicated case can be constructed by taking 
v = a)i + Jft)8; ^^^ ^^^ ^® must choose particular numerical 
values for g^ and g^ 

If we select the modular angle of 15^ then 2/c/c'=|, and in 

(C), § 53, /= 58-t-4, J- 1 = 112^4 ; so that, by choosing A = 108, 

then 5^2=15, fl^s^H; 

and Ci=J+V3, «2=-l» «8=i-V3- 

It is easily verified that, with the above value of v, pv= J ; 

for p2v= — f = p4t;; also this value of pv or 8 makes, in equa- 
tions (39) and (40), § 54, 

The corresponding elliptic integral of the third kind in the 
herpolhode will now be pseudo-elliptic ; we find, in fact, that,. 

' (28-1)* ' (28-l)» 

dJd 1_ 2a+5 _1 J .gcfit \i^'v d/u, 

d8~'j2 28-1 ^S'^"^ ds pw-pvds' 
since ip'v= ~Z^2 ; so that, in the herpolhode, 

and therefore, relatively to axes revolving with constant 
angular velocity ix'~\^2fa, the herpolhode will be the alge- 
braic curve 

(28-1)* 

or (l-28)»sin«30+9(l-28)«-l()8=O, 

in which 1 — 2s = 2(pv - jm) = 2 -^ ?« = 3 2» soppose ; 

and now p«8in«30+3cV-4c«=O (19) 

a cui've, consisting of six equal waves, arranged on a circle. 
With (I) 4 > 5 > -D > 0, and 

then (§113) fv-eb= ^2= ^^ -^ , 

,„ ^^A-B.B-D 
fv-e,= -JZ= --, 25 • 

A-D.D-G A-D.B-D 
so that 3^ 25 • 
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Then, either il— 2) = 0, which would give a stable rotation 

about the axis A ; or 

2 11 

80 that D is the harmonic mean between B and C. 

. . 3 fjL^B-D.D-C 
Agam, pt;-e<,= 2 = -, ^ . 

*u * I/O ^--0 5 

80 that i^6 = ff^ny 2.' 

l_l-V3/l_n 1 .l_2_V§f.l_l>| 
° i) 4~ 2 VD if/' iJ^C A 2 V(7 fi/' 

-^-]=-(2+V3)<J-^); (21) 

which is impossible, with A > B> C, 

But (ii.), with il > D > jB >(7, we find that D is the har- 
monic mean between A and B ; also 

J;-1=(2+V3)^(i-^) (22) 

80 that 2 + ^3 is the ratio of the semi-axes of the focal ellipse 
of the momental ellipsoid, and 4/3(^3"- 1) is the excentricity. 
Another algebraic herpolhode can be constructed by taking 
vrscoj+fcog; and, with gr2=15, g^ = ll, we find that 

P^ = - f + V^. ip'v = - 3^2(2 - J8), 
Now, if 

(28-2^3+5)* (28-2^3+5)* ' 

f^e V2(^3-l) 3^2(2-^3) . 
dfl- 2^8' (28-2^3+5)JS' 

so that 

rl^i^vdu _ r-Zj2{2-J2.)ds 
J 9V-9V,~J {28-2J3 + 5)j8 

^^ ^ y ^S "^ (28-2v'3+5)» 

and now the algebraic herpolhode, with respect to revolving 
axes, is given by 

(2«-2V3+5)*sin30=6(V3-l)V(8-e8-8-«8). 
reducing to an equation of the form 

p«ain^3e+Pp*+Qp^+R=0 (23) 
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With (i.) A>B>I>>G,a.nd 

3, ,_ fi}B-D.D-G 



M* 



4-Z).£-Z) 



Therefore A-D. D-C_ B-D.D-G 
1 fterelore ^-^^ 2 ^ 

and rejecting the factor D—C, 

i-Z = <i-S'- 3+5=1 <2*) 

., D-C A 2JS-S 1 1 2j:i-Sn l\ 

^4-:&=73G-2) J-5=<-/3-i)'G-i) <^^> 

80 that the excentricity of the focal ellipse of the momeDtal 
ellipsoid is ^3 — 1. 

With (ii.) A> D> B> C,we are led to an impossible result 

Points of Inflexion on the Herpolhodes, 

220. The original herpolhodes drawn by Poinsot {Th^orie 
nouveUe de la rotation des corps) were represented with points 
of inflexion, as curves undulating between two concentric 
circles on the invariable plane. 

But it was pointed out by Hess, in 1880, and de Sparre 
{Comptea Rendua, Nov., 1884), that such points of inflexion can- 
not exist on Poinsot's original herpolhodes. which are curves 
always concave to the centre, as drawn in Routh's Rigid 
Dynamics, Chap. IX. ; like the horizontal projection of the path 
of the bob of a conical pendulum, or like the path of the Moon 
relative to the Sun, a good figure of which is given in the 
English Mechanic, p. 337, June, 1891, by Mr. H. P. Slade. 

The herpolhodes described on planes parallel to the invari- 
able plane in Sylvester's representation are capable, however, 
of possessing points of inflexion, when the confocal of the 
momental ellipsoid attains a certain shape. (Hess, Das RoUen 
einer Fldche zweiten Grades auf einer invariabeln Ebene^ 
Munich, 1880 ; de Sparre, Comptes Rendus, Aug., 1885.) 
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Denoting by h the constant distance from the centre of the 
plane upon which a quadric surface rolls, de Sparre shows thai 
the herpolhode on the plane has points of inflexion, when the 
quadric is 

(i.) an ellipsoid 

^•2 1/2 2r2 111 

^+l2+-2=l. a^<b^<c\ if h^>b^ and \> L+ \; 
a? b^ c^ or tr (^ 

(in a momental ellipsoid, A<B+G, or -I'^i.t^-^* so that 

points of inflexion cannot exist on the herpolhode) ; 
(ii.) a hyperboloid of one sheet 

(iii.) a hyperboloid of two sheets 

-„ — T5— „=1, b^<c\ if r9>— 9+ -0, whatever the value of /k 
a^ b^ c^ b^ or (T 

These herpolhodes being similar to the original herpolhode 

of the momental ellipsoid, when referred to axes rotating with 

constant angular velocity ^t\V^^ can be considered as defined 

by the polar coordinates p, Q, given in terms of the time t^ by 

the equations of § 113, 

p2 = A:2(^-.jm), (1) 

at pv—^v ' 

with u = 7i^+co3, i; = a)i + f'o)3, m//A = l— \7^*. 

Denoting the velocity in the curve by F, and its radius of 
curvature by i2, then, resolving normally, 

78_d!p Id!/ 2^\ d6(cP^_ iW\ 
R^dt pdt\^ dt) ^dtXdt' f'dty' 

which will bo found to reduce to an equation of the form 

~ = Pp^+Qk^; (3) 

where F = 7n?+ Smn^^v + nH^'v, 

and the corresponding herpolhodes will have points of inflexion 
when X is chosen so that Pp^+Q can vanish. 

Thus Halphen points out that the algebraical herpolhode 
of § 218 will have points of inflexion, if 6* < Ja*. 
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221. The polhode being given by the intersection of the two 
quadric surfaces Ax^ +By^ +Cz^ —Dh^, 

we may in consequence write 

la?^^-{a?+\), ly'=~^(b^+\). lz^=^-(c'+\). 

where (B-G)a^+ (C-A)b^+ {A-By=lDh\ 
A{B- C)a^ +B(C-A)b^+ C(A - B)(? = ZZ>%« ; 

and then --^ ^+g^^+_^=l, 

the equation of a system of confocal quadrics, on choosing / 

such that Z= . + -^ — I — fi~ - 

Then 

^ ^ " ABC ^' ^ ^ " ABC ' 

ABC ' 

By varying X along the polhode, we find 

2dx_^ 1 d\ dx_l X d\ 
X dt'"^+\ dV ^^ dt''2 c?T^ di' '" 

80 that the polhode is an orthogonal trajectory of the confocal 
surfaces, for any one of which \ is constant ; and two ellipsoids 
can be drawn on which the curve is a polhode, of which the 
generating lines of the confocal hy perboloid through the points 
are normals. 

When these confocals are hyperboloids of one sheet, the 
generating lines may be made of material rods or wires, 
jointed at the points of crossing ; and now any such a system 
of rods forming a hyperboloid is capable of deformation, and 
assumes in succession the shape of the confocal hyperboloids ; 
the trajectory of any fixed point on a rod being orthogonal to 
the hyperboloids, and therefore capable of being a polhode, if 
the hyperboloids are coaxial with the momental ellipsoid of 
the body. (Messenger of Mathematics^ 1878 ; Senate House 
Solviions for 1878 ; Larmor, Proceedings Cam, Phil, Society, 
1884, Jointed Wickerwork ; Darboux and Mannheim, Comptes 
Rendus, 1885 and 1886.) 
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• 

Darboux has shown (Despeyrous, Coura de m&^aniquey t. II., 
Notes XVII, XVIII.) that if we hold a given generator fixed, 
then any point fixed in any other generator will describe a 
sphere ; thus, if a rod moves with three points P, Q, R on it 
connected by means of bars to three fixed centres -4, JB, in 
a straight line, any other point S of the rod will describe a 
sphere about a centre D in the line ABC, such that the A. R 
(ABCD) is equal to the A. R. (PQRS), 

The point where the line PQR meets the generator parallel 
to ABC will describe a plane, the corresponding centre being 
at an infinite distance ; and generally, if one generator is held 
fixed, any point on the parallel generator will describe a plane. 

The herpolhode can now be described by taking a jointed 
hyperboloid, similar and similarly situated, and of half the size 
of the former one used for describing the polhode, with one 
generator fixed along the invariable line 0(7, and with the par- 
allel generator along the normal FQ at P ; and now, if P is 
moved in a direction perpendicular to the hyperboloid at P, 
it will describe a plane curve, which is the herpolhode. 

222. Any point fixed in a body moving under no forces, 
whose co-ordinates with respect to the principal axes are 
represented by a, 6, c, will have component velocities 

cq — hvy ar — cp, bp^aq, parallel to the principal axes; 

and will describe a curve whose projection on the invariable 
plane will be given, in polar co-ordinates p and ^, by (§§ 104-113) 

_ (bCr- cBqf + {cAp - aCrf + (aBq - bA qf 

Ba 

+ {{c^+ a?)q — her — ahp) ^- 

Cr 
+ {{a? + h^)r -cap- bcq }^ > 

the moment of the velocity about the invariable line 0(7; and 
pf q, r are given as functions of f in ^ 32, 106, and 108. 
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The equations are much simplified when the point is fixed on 
one of the principal axes, when two of the three quantities 
a, b, c vanish ; and it will be a useful exercise for the student 
to prove that, in these cases, the curve of projection on the 
invariable plane with respect to axes rotating with angular 
velocity G/A, Q/B, G/C respectively, is given by an equation 
of the form 

x+iy = k(l>{u,(aa'~v), or k<f>{u, cob — v), or k<f>(u, ooe — v). 

Another useful exercise is to deduce Poinsot's relations when 
the co-ordinate axes fixed in the body are not principal axes. 
Now, if the equation of the momental ellipsoid is 

Ax^ + By^ + Cz^ - 2A'yz - 2Bzx - 2C'xy = Dh^ ; 

and if j?, q, r denote as before the component angular velocities, 
and Ap h^, h^ the components of angular momentum about the 
axes, the three equations of motion under no forces are 

where 
h^^Ap-C'q-Rr, h^^Bq^A'r-'Cp, h^=Cr^B'p''A'q; 

and these equations are solvable by elliptic functions. 

(Dissertation Ueber die Integration eines DifferenticUgleich' 
ungssyatems ; Paul Hoyer, Berlin, 1879.) 

223. The numerical results obtained in the preceding alge- 
braical herpolhodes can be utilized in the corresponding 
problems of the revolving chain (§§ 205-206) and of the 
Tortuous Elastica (§ 207). 

Putting e'=i, or v = ia>^ in § 206. 
then P^y = «8 - V(«i - «3 • ^2 - «s)» 

ip'v = 2j(e^ - ^3 . «2 - ^s) { J(^i - ^3^ + s/(^2 - «3)} ; 
and V^= n^?:^^ 

= i cos-^>^i?^2^^^ 

or (8-f^)(ios[2\lr+{J{e^'-e^)+J(e^'-e^)}xwJa] = J(8-e^,8-e^\ 

where 8'-pv = r^/k'^. 

In the corresponding problem of the Tortuous Elastica of 
§ 207, it is merely requisite to replace x by the arc 8. 



238 ELLIPTIC INTEGRALS IN GENERAL, 

The working out of the analogies for the other algebraical 
herpolhodes is left as an exercise; merely mentioning that 

Kf«3; 15. 11)= -t. 

and that, if 

n 1 • iW(^"15«-ll) 1 .i6«+7 
^ (28+3)* ^ (2«+3)* 

de_ 1 28+1 1 ^J^J ip'v 1 

d8'"V2 2«+3V^ V^V^ 28+3 V'S* 

224. The analytical expressions in §§ 208, 210 for the motion 
of the Spherical Pendulum and of the Top or Gyrostat show, 
by comparison with the equations of the herpolhode in § 200, 
that this motion may be considered as compounded of two 
Poinsot representations of the motion of a body under no forces, 
as given in §§ 104, 214 (Jacobi, Werke, II., p. 477). 

The relations connecting these two component Poinsot 
motions have engaged the attention of Darboux (Despeyrous, 
Coura de m^canique, II., Note XIX.), of Halphen (F. E., IL, 
Chap. Ill), and of Routh (Q. J, 3f., XXIII.). 

We may put the conclusions arrived at by these mathema- 
ticians in the following condensed form, depending on funda- 
mental dynamical and geometrical considerations. 

(i.) If the vector OH represents the axis of resultant angular 
momentum, then H lies in a horizontal plane through the point 
(?, where the vertical vector 00 represents (r, the constant 
component of angular momentum about the vertical. 

(ii.) If the plane drawn through H^ perpendicular to the axis 
of the Top, cuts this axis in (7, then 00= Or, the constant com- 
ponent of angular momentum about 0(7, the axis of the Top. 

(iii.) These two planes, one horizontal and through (?, which 
we shall call tJie invariable plane of G, and the other through 
C and perpendicular to 0(7, which we shall call the invariable 
plane of 0, intersect in a line HK perpendicular to the vertical 
plane 000 ; and if HK meets the plane 000 in iT, then 

CH^-^OH^^CK^^OK^^OO^^OG'^O^-Ch^. 

(iv.) The instantaneous axis of rotation 01 lies in the plane 
HOC \ and if 01 meets OH in /, the resultant angular velocity 
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about 01 is 0//(7; also CI/CH^ GjA, 
and the velocity of (7 is ?• . CI. 

(v.) By equation (i.) of § 210, the square of the velocity of G 
is (2CV%/^)(c- A cos 6) ; 

so that (7/2 = (2(72F^/^Xc-^ cos 9), 

CJ?2 = '2A Wg{c-h cos 6) 

= 2 A WghMjpw—^u), suppose. 
Then, by equation (3) of § 210, with u = nt+(a^, 

lln^l^^'hjb = gl^{^ - paXP^ - 9^X9^ - P^) - (« + /8j?u)* ; 
and therefore, when u = a,b, w, we have three equations of the 
form ip'a =a+ ^fpa, — ip'6 = a + /8p6, ip'ty = a + /8pt(; ; 
so that, according to § 165, we may put w=b — a. 

(vi.) Now GH^ = 2AWghJc{ff{b-a)''^}-G^+Ch^ 

= 2A Wghk{fpw'^pu)f suppose, 
where «w(/ - p(a + 6) = - (G^ - Gh^)/2A Wghk ; 

and since 

and 2=^ji>6— j»a), 

therefore j,«,' _ ji^6 _ a) = - ^^^j,. 

and therefore (§ 151) we may put v/=b+a, 

(vii.) The point H moves in the invariable plane of G with 
velocity equal to the impressed couple of gravity, and parallel 
to the axis of the couple ; so that the velocity of ^ is in the 
direction HK, and equal to Wgh sin 6 ; and the moment of this 
velocity about G is Wgh sin 6 . GK. 

But GK sin e = OG-OG cos 6, 

so that p\d<l>ldt) = Wgh{Cr - G cos 9), 

if /o, ^ denote the polar coordinates of H in the invariable 
plane of G. 

Now p^=2AWghk{^{b+a)-^), 

and cos Q = A;(pit — J pa — \^b) ; 

so that finally we shall find, after reduction, 

d</>^G_ W(b + a) 
di 2A'^^b + a)-^ii ' 
and therefore H describes in the invariable plane of (? a her- 
polhode with parameter b+a. 
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(viii.) Similar considerations will show that the curve de- 
scribed by fl in the invariable plane of C is also a herpolhode, 
with parameter 6 — a. 

If in equation (2) of § 210 we replace Cr by Ar\ the motion 
of OC is unaltered, but now the momental ellipsoid at becomes 
a sphere, and OH is the instantaneous axis of rotation ; so that 
the motion of OC is produced by rolling the cone, whose base 
is the herpolhode described by H in the invariable plane of (7, 
on the cone whose base is the herpolhode in the invariable 
plane of G, the angular velocity being proportional to OH. 

(ix.) But in the general case, where 01 is the instantaneous 
axis, the curve described by / in the invariable plane of G is 
similar to the curve described by IT, and is therefore a herpol- 
hode. 

Now from (v.), drawing CM, IN perpendicular to OG, 

0/2 = 0(72+ (7/2 

= (7V+(2(72Tf^/^)(c-00+Oif) 

so that 0/2 varies as the height of /above a certain horizontal 
plane ; and the locus of / is therefore a sphere, to which the 
point and this plane are related as limiting point and radical 
plane. 

The motion of the Top can therefore be produced by rolling 
the herpolhode described by / in the invariable plane of G on 
this sphere, with angular velocity proportional to 01. 

(x.) It still remains to be shown that the cone described by 
01 in space round 00 is a herpolhode cone ; this is left as an 
exercise. 

Darboux shows that two such hyperboloids as those described 
in § 221, with a pair of generating lines, PQ, PQ' in coincidence, 
and the opposite generators OG, 0(7 of the same system inter- 
secting in a fixed point 0, may be used to represent the 
motion of 0(7, the axis of a Top, when 00 is held vertical; 
the point P of intersection of the coincident generators being 
made to describe herpolhodes in the invariable planes of G 
and (7, by being moved in the direction of the common normal 
of thQ hyperboloids. 
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225. The numerical results of the pseudo-elliptic integrals 
of §§ 218, 219» and 223 can be utilised for the construction t>f 
similar degenerate cases of the motion of the Top. 

Thus, if cL = i<jo^ b=^(Oi+^c&^ 

then &+a=c«)i+o)3, 6— a=o>i; 

and we shall find cos a = 0, cos fi=K, <2=sec j8, and 
Ch^==2AWgh6ecfi, G^-=2AWghcosp. 
The spherical curve described by G is now given by 
sin sin(n^cos j8— •^)=,^{cos 0(cos jS— cos 0)], 
sin 6 cos(nt cos P'^yj/) = ^{\ — cos jS cos &). 

With « = Jc«)8, 6 = 0)1—^0)3, and 6+a=o)i, 

we find that cos a, cos p, and d are unaltered, but Or and 6 
are interchanged ; and C now describes the spherical curve 

sin sin(n^— ^) = ^{cos d(sec j8— cos ©)}, 

sin cos(7i^ — V^) = >s/(l "■ ®®^ i^ cos ©). 
Again, with a = fo)s, 6=0)1-^0)3, (72=15, ^^3 = 11; 
so that pa= — I, p6 = J, we find that 
ifc=l,cosa=-V3+l>coS)8=-J, d=V3+l, CV = 4ilTrflf/t; 

and the spherical curve described by G is given by 
sin»e sin 3>^ = ( - 1 - 2 cos ©)*, 
sin'e cos 3 V^ = (1 + cos © + cos«0) ^^(2 + 2 cos © - cos*©). 

To realise this motion practically, place a homogeneous sphere, 
of radius 0, inside a fixed spherical bowl of radius a, in contact 
at an angular distance of (50° from the lowest point, and spin 
the sphere about the common normal with angular velocity 



VH(f-0}- 



The sphere if released will roll on the interior in this curve. 
As another numerical illustration we may take 

5^2 = ^S' 3^3 = 4*^. 
when p(o)i + ^^3) = 2, pgog = - 4 ; 

p'(^i + .50)3) = - p |o)3 = 6i^3. 
Also, with gr2 = 30, ^3 = 28, 0)3/0)1 = 1^2, 

PJ«3='-^-W6> P|ft)3=l-^V^, etn. 



O.E.F. 
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226. It is convenient to represent the two parts of ^ by 
^j and V^j, such that 

^3h=l 0^+^^ .1 d\lr^^ hip' a . 

dt ""2 A 1+CO80 t/or ""por— pa 

dyjr^^X G-Cr 1 d^^^ ^ip6 . 

c(^ 2 il 1 — COS© du^pb — fu 

also to put x=V^i""V^2» whence Euler's anale = x+(-4-(7)rf/^, 
, tZy (7r— Gco8 

an expression obtained by interchanging and Or in ^. 

With a=p(^, 6 = o)i+gaj^ a change of q into — g interchanges 
G and (7r, while a change of p into — 2> interchanges and 

— (7r : both changes of sign change G and — G and Cr into 

— Cr, and thus reverse the motion. 

The following degenerate cases of the motion of the Top will 
afford an exercise on the preceding results of §§ 210, 224: — 

A. With 6— a=o)i, or 5— p = 0, 

Gr'^h" cosa + cos/8 
Ch^/2A Wgh = cos a + cos ^ ; 
and by § 215, x ^^ ^^^ paeudo-elliptic ; and 
X = V(«>8 a + cos P)J{\gll)t - ^. 

where ^= tan - 1 / (co8/3-cosgXcos9-cosa) 

* \ l+cosacosp — (cosa4-cobp)co8 

_ . -.i V{(C08 /8 — cos 0X^08 — COS g)} 

— 81U ; jr 

sind 

_ _ ^ ,J{ 1 + COS g cos j8 — (cos a + COS ) 8) COS f) } 

— COS . ^ 

smd 
The angular velocity of H round G in the invariable plane 
or G is now constant and equal to ^G/A. 

B. With 6 — a=c«)i+a)3, or g— j9 = l, 

Q G c 1+^cosa 
Cr ^ cosa+a 

CV/2^F^/t=cosa+d, 
and the spherical curve described by C has cusps on the circle 
given by 0=8; and now 

X = V(cosa+(i)V(ifl'/0«"^; 
where ^=tan-^ / (c^~cose)(cose~cosa) ^^ 
^ Vl+cZcosa— (co8a + rf)cos0* 
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The angular velocity of H round Q is again equal to ^OjA, 

C. With 6+a=a)i, ^^ 9+P = 0, 

,_Cr_l + co8acos)8. 
"" ff ~ cosa + cos jQ 
and now yfr is pseudo-elliptic, and given by 

^ = J{co^ a + cos ^)J{\gll)t - $ ; 
while the angular velocity of H round (7 in the invariable 
plane of C is constant and equal to ^Cr/A. 

D. With 5+a=o>i+cD3, or 5+^ = 1, 

^ Cr l+rfcosa 

cosj8=-^= — T-» 

'^ G cosa+a 

and the angular velocity of H round C in the invariable plane 
of G is again ^Cr/A. 

R With 5 = 1, 6=0)^+0)3, G— Or =0, and -^2 disappears; ^^^ 
now cosj8 = c/A=l, the Top being spun originally in the 
upright position. 

Now if the Top falls ultimately to the extreme inclination a, 
we find that G^r'^I^A Wgh = 1 + cos a ; 

and subsequently, after a time U 

sin |0=sin Ja 8ech{sin \a^(gll)t}j 
, Grt . , /cos d— cos a. 
^=2^-"° V i+co8 9 ' 
SO that the integrals for t and yjr are pseudo-elliptic. 

F. With 5 = 0, 6 = coj, 6? — (7r = 0, and yjf^ again disappears; but 
now d=l, and the Top does not rise to the vertical position. 

For numerical illustrations of this motion, take 

a = f(Bs, and ^2 = 1-5. 9z = ^^* ^^^n pa=-f ; 
or 5^2=^^' 9z^^^i when pa =—4. 

G. With p = l, a = 0)3, ff+(7r = 0, and yjr^ disappears; now 
COS a= —1, and the Top passes through its lowest position. 

For numerical examples of pseudo-elliptic cases, employ the 
results ^(coi+icDj; 15, 11) = |, and p(ft)i+-JcDs; 48, 44) = 2. 

H. Withp = l and 5=1, = and (7r=0; and the motion 
reduces to plane revolutions, as in § 18. 

I. With p=l and 5 = 0, (? = and (7r = 0; and the motion 
reduces to plane oscillations, as in § 3. 

K. With p=l,g =0, d=l, cos)8= —1, cosa= —1, the pen- 
dulum is at rest in its lowest position. 
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The Trajectory of a Projectile^ for the Cubic Law of Re- 
sietance. 

227. An immediate application of the function ^u, v) of 
§ 201 occurs in the solution of the motion of a body under 
gravity in a resisting medium, in which it is assumed that the 
resistance of the medium is in the direction opposite to motion, 
and that it varies as the cube of the velocity. 

Refer the motion. to oblique coordinate axes, one Ox in the 
direction of projection at the point of infinite velocity, and the 
other Oy drawn vertically downwarda 

Denote by w the terminal velocity of the projectile in 
the medium ; so that if W denotes the weight in pounds, the 
resistance of the air at a velocity t; is a force of W(v/wy 
pounds, and the retardation produced is givjwf. 

The equations of motion are then 

dt« vAdtJ ds' ^^^ 

dt^ vAdtJ ds^^ ^^^ 

Eliminating the term due to the resistance, 

dx d?y dhi dy _ dx 
dt di-'^d^ dt^^lt 

or, writing p for dy/dx, 

dp dt dp dx .«. 

dr^a^-'^'didr^' <3) 

If Ox makes an angle a with the horizon, then 

df? ^dy- Jly dx . , da^ 

di^''dr''''^di di^'''''^dt* 

=^,0;-'-2psina + l). 

and now equation (1) becomes 

dh^ _ 9 (d^V dx 
d^" vAdiJ dt 

--5(S)V-2p"""+i). 
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Integratitig, noticing that dx/dt=^oo , when p=0, 
suppose, where jj^— Sp^sin a+3p is denoted by P ; 

s-"-?"*- (»> 

aothat 4^=p-«, 

icr op 

^^^ = pP-* 



and 





^=yr*dp,.. .(6) 



§=/pI^dp; (7) 





while ^^IpK 

at w 

^-^JP^dp (8) 



228. The integration required in (6) is similar to that of 
ex. 8, p. 65, discussed also in § 157 ; we substitute 

2?==m*Pi/p, 

where m is some arbitrary constant factor ; and then 

40*— grg= {(4in*— srj)p*— 12m*p sin a+12m*}/p*, 

which is a perfect square, when 

4m*— gf'=3m%in*a, or gr3=m*(4— 3sin*a); 

so that aJ{^2^ — fl^s) = ^^>s/3(2 — p sin a)/p, 

, 62^dz 2m^JUp 

dz _ _rn\/Sdp dp gda 

on choosing m*= ^ ; so that 

dz 



*=KS5 0.«/.) (9> 
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and supposing a;=:a at the vertical asymptote, where 5> = « , 



or 



^^^y=. ?^= - ^ ; (10) 

•^w- "^w;* "^w* *^'«;* 






and, integi*ating, V = / dx, 

the equation of the trajectory. 

It is convenient to write u and v for gx/u^ and ^'a/te;* ; 
and now gy fe^vdu ; ^ 



to be integrated by the preceding rules of § 198. 
Rationalizing the denominator ^'v—f/u, it becomes 

f'h) — p'hi or ^i^v -- p*tt), 
since (/^^O ; and resolved into linear factors, it becomes 

Hpv -pu )(u>pv - puX««>V V - P ^)> 
where w, o)* denote the imaginary cube roots of unity, viz., 

Now, resolved into partial fractions, 

6p^v _ 6p^v(p'v + p'u) 
p'v — p'u "" 4( j?^v — pihjL ) 

1 p'v+^'u 1 p'v+p'u 1 p'v+p'u 

2 pv^pu z wpv — pu 2 a)*pt;— pu 

1 p'v+p 'u , 1 pW+p'u , 1 2P'cD*t;+p'u „^X 
z pv — pu 2 pajv—pu 2 parv—pu ^ ' 
on making use of the results of § 196, when sr2=0. 
Then 

gy r\ ^v+p^ ri 9j^o+^^^^^^riV^^ 

vr J 2pt;— pu j 2pa>v— pu J 2p(ich)—p%b 

which is prepared for integration as required in § 198 ; and since 



k 
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f\ '-^^-=/«--)+^-M<^^ 



= — log a-iv —u)+ log oru — a^v + constant . 

therefore the result of the integration may be expressed by 
^ = — log 0( — tt, v) — ft) log ff>{ — u, (ov) — ft)%g ^ — u, ft)*t;)....(13) 

The conditions of Homogeneity of § 196 also show that the 
last equation (13) may be written 

•^, = - 3«ft, - log ?<^^> - ., log '^"^-- "^ - a,nog^<^>, 

' or simply 

•^ = - Sufv - log <r(t; - u) - ft) log cr(ft)V - u) - ft)*log (r(wh) - u), (14) 

subject to-the condition that t/ = 0, when u or x = 0. 

The equation is left in the complex imaginary form, as there 
exists no theorem for the expression of 

]og criayv—u) in the form P+iQ; 

unless we introduce a new function $(a, a), defined by 
(Halphen, F. K, I., p. 151) 

*(a, a) = /{l{a+ia)+^(a-ia)}da. 



229. For the expression of the time t in the trajectory, 
equation (8) leads to 

^-T-du 
pv — pu 

r\ 9:j!^^dv^^^n f-^'^i^Ji p'-^^t?i^„. (15) 

when resolved, as before for y, into partial fractions ; so that 

^ = - log 0( - u, v) - ft)21og <p( - u, ft)v) - ft) log 0( - u, ft)H;), 

1 <r(t;--u) „, a-ioov — v) , o-(ft)^ — u) 

or = —log ^ — ft)21og -^^ —ft) log 9 — ^, 

° (TV ^ a-MV ° cTft)^?; 

or simply 

= — log (r{v — u) — ft)21og (r(ft)i; — u) — ft) log (r(u>h) — u), (1 6) 

subject to the condition that t = {\ when a; or u=0. 



gt^repvpv. 
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By addition, 
S+^= -81og^(-u, t;)+log^-t£, t;)^-it, «t;)^(-tt,i^t;); 

^y a-va-u, ) ^ av awv awhf ahi * 

and this last term, when expressed in a real form, is equal to 

(Halphen, F. K, I., p. 232.) 
This can be proved independently ; for 

J "I-^L^^J^ =^Qg(y'^-''"P^-^)+* constant (17) 

230. For the purpose of the expression of y and i in ascend- 
ing powers of x or u, it is nseful to employ the function 

-— - V^", which we may denote by ^(— u, v) or ^; 

so that ^(— u, v)=<rtt0(— It, v), and ^ = 1, when u=0. 
We may now write 
gry/tt;* as — log -^ — u, v) — CD log ^( — w, ojv) — (B*log ^( — tt, «*«), 
gi\w = — log>/r( — tt,t;) — cD^log^(— u,art;) — a)log^( — u,«*t;). 

Differentiating logarithmically, 

on expanding the second side by Taylor's Theorem ; so that, 
integrating again, 

log^(-u,t;)=-Jpi;+|^p'v-|,p"t;+..., (18) 

Then, with g^^^h and ^a)V=a)pv, etc., 
log>^-w,cDV)=-^^o>J?v+^,V'V-;^cDVt;+..., (19) 



V? ^ , V? » u* 



log^(— u,cD*v)=-^,ft)Vv+^,p't;-j|^(«)p"v+...; (20) 
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80 that ^=2(^p'v-'^^h,+^^f^'^- ...) (21) 

and here u = gx/v^, g^ = 0, jTg = -^{^ - 3 sin^a), pv = ^ , 

j?'t;=j8ina,jnr = f,p^i/'' = ^8ina,p^*'^t; = 4-^ina,^''^= V^ina,... 

231. When pj, p^, p^ denote the values of jp corresponding t<» 
three points defined by the values ajj, ajg, x^ of a;, or ti^, Uj, tt^ 
of u, such that 

x^+x^+x^ = i), or t4+W2+tt8 = ^>. 
then, according to § 145, 

(PiP^3)*=PiP2P3-.(p2P3+P8Pi+Pi?>2)sina+2)i+P2+P8-(23) 

This Theorem follows also as a corollary of Abel's Theorem, 

as applied in § 166 ; and it is interesting to proceed to the 

determination, in a similar manner, of the corresponding values 

of Vi+Vi+yz^ and t^ + t^+ty 

Changing, in § 166, a? into p and y into Pi, then from (7) § 166, 

3 Ma+p^SP pjSa+p^Sfi Pz^Sa+p ^8l3\^ SSa 

0»-l\p8-Pl.?>i-P2 Pl-P2'P2-Pz P2-Pb'Ps-Pi^ «*-1' 

^(dt^+dt^+dt^=P^-idp^+Pf^dp^+Ps'^dp^ 
3 ( (aPi+l3Yp,Sa+8l3) \ _ SaSa 

"a^-ii {p,-p,){Pi-P^ '^'"r a«-r 

Therefore 

= — log(a — 1 ) — ft) log(a — ft)) — ft)*lo^(a — ft)*), . . .(24) 

= — log(a — 1) — ft)*log(a--ft))— ft)log(a— ft)*);..(26) 

Pi— pi pi—Pi P4— pi 

where « = -*—-» =^— ^= ^ ^ ; (26) 

P2-P3 Ps-Pi Pi -^2 

and a = 00 , when p^ = pj =^8 = 0. 

As a corollary from the preceding expressions for y and t in 
tenns of x or u, it follows that 

(r{v — Ui)cr(t ; — u ^)(r(V'- u^) _ 1 
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232. By taking x^ = and P3 = 0, then 

when oi^+ic^ = Of or Ui+i62 = 0. 

Now, from equations (13) and (16), 

^i(yi + 2/2) = - ^^giP^ - JW) - ft) l0g(pu - (opv) - ft)*log(pU - ft)«fw) 

2 ^pu— jsrv ^ 2pu,+pv 

jf (^ + ^2 ) = - log(P^ - ^^) - c«)*log(j?it - copy) - CO log(pu - «2fw) 

2 °j?%— p'r) ^ 2jnt+pv 

In particular, when u = ft)2, then 

ip{ - U, ft)j) = ^(^U - tfg), 

80 that the expressions for y and t are pseudo-elliptic ; and, at 
this point, p= 2 sin a. 

233. We may now investigate the properties of certain points 
on the trajectory. 

When u=2a)2--t;, 

then fwir=J, p'u=— Jsina, and p = coseco. 

so that the tangent is perpendicular to Ox, 
The velocity in the trajectory is given by 

w{p^ — 2p sin a + 1)*( />* — 3p%in a + 3p)"*, 
and this is a minimum, by logarithmic differentiation, when 

jp— sina p^—2p sing 4-1 _^ 

J?*— 2psina+i jJ^—'Sphma+Sp" * 

or p^cos*a+2>sina — 1 = ^ (27) 

If the tangent AB makes an angle fi with Ox at the point A, 

then p = — r-^' 

^ cos(a— p) 

so that the relation becomes 

tana=-2cot2^=tan^-cot)8 (28) 

Then ^(4 + tan^a) = tan ^ + cot ^ = 2 cosec 2/8, 
or s/i^s) = W(* "" 3 8in*a) =5= § cos a cosec 2fi. 
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The relation (28) is equivalent to a number of other re- 
lations, such as 

tan(2jS— a) = tan a— tan 2^8= tan a + 2 cot a, 

tan(a-)8) = cot8)8, 

tana= {cot(a-/3)}*-{tan(a-/3)}*, 

3 tan a + tan^a = 2 cot 2(a - /S) = cot(a - /8) - tan(a - j8), 

tana={cot(a-/8)}*-{tan(a"i8)}*, etc 

Also, since p = zr-r-* 

^ sin a — 3^ u 

therefore, at these points of minimum velocity, 

p'«u = K4-3sin*a)=3^8, and fp^u^g^, 

and therefore p2t6=(n6, or u = §cd2i as in § 166. 

The integrals for y and t at these points of minimum velocity 

are therefore pseudo-elliptic, and depend on 

y^ ds , /* sds _ 

(««-l)V(4a«-f) ''''V(8«-l)V(4«*-lT 
integrals first considered by Euler (Legendre, F. E,, I., Chap. 

XXVI.). 

We find, by differentiation, that 

1 d J{W-\)+jZ 

2 Cb ^V(*«*-1)+V'3(5J8-1) 

___K/5 ^ ^~l /OAV 

by means of which the results can be constructed; and 
noticing that, if 8=jw, ^(4«*— l)=p'v, i7g=0, fl'3=l, then 

we find finally, when u = ^u^, 

flry/««»= |o)jfft,2-2o>jf j; + i logp(v-f «,)- 4^3 tan-y(i;-f «^), (32) 

gtlw » 2v^a>,-§wj^ft), + \ logp(v-5a)j)+iV3 tan-y(i;-§«,X (33) 



= — 2cosa 
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234. Denoting by 6 the angle which the tangent at any 
point makes with Ox, the tangent at 0, the point of infinite 
velocity, and by ^ the angle which it makes with the tangent 
at A, the point of minimum velocity, then d=/8— ^ and 

__ si nO __ 8iD(^ — 0) , 
^'""cos(a-©)""cos(a-/8+^)' 
so that Bina--3y-u^l^cos(g^+0) 

and >w^^ 8ina8in08-^)~2co8(a-/3+») 

cos()8-- 0)+ ^ tan g 8in()8— 0) 
8in(^-0) 

- -^ cos « ^' ''^^ -0)-cot2)88in() 8-») 
--.cos a sinOS-^) 

= — 2 cos a cosec 2)8 ^ )o ^ 
and since 

P'§«2 = "- V(^fl^3) = - hs/i^ - 3 sin^a) = — § cos a cosec 2j8, 

therefore «!Il<|+^-)= ^J^-, 

W=p>-p;|a., 

Therefore, at points defined by t^, Ug, where the tangents 
make equal angles with the tangent at A, 

Thus, if 14 = 0, then u^=(o^; and the tangent where u=»2 
makes an angle 2/9 with Ox, 

By the principle of Homogeneity of § 196, we can select any 

arbitrary value of ^3, and it is convenient to take ^3=! ; and 

.- ox u ,, ox o f(J^ 9 / 

now, if ^^= , then p—^ = 7rik>u, p-^=^m^pu, 

where ^*=<78, m = (4 — 3sin*a)V>^/3• 

With (gf2=0,gr3=l, wo have found, in § 166, 

^^2=1' f'§^2=-V3, F'i^2 = >s/3- 

Airain, if =^, then 

j?v = (4 - 3 sin^a)-*, p'v = ^3 sin a(4 - 3 sin^a)"^ = - ^3 cos 2j8 ; 
so that, as a increases from to ^ir, p'v increases from to ^^3, 
and V increases from m^ to j^coj- 
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Denoting the analytical expression for tan^/tanj8 in (34) 
by Xf then X is independent of a or p, and therefore a Table 
of numerical values of X, with u or mgxjifi for argument, will 
serve for all trajectories. 

It will be a useful numerical exercise for the student to 
prove that corresponding values of u and X are 

*"«• 24/2 ' 

V3-l-^2^3 . 
2 ' 



i«2» 



i««>2» 



(I) 



2 



. "1; 



^^' 24/2 * 



Examples. 
Prove that, with g^=^Oy g^=^\, 

4. p^, = -|u-W3tanh- V-*r ^- 

'^■J p^+J'i ^ ~^^ ^°S f^*' ~ 1<«>2)+tW3 tan - \'[u ;-;«,). 

7. Integrate (ptt)-^ (pu)-^ (pu)-*. 



CHAPTER VI IL 

THE DOUBLE PERIODICITY OF THE ELLIPTIC 

FUNCTIONS. 

235. Besides pointing out the advantage of the direct Ellip- 
tic Functions obtained by the inversion of the Elliptic Integrals 
(§ 6), Abel made an equally important step (Crelle, 11., 1827) 
in showing that the Elliptic Functions are doubly-periodic 
functions, having a real period, 4K or 2K, as already defined 
in § 11, and an imaginary period, ifK'i or 2K'i, where, as 
before in § 11, 

K^Jd^\J{y -/%inV)= ^K^ 



Doubly-periodic functions make their appearance when we 
consider functions of a complex argument it; = u+vi. 

Denoting a;+yi by z, we have already discussed in § 179 the 
system of confocal conies given by 

;: = csinic;, or ccost^', when t6 or t; is constant 



In this case w 



- r ^ 



and the poles of this integral, as defined in § 54, are given by 
«= ±c, the foci of the confocal system of conies. 
Changing the origin to a focus, then 

r dz 

^J Jiz.^C'-zy 

and 0=2csin*itc;, 

2c — ^ = 2ccos^it(;, 
dzldw^^csinw. 
Denoting by r, r' the focal distances of a point, then 
r* = (a: 4- yi){x — yi) = 4c^sin* J(u -h w)sin*i(it — vi), 

254 
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or r = 2c sin J(u + vi) sin ^u — vi), 

r' = 2c cos i(^ + vi)cos ^(u — vi) ; 
«o that r'-h^' = 2c cosvi=2cco8hv, 

r'— r=2cco8u, 
giving the confocal ellipses and hyperbolas, for which v and u 
are constants. 

It is convenient to denote x-^yi by s;' and u—vi by v/ ; 
and now the Jacobian 

J or ^) ' ^; = c^sin w sin ie;'= irr'. 
3(u, V) * 

236. Now, if we consider the integral (11) of § 38, 

r dz 

J ^{z* l — z. l—kz)* 
then z=sn^w, 

1— 0=cn*^ic;, 
1— A;2? = dn*^u;, 
dz/dw = sn ^w en ^w dn |t(; ; 
and the poles of the integral are given by 2^=0, 1, and 1/k. 

Denoting by r, r , r" the distances of a point from these 
poles or foci 0, 0', (/ in fig. 26, then 

r' = sn Jie;8n^t(/, r = on^xvcn^v/. Ay = dn Jt(; dn ^te;' ; 
or by means of formulas (2), (3), (5), (28), (29) of § 137, with Jw 
and Jty'for u and t;,and therefore u and iv for u+v and u— v, 

cnvi — cni£ 1 dni^i— dnu 



w 



1^= 



r= 



dnvi+dnu k^ cnw+cnu* 

cntridnu+cnudnt;i /c'* dnvi — dnu 



dnvi+dnu k^ en vidnu— cnudnt/i' 



Tir_ cnwdnu+cnudnt;i _ ^ cntn — cnu 



cni;i+cn u cntiduu— cnudn vi 

From these relations, by the alternate elimination of u and v, 

r +r'dn v£= en vi" 
r — r'dnu =cnu 
or Ay+A;r'cni'i=dnvi' 

At" — Ar'cnu =dnu 
or ir^dnvi — A:rcnvi = l— Aj'i 

A;r"dn u — A:r en u = 1 — A:/' 
the vectorial equations of one and the same system of confocal 
orthogonal Cartesian Ovals (fig. 26) ; also •/= ArrV. (Darbouz, 
Anncdea acientifiquea de VicoU normcde supMeure^ IV., 1867.) 
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As we travel round one of these curves and make complete 
circuits, each enclosiDg a pair of poles of the integral w, de&ted 
either by and 1, or 1 and 1/^, the integral increases bj 
constant quantities 4K or 41Ci, the corresponding periods of 
the elliptic function sn^^w, as in § 55. 




Fig. 26. 

By making k = 0, we obtain the degenerate case of the, 
oonfocfd conies, and now K^^-r, while K' = »; so that the 
circular functions have a real period 2ir and an infinite 
imaginary period ; on the other hand, the hyperbolic functions, 
as illustrated by the confocal ellipses, have an infinite real 
period and an ima^nary period Z-ri. 

Mr, J, Hammond has shown, in the American Jov/mal of 
Mathematic9, vol. I., how these Cartesian Ovals may be de- 
scribed mechanically, by means of reels of thread, as in the 
case of the confocal conies of g 173. 

He takes two reels of thread, of different diameters, fastened 
together, and pivoted on the same axis at C. Now, if the 
threads are led through a pair of the foci, and 0', the curves 

r±lr'=c 
will be described, if the diameters are in the ratio of 2 to 1, 

By leading the threads round an oval, as in fig. 26, theorems 
can be obtained, connecting arcs of confocal Cartesian Ovala, 
analogous to those of Qraves and Chasles for elliptic arcs. 
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237. By inversion of this system of confocal Cartesian Ovals, 
we shall obtain another system of orthogonal quartic curves, 
with four coney clic foci A, B, C, D, defined by the vectors 
z^a, 13, y, S, suppose ; and now 

w=ydz/^{z—a.z-'l3 .Z'-y.Z'-S); 

or, writing w for wl,J{a—y . ^8— 5), then, from § 66, 

B'^S .z — a «, a-'B »z — S o, a — 5.2?— y , «, 

a^-S.z-fi 2 ' „_^ .2j_^ z * a-y.z-fi ^ 

Denoting by r^, rg, r^, r^ the distances of a point from the 
foci A, B, C, D, then, from these equations, 

mod. — — z -^ = sn iw; sn W, mod. — -^ = en iic; en iv/, 

a-^o r^ a — 9*2 

mod. *- -^= dn ity dn kw' ; 

so that we obtain the vectorial equations of these orthogonal 
quartic curves on replacing r\ r, r'' in the equations of the 
Cartesian Ovals by these expressions. 

(Proc. Cam. Phil. Society, vol. IV. ; Holzmuller, Emfiihrv/ng 
in die Theorie der iaogoncUen Verwandtschaften, 1882.) 

238. We now proceed to express the elliptic functions of the 
imaginary argument vi by functions of a real argument v. 

We know that cos vi = cosh v, sin vi = i sinh v, tsmvi = i tanht;;. 
and that the function </> or amh u, and its inverse function 

u or amh " ^0 = log(sec0+ tan 0) = cosh "^sec0, etc., 
connects the circular functions of <p, for which /c = 0, with the 
hyperbolic functions of u in § 16, for which ic = 1 ; and then 
coshti=8ec0, 8inhu=tan0, tanhu=sin0, tanh ^u=:tan^^» 

Now, if = amh -^^ 

then cos <f> cosh ^ = 1 , or cos cos \/r = 1, 

a symmetrical relation, so that 

>/r = amh 0/i; 
and sin <f> = tanh ^ = i tan yfr, 

cos </> = sech \l/i = sec \/r, 
tan 0= sinh yfri^i sin \/r, etc. 
Also d<f> = i sech \frid\fr = i sec xfrdxlr, 

A(0, ic) = V(l+/c^tanV)=8ec VrA(Vr, O. 

80 that d<f> ^ idyfr ^ 

A(0,ic) A(Vr,0 



O.X.F. R 



258 THE DOUBLE PERIODICITY 

If \/r=am(t;, k), 

then = am(vi, /c); 

and 8n(vi, ic)=i — S--L or isc(t;, /). or iiii(v,K)\ 

^ ' cn{t;, K) V /» \ -^ » 

cn(m, /c) = - -/ - A, or nc(t;, k) ; 

dn(vi, k) = -^7^/ V or dc(t;, k\ 

connecting the elliptic functions of imaginary argument vi and 
modulus K with the elliptic functions of real argument i; and 
complementary modulus k. 

Putting v=K\ we notice that sniT'i, cn^'i, and dn£*i are 
infinite; and putting v = 2K\ then 

8n2ir'i = 0, cn2Z'i=-l, dn2ir'i=-l; 
also sn ^K'i = 0, en ^Ki = 1, dn ^ICi = 1. 

239. The Addition Theorems of § 116 may now be written 
cn(u+i;i) = (cnu cnv— isn udnusn t;dnt')-5-D, 
sn(u+vi) = (8nudni;+icnudnti snv cnt;)-i-i), 
dn(u+vi) = (dnucnt;dnv— iVsnu en usn !;)-*•/), 
D = cn^ v + ic%n^ sn^ ; 
remembering that the modulus of the elliptic functions of v 
is k\ while that of the functions of u is /c. 
Thus, putting v=K\ 

cn(u+A"i)=-i-^5Jf:, 8n(u+if'i) = - — , dn(u+Z'i)=-i^^; 

so that, putting u = K, 

•cu(K+K'i) = -iK'lK, sn{K+K'i) = l/K, dn(if +iri)=0. 
Writing (7, S, D for en 2it, sn 2u, dn 2u, then (§ 123) 

2/ _i.ii^-x l-cn(2u+ir'i) l/cS+Di , 
^^(^+^^^> = l>-dn(2ir+if^i)=^ S^ eta 
Generally, when m and n denote any integers, we find that 
cn(u + 2mK+ 2nK'i) = ( - l)'~+»cn u, 
Bn{u+2mK+2nK'i) = (-!)« sn u, 
dn(u + 2mK+2nK'i)^{'-iy' dnu; 
so that ^K and 2ICi are the periods of sn u, 

2A' and 4tK'i are the periods of dn u ; 
the periods of cnu being 2{K+K'i) and 2{K'-K'i). 
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In § 164, we may now write 

or in the notation of the Theory of Numbers, 

tti+Ug+UjsO (mod. ^K, ^K'i), 

240. A combination of the transformations of §§ 29 and 238, 
to the reciprocal and to the complementary modulus, gives 

. . v_ 1 _ 1 _ cn(Kvi, in Ik) 

cn(m,ic;- ^^^^^^^y dn(/c't;, 1/0" dn(ic'i;i, iic/O' 

cm^» x_ ^8n(tv k) _ isn(K% !//) _ sii{Kvi, Jk/ k) 
sniw, ic;- ^^^^^ ;c')~ic'dn(ic't;, I/O "" /c'dn(/c'w, i^/O' 

an^m,ic;- cn(t;,/c')"" dn(ic't;, 1/0" dn(ic'm, i/c/O 
Thus cn(ic'u, i/c/O = cd(u, /c) = 8n(ir — tt, ic), 

or am(K'u, i/c//c') = ^-tt — am( A' — u, k) ; 

as is otherwise evident, when we notice that, if 

(l-(c«cosV)''<i^=4/ (1 +^8inV)" '/'A. 



80 that ^=am()c'ti, u/k'). 

then K-u=f{l-K^cm^)~^d^^ f (1-Ain^<f,y^d<f,, 

or ^ = am( J!^ — u, /c), 

provided ^ = J-tt — 0. 

241. As an application, take the values of t;^ and t/j in § 210 ; 



u 



(i— cosa _9„ d + l 

1 + cos a 



J , l+cosfl « (i— cosa « 

^ 1+cosa ^ l+cosa * 

, , 1 — cosfl 9 d — cosa , (i — 1 

dn% = -. -, sn% = , cn^Vo = — ^ » 

^ 1— cosa '^ 1— cosa ^ 1 — cos a 

80 that, with Vi=pK%, v^^K+qK'i, where p and q are real 
proper fractions (§ 56), then 

1 — cos a _ sn^i'^ _ sn' pK% dn^qK'i 

1 +COS a " sn^j cn^qK'i 

1 — COS /8 _ sn^Vj dn^Vg _ K'^^n^pK'i 

1 + COS /3 ~ sn^Vj dn^Vj "" dn^pK'i cn^qK'i 

d— 1_ snh\ cn^v^^ K^sn^pK'isu^qK'i 



2(50 THE DOUBLE PEKIODICITY 

Thence, expressed in a real form, 
1— cosg _ sa^K'da^ qK' 
l+co8a~ cn*pK' ' 
or (§ 135) tanJa=tanJ[am{(p+g)/ir',/c'}+am{(2)-5)jr.K'}]. 

a= am{{p+q)K\K}+am{(p-q)K'.K}. 

Also rs 29^ ^-cos^ _ K'h n^K'cn^q K' 

cn«(2J/c'iir', l/«c') 
80 that )8=am{(p+5VZ'. l//c'}+am{(p-g)«c'Z', 1/k'}. 

And ^~-J = *'«snViir'8n«5iir' 

8D«(t:pii:', K)dnmi-qyiK'-K, k) 
cn\ipK'. k) 
or d=co8[am{(p+q~iyiK'+K. K}+a.m{(p-q+l)iK'-K, «}]. 
In the Spherical Pendulum, Cr=0; and therefore (§ 210) 

1— CO ag 1—008)8 (i— l_i. 
1+COSo 1 + 008/8 d+1 ' 

d+i-" ^^P^ «" ?-^ snpiT'cn jZ'dn qK' 

or 8n(p — g)J5r = sn ^jiT'cn jiT'dn qK'. 
Thence 

8n(g+p)ir' g_ cn(q+p )K' dn(q+p)K\ 

242. With Ja^obi's notation of § 189, the expression for iyfr 
in § 210 becomes 



) 



. , /en vAn v. , en vAn v«\ , tt, v , tt/ 
^ \ snvj snVg / \ ' 1/ • v » s 

= /cnt;idn3^2^ , en t;,dn t;, ^ ^^ \ ^ ilQ^ e(u--^^)9(u-t;^ . 
\ snvi ^ snvj V ^ '='e{u+Vi)0(i6-i-V2)' 

and now, if we divide \/r into its secular and periodic part, 
in the form ^ = ^ulK+ yjr\ 

then '^ is called the apsidal anglCy in the motion of the Top or 
of the Spherical Pendulum, as seen illustrated for instance in a 
Giant Stride ; and 

\ snVj ^ snvj v ^ ^ Q{K'{'V^Q{K-\-v^ 

which must now be expressed in a real form. 
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From § 172, 

i^vi. K)=i^dahn-EIK)dvi 






=^-v+Eam{v. ,'y^^J^l^ (§ i85) 
K en v 



ttv , «, ^ snvdnt; 



sn t; dn v 



en v 



env 

by means of Legendre's relation of § 171. 
Thus, with v^^pK% 

Again, by (2)*, § 186, since Zir=0, 

Z(ir+ 1^) = Zu - ic%n u 8n(Z+ u) ; 
therefore, with v^=K+qK% 

Also, if p and j are proper fractions, the logarithmic term 
of i^ vanishes (§ 264) ; so that^ finally, 

Id the Spherical Pendalum, 

en pK'dn pK'/an pK = kHu pKea qlCsnip - q)K' 

=ZqK'+Z(p-q)K'-ZpK' ; 

80 that '^^^+q)+2'Z{qIC,K')+Z{(p-q)K;K'}. 

With the Weierstrass notation, taking u in equation (8) 
of § 208 between the limits Wj and coi+co^ we find (§ 278) 

i^ = (a + b)^i^ - (fa + f 6m, 

where a=pa)^ b = a>i+qa)^. 

In small oscillations near the lowest position, p and k are 
very nearly unity, while q and k are small. 
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The Oeometry of the Cartesian Oval 

243. Denote the angles POa, P(yO, PCTO in fig. 26 by 
ft ff, ff' respectively ; then with as origin, 

aj+yi= entity, x—yi==cn^v/; 
ttan^g= %; ; ^.; . %; — ^ 

__cn Jw— en Jt(;'_ l(\—Qmi 1— cnvi\ 
""cn^ty+cn Jtt;'" \ \l+cnu 1+cnw* 
or, in a real form, with modulus k for the functions of t;, 

Ifl— / /1""^P^ . 1 — cnvXsn^udn^u 8n^t;dn^ \ 
* "" V\l + cnu l + cnv/ cn^u cnjv *" 

^ cnit+cnt; . rv snusnv 

cos0=r— , sin0= 



l+cnucnv' 1+cnucnv 

With 0' as origin, 

i^x + yi) = dj\^\w ; 
and, similarly, 

ttanitf -dSl^ + dnK"V\l+dnu " 1+dnw/' 

.p^_ //I— dnu dnv— cnvN lAnJucnJu sn^v 
^ " V\l+dnu dnv+cnv/ dn^u cn^vdn^v** 

^ cnv+dnudnv . ^ /c^snusnv 
cos0^ = j —J , sin0^ = 



dn t;+ dn u en v' "" dn v+dn u en v 

With (y as origin, and 

then i tan W= — f f— /• 

^ snjty-hsnite; 

To reduce this to a real form, similar to the above, we require- 

two new formulas, not included in Jacobi's list (§ 137), but easily 

derivable from it, namely, 

{dn{u+v)±cn(u+v)}{du{u—v)±cn(v,—v)}=(c^d^±c^yiD, 
{dn(u+ v) ± cn(u + v)} {dn(u — v) + cn(u — v)} = k'*(»i + «^*//). 

Now, with Iw and ^w' for u and v, and u and vi for u+tr 
and u— v, 
•i 1/v //dnu+cnu dnvi — cnm\ 
'^ \\dnu— cnu dnm+cnm/ 

j>y_ //dnu+cnu l_--dnj;\ en Judnju sn Jvcn Jv^ 
^ ~V\dnu— cnu l+duv/ snjit dn^i; ' 

^, — cnu+dnitdnv . ^ ^'^snusnt; 
cos0 = — = ; — , sina = 



dnu— en udn v' dnu— cnudnv 
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244. Again, denoting the angles which P subtends at (/O*, 
(TO, 0(y by 0, </>\ ip" respectively, so that 

^ = '7r — O' — d*', <f/=6-^ff'y Ip" =^ TT -^ 6 ^ ff \ 

then we shall find 

. • 8njudn_Ju cnjv _ //I — cnu l+cni; \ 

^^"" cnju snjvdnjt; " VVl+cnu 1— cnv/ 
. - ,_ /c'sn^tt /sn^t;cn^v _ // dnu— cnu 1 — dnvN 

^^""cnjudnju dnjv "VVdnu+cnu l+dnv/* 

. - -sn ^ucn ^u en ^vdn ^v __ //I — dnu dnv+cnv X 

'^ " dn^u sn^v "~ V \l+dnu dnv— cnv/ ' 

cnu— cnv . . snusnt; 

eo8 0=r , sin0=:; , 

^ 1— cnucnv ^ 1— cnucnv 

, cnw+dnudnv . , ic'^nusnt; 

COS0 =3 — , sin0=s3 ; J — . 

^ dnu+cnudnv ^ dnu+cnudnt; 

- — cnv+dnudnv . „ /c^nusnv 

cosq = — J 1 ,sin<b =j Ti . 

^ dnv— dnucnv ^ dnt;— dnucnt; 

Similarly, denoting by w, co', w" the angles which the normal 

at P to the oval along which v is constant makes with PO, 

PCX, per, we shall find 

. , sn u en V . sn u dn v , „ sn u 
tan 0) = • tan o) = t ^, tan co = 



snv ' dnusnv* cnusnt; 

Drawing the three circles through (yPCT, CTPO, OPff, and 
denoting the points in which the normal at P meets them 
again by Q, Qf, Qf, we shall obtain similar simple expressions 
for PQ, OQ, ... (Williamson, Diff. and Int Calcvtlua). 

245. The two ovals defined by t; and 2ir'— i;form a complete 
curve ; and so also the ovals defined by u and 2J!^— u. 

Denoting by P, P', Q, Q[ the four corresponding points 
defined by (u, v), (u, ^K'-^^v), {2K-% v\ {2K-u, 2K'-v)\ 
and denoting by p, p\ q, (( their consecutive positions when 
u receives a small increment du, then 
P'p = JJdu = ic VC^VOdu 

_cni*idnu+cnudnin //en m — cnu\ 7 

dnvi+dnu > Von vi+cnu/ 
__dnu+cnudnt; // I ~ en u en t ;\ 7 , 
dn V + dn u en v V \1 + en u en v/ 
and changing u into 2J5r— u, t; into 2ir'— v, 

Q^ /_ dn u— cnu dn t; / /I — en u en t; \ 7 
dn v — dnucnvV Vl+cnitcnt;/ 
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Then Pp+Q^=% dnudpt; //l-CDUCDt>\^^ 

/r 1 +C11 w CD vy \1 +cn u en v/ 

"~2^"2^ >v/(l — Sent; cos d+cn*t;)cW; 

so that the sum of the arcs described by P and Q[ is expressible 
as an elliptic arc. 

Again Pv-Q<^A '^^"-'^'^°\/(;-<^°^<^»^W 
— o r ^^ ^ l+cnucnv V \l+cnucnv/ 

which is expressible in the form 

^^V(l - 2 dn t; cos ff+Aixh))dff 

2 

+ o o >y/(dn^+2 en v dn v cos 0''+en*t;)d^*' ; 

so that the difference of the arcs described by P and Qf is 
expressible by the sum of two elliptic arcs ; and thus the arc 
of the Cartesian Oval described by P is given by means of 
three elliptic arcs, which is Genocchi's Theorem (Anncdi di 
MaUmatica, VI., 1864 ; Mr. S. Roberts, Proc. L. M. 8., III., V.). 

246. Let us examine the analytical properties and physical 
applications of the functions 

log en Iw, log sn ^w, log dn ^w. 

Denoting logcn^tc; by 4>i+i^i9 when resolved into its real 
and imaginary part, then 

_ - , en \w dn ^w en ^te;'dn \w' . -i^cn ^tc;'— en Jtc; 
""^ ^ An^wAn^v/ en^'+eniie; 

, , enivdnu+dn menu ... ,. l/l^cnu 1— cnt;i\ 
^ ^ dnm+dnu V\l+cnu l+cnvi/ 

as in § 236, by means of formulae (3), (20), (28) of § 137 ; and 
now expressing the elliptic functions of vi, to modulus jc, in 
terms of functions of v, to modulus k understood ; then 

__., dnu+cnudnt; . _ .^ / /I — en u 1— envX 
^""* ^dn v+dnuen v' ^^" V\l+cnu T+cnv/ 

Denoting logsn ^w by 02 +^^^2* ^^^^ 

_ - , sn |ti; dn ^w sn Jty'dn Jt(;' . . _i;8n ^tc;'— sn Jto 
"~ * ^ dn ^tc; dn ^ty' sn Jte/'+sn ^w 

— 11 en w— CD u . 'i. _!• j fdnu+cnu dnw— cnvi \ 
"^ ^dnvi+dnu \\dnu— enu dnvi+cuvij 
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— 11 1 — cnucnv , _j //dnu+cnjt 1— dnt ;\ 
"^ ^dnv+dnttcnt; VVdnu-cnu 1+dnt;/ 

Similarly, denoting logdn^te; by 4>s+i^» it 

_., cnt;idnu+cnudnt;i . _,. // l-dnu l-dam X 
""* ^^ cnvi+cnu ^^ V \l+dnu' l+dnviJ 

,, dnu+cnudnt; .^ , //I— dnu dnv— cnvx 

= ilog-T-; l-^tan-\/(=— -5 t ; ). 

^ ^ 1+cnucnt; \\l+dnu dnv+cnv/ 

By (20), (21), (22), (23) of § 137, we prove, in a similar 
manner, 



enw -, cnm+cnu , .^ , — zsnmdnu 

= i log ■' h* tan"* — i ; 

cntc; ^ ^'cnm— cnu dnmsnu 



= tanh-^(cn u en v) +i tan'"^(dn u an v/sn u dn v), 
logA/^— -j = tanh - ^(dn u en v/dn v) — i tan ~ ^cn u sn v/sn u), 

° V Vdnw— cnw 

247. These conjugate functions ^ and \/r of the complex 
u+vi are capable of representing the solution of various physi- 
cal problems concerning a plane in which u and v are taken as 
rectangular co-ordinates, since they satisfy the conditions 

3u"" dv dv" du 

Here u and v are not restricted to be rectangular co-ordinates, 
but they may represent the conjugate functions of confocal 
conies or Cartesian Ovals, as in ^ 179, 236, or of any orthogonal 
system, which divides up a plane into elementary squares or 
rectangles, as on a map or chart. 

As in § 54, we take a period rectcmgle OABG, bounded by 
u = 0, u = 2K, v = 0,v = 2K' ; and now, as the end of the vector 
ty or u+vi, drawn from 0, travels round the boundary OABG 
of this period rectangle, the vector w assumes the values 

2^(0 <t<\)) 2K+ 2t'KH{0 <t'<l); 

2tK+2K'i{l >t>0); 2ifK'i(l >if> 0). 

When the sides of the period rectangle are a and b, we 
replace u and v by 2Kxla and 2Ky/b, where K'/K^b/a. 
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Taking the function log en ^w or ^i+i^/^i, then from to il, 
^1 = 0; from -4 to 5, ^i = i'7r; from-B to C, ^issjir; and from 
CtoO, \/ri = 0. 

At A, where ti = 2K, t; = 0, then 0^= — oo ; and at C, where 
u=0, v=2K, ^1 = 00. 

The functions 0^ and ^^ therefore satisfy the conditions 
required of the potential and stream function, due to electrodes 
at A and C, of the plane motion of electricity or fluid, when 
bounded by the rectangle OABC, 

The functioq yfr^ will also represent the stationary tempera- 
ture at any point of the rectangle, when the sides OA, 00 are 
maintained at temperature zero, and the sides AB^ BO at 
temperature ^tt. 

When the period rectangle is a square, or K=K\ then 
^1= iir when u+v=2K, or along the diagonal AO; we thus 
obtain the permanent temperature inside an isosceles rect- 
angular prism, when the base is maintained at one constant 
temperature, and the sides at another. 

Similar considerations will show that the function logsn^u^ 
or 02+^V^2 ^^^^ &^^ ^^^ streaming motion in the same period 
rectangle, due to a source at 0, and an equal sink at C. 

The function yfr^ is now zero along OA, AB^ BO, and Jx along 
00 \ and x/r^ will therefore represent the stationary temperature 
when 00 is maintained at temperature ^tt, while the other 
sides are maintained at zero temperature. 

A superposition of four such cases will give the peimanent 
temperature when the sides of the period rectangle are main- 
tained at any four arbitrary constant temperatures. (F. Purser, 
Messenger of Mathematics, VI., p. 137.) 

Examples. 

1. Solve the equation 

ic*8n*it — 2iAn^u + 1=0. 

2. Investigate the curves given by 

dz/dw^il--!^)*. 

3. Prove that the system of orthogonal curves given by 

^+tjy = sn(u+vi) 
are the stereographic projections of a system of confocal sphero- 
conies (W. Burnside, Messenger of Mathematics, XX.). 
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Prove that the stereogi^aphic projection of the points 
a;=lZsnudiit;, y=Rdnusnv, z=iRQiiu cnv, 
on the sphere x^+y^+z^^B^, 

whose latitude and longitude are 6, 0, are given by 

f+.;i=2i2tan(ix-idXco8^+i8m^)=i2^/i^^g±gj- 
Prove also that 

4. Discuss the physical interpretation of 

^ , ., . ./c/c'snusnt; , .. ,/c'cnt;. 

fh+i\lr= tan"^-5 J f-*tan"^ > 

^ ^ dnudnt; iccnu 

and determine the single function from which it is derived ; 

1 r ^ . •# i. \. 1 '^^^'^ . -x ,/csnusnt; 

also of 0+^^=tanh~^J 1 — +ttan~* • 

^ ^ dnndnt; cnv 

Interpret these expressions when 

x+yi=csm(u+vi), 

5. Prove that, if x+yi=^snw, 

then ^+i)A'=-(Zie;+2^^j 

gives the plane motion of liquid streaming past two obstacles 
given by x=l and l//c, a;=— 1 and —l/ic (W. Burnside^ 
Messenger, XX.). 

The Dovhle Periodicity of Weierstrasa'a FvmctioTis. 

248. A procedure similar to that of § 236 will show that the 

Cartesian Ovals of fig. 26 are also the representation of the 

conjugate functions of the system z=pw, obtained from the 

definition of § 50, 

r* dz 

or dz/dw = p'tc; = - ^(4iS? -g^- g^, 

where 42? - gr^ - flTj = 4(2 -^ e^){z - e^(z - e^) ; 

and z=e^f e^, e^ define the three foci. 
According to § 51, 

F^ - ^2 = {«i - «8)ds V(ei - 63)11; = (62 - e^) cn2{ ^{e^ - g,)!/; + iT'i} , 

F^ - «i = («i - ^s) cs V(«i - «8>^ =-(«!- «8)d^M V(«i - «s>^ + ^'i} r 
by § 239 ; thus identifying these results with those of § 236. 



i(;= 
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With the notation of § 202, 

f(r.w\^ fa-oW^^ /<r.ti;\* . 

^-"^^K^)' P«'-^=(^}' «^-'^=(^>)' 

and denoting the focal distances by rj, r^, r^ and u—vi by ti^, 

_ <riW<riW' _ o'2W(r^w' ^^z^^9^. 

^ (rW(rw * (tWctw ' (7tc;(rt(; 

249. To express these focal distances in a real form, as in §236, 
we employ the Addition Theorem (K) of § 200, written 

cr(ie'+i;)cr(u— t;) = a%<A{(pi;— Co)— (ptt— 6a)} 

= 0% (Ta* V - (Ta^ (A;. (M) 

Again, from §154, p(u+v)-'ea is a perfect square; and we 

may write aj=pu, y = pvy 8=p{u+v), 

J\r=pit-6a, i)=pu-6^. jm-e^; 

>v/{p(^+v)-6a} 

_ >v/(F^-gtt'F^-g/3't^-g7)-">v/(P^-g/3-P^-g7'<w--ett) .j^v 

and now 

(ra(t*+v)<r(u-t;) = ^{p(u+t;)-6a}<r%o^(pi;-pu) 

= (Tit (T^U (TpV (TyV — (r^u a-yU cr^v <tv,... (0) 

and changing the sign of v, 

(r{u + v)<rju — v) = (Tit (r^U cr^v a-yV + o-qU oTyU orgV aV. . . .(P) 
Again, by multiplication with (N) and reduction, 
<r«(t^+v)(r^(u~t;) 
(r{u+v) <r(u — v) 

or 
<rg(u+ t;)(r^(u - v) = (T^u (T^u (TaV (T^t; - (6„- e^)(ru (r^u o^ (r^v^ 

<ra(u — t;)(r^(u + v) = a-gU a-^u a-gV orpV + (c^- 6 Jcrii (t^u crv cr^t;. (R) 

SimiUrly, 

<rft(u+^)(ra(u-t;) ^ (pu-e^XP^-"ga)-(g«-g/3)(gtt~g7) , 
. o<u+t;) <r(u— v) jw— pu 

or 

<rtt(u+v)ortt(u-v)=(r^^<rg*t;-(c^-e^X«a"-V<^^ (^) 

(Schwarz, EUiptidche FuTictionen, p. 61.) 
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Now, from these equations (0), (P), (Q), (R), with 
w or J(u+m) for u, and v/ or ^(u—vi) for v, 

with similar equations for r, and rg ; and thence the vectorial 
equations of the Cartesian Ovals analogous to those of § 236 

These vectorial equations again are the geometrical inter- 
pretation of the formula, immediately deducible from (N), 
or^W a'ptv'a'y{w+w')-a'yWoryOr^W+w') 

= (e^-ey)(rwcrw'(rj[w+w'), (T) 

Making m*= — 1 in the homogeneity equatioTis of § 196, gives 

P(vi; 9v9z)=- 9{v\ g^ --g^l 
the equivalent of the equations of § 238, by which a change is 
made to a real argument and complementary modulus ; while 

^vi; g^ g^)=^ - i^v; g^, -grg), 

^^ ; fl^2» 9z) = M'^ ; 9» -fl^s)' 
<ra(vi ; flTj. flfg) = crjv ; g^, -g^). 

250. When a point has made a complete circuit of one of the 
ovals, enclosing a pair of foci, defined by e^ and e^, or e^ and e^ 
z will have regained its original value, but w will have increased 
or diminished by 2(o^ or 20)3, defined as in ^ 51, 52 by the 
redVLinear integrals 



0)1 



ft). 






«j -00 



so that 2ci)i, 20)3 are the 'periods of the function (9U, and 

p(u + 2mo)i + 2710)3) = pu. 
To fix the ideas we have supposed the circuit of two poles 
of the integral made on the enclosing branch of a Cartesian 
Oval, but the result will be the same whatever be the curve, 
provided it makes the same number and nature of circuits. 
Now, in § 165, we can have 

u+t;+ic;=27nft)i+ 2n«3 = (mod . ^ta^, 2a)s). 
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251. In § 54 it has been shown how, as the vector of the 
argument w traces out the contour of the period rectangle, pw 
assumes all real values ; and pw may be made to assume any 
arbitrary complex value at a point in the interior of the 
rectangle, given by a determinate vector twi + 1'«^ 

It is convenient to put 0)1+0)3= —Wj, so that 
c«)i+o»2+o»8=0, with 61+62+68 = 0; 
and now po)i = 61, pco^ = 63, pa>^ = 6, ; 

while p'o)i = p'o)2 = p'o)3 = 0. 

The equations of § 54 show that 

P(U ± O),) — 6« = * --^^~^^—% 
V\ -^/ 8 pU — 6g 

equations analogous to those of § 57, in Jacobi's notation. 
Thus, from ex. 9, p. 174, 

4p 2u = pu + p(u + o)i) + p(u + 0)2) + p('W' + «s)- 
With negative discriminant, as in § 62, we take e^ as real, 

and 61, 62 imaginary ; also o)i = i(o)2+o)'2), 0)3= K«2'"**'2) 5 ^^^ 

po)i = 61, pa)3 = 63, po)2 = po)'2 = 62. 

252. A great advantage of the Weierstrassian notation (at 
first rather baffling to one accustomed to the methods of 
Legendre and Jacobi) is that the dimensions of the elliptic 
integral are left arbitrary, and can be changed by an applica- 
tion of the Principle of Horrtogeneity of § 196. 

When the canonical elliptic integral of § 50 is normalized 
in Klein's manner (§ 196) by multiplying by A^, then 

where 8 = A*(r, 5^2 = A ^2* ^3 = ^*78 J 

and now 72^ •" 27y3* = 1 , 

so that the new discriminant is unity, and 

If CTi, TS^ denote the real and imaginary half periods of the 
normalized integral, then 

tDTj = 0)i A^, CT3 = 0)3A^. 
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The general elliptic integral, written with homogeneous 
variables as in § 155, is also normalized by Klein by multiply- 
ing by the twelfth root of the discriminant of the corresponding 
quartic, and its half periods are now ts^ and ^^ 

If we normalize, for instance, the canonical integral (11) of 
§ 38, written with homogeneous variables x^, x^, in the form 

then the invariants g^ g^ and the discriminant A of the quartic 

X-^X2 , X2'~' X-^^ , X2 AKCj, 

being the expressions given in § 68, therefore 

Now the half periods of integral (11), § 38, being 2K, 2K% 

CT,=2if4/(Jic/), trT3=2if'i4/(iicO. 

We are thereby enabled to change from Weierstrass's Wi and 
0)3 to Jacobi's K and K\ and to utilize the numerical results of 
Legendre's Tables. (Klein, Math. Ann,, XIV., p. 118.) 

When the discriminant A is negative, we normalize by 
multiplying by ( — A)^, and replace coj and cd, by w, and eog' 
(§62); but now the new discriminant y2*^27ys^= —1, and 

o,,( - A)^ = iK^iWh a)'2( - A^) = 2K'ii/(iKK') (§§ 47, 58). 
For instance, if flf2 = in § 50, (-A)^= 4/34/^3 ; and in § 58, 
J=0, or 2/c/c'=i, 24/(J/c/c') = 4/2; and now 

^2^'^^9z = ^4/2, «,,'4/34/^3 = iK'i/2 ; 
whUe {§ 47) cojcog = K'ijK^ijX 

Confocal Qibodric Surfaces, 

253. The symmetry and elegance of the Weierstrass notation 
is well exhibited in the physical applications relating to con- 
focal surfaces of the second degree. 

The equation of any one of a system of confocal quadrics 

a* u z 

we put 

a*+X = m2(^u — 61), 6*+ \ = 771^(^^ — 62), <^'^ + '>^ = rn%pu~'e^); 
and now the inte^rral 

dX 2 a 



A 



00 



X 

With 61 > <?2 > ^8» ^® must take a* < 6* < e\ 
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Three confocals can be drawn through any point x, y, z, 
an ellipsoid, a hyperboloid of one sheet, and a hyperboloid of two 
sheets. 

Supposing the ellipsoid to be defined by X or u, and the 
hyperboloid of one sheet in a similar manner by fi or v, and 
the hyperboloid of two sheets hy v or w; then in going round 
the period rectangle of § 54, 

(i.) u =pco, 00 > pu > ^1, for the ellipsoids ; starting with p = 
for the infinite sphere, and ending with p=l for the inside 
of focal ellipse ; 

(ii.) v=u>i+ gctfg, ej>pv>e2^ ^^^ *^® hyperboloids of one sheet ; 
starting with q=0 from the focal ellipse, and ending with 
g = 1 for the focal hyperbola ; 

(iii.) te;=ra)i+c«)3, e2>pw>ey for the hyperboloids of two 
sheets ; starting with ^ = 1 from the focal hyperbola, and ending 
with g = for the outside of the focal ellipse ; 

(iv.) the fourth side of the period rectangle gives imaginary 
surfaces. 

254. Replacing 6*— a* and c^— a* by )8* and y*, so that 

(2//)8)H(^/y)*=l, x = 0, 
are the equations of the focal ellipse of the confocal system, we 
should have to put, with Jacobi's notation, 
a2+X= y2cs«(u,/c), 6HX= -/da^u^K), c^+\= yhiB\%K); 

a*+i/=-y2dn*(M;,/c), 6*+i/=-y*cn^te;,/c), c^+v=i^'^n\w,K); 
where k^ = -5 5, k^ = -5 « > 

and now u, v, V) will be Lamp's paraTaetera, as given in Max- 
well's Electricity and Magnetism, I., chap. X. 

By solution of the three equations of the confocal quadrics, 

^_ a^+\.a^+fx.a^+v ^ b^+X.b^+fx .b^+y 

*" a2-.6^a2-c2 ' y- b^-cKb^^a^ ' 

c'^ — a^, c^—b^ 

and thus x, y, z can be expressed as functions of u, v, w. 
Employing the function «„ of § 203, 

^1 ^U • ^1 ■" ^8 ^2 "^ ^8 * ^2 ^ ^8 "" ^1 • ^8 "" ^ 



2« = 
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When 6^=(^, the ellipsoids are oblate spheroids, and the 
hyperboloids of two sheets degenerate into planes through Ox ; 
and now the orthogonal system is given by 

cot^u^ cec^u "^' ^ ^^ 

""tanP^'^secP^"''^' ^^^'^ 

-^s ^T- =0; (iii.) 

intersecting in the point 

aj=ycotutanht;, 
^=y cec u sech v cosw, 
z=y cec u sech v sin w. 

When 6^= a*, the ellipsoids are prolate spheroids, and the 
hyperboloids of one sheet are planes through Oz; now the 
orthogonal system is given by 

cech«u^coth% ^' ^ '' 

- f + -^=0 . (v) 

sin^ C08*v ' ^ '' 

sech^ tanh^ ^ ' ^ '' 

intersecting in the point 

x — y eech u sin v sech w, 
y = y cech u cos v sech w^ 
z^y coth u tanh w. 
The degenerate case of confocal paraboloids, where the centre 
is at an infinite distance, may be written 

-; f inrH Toi— = 8a(a cosh te;+a;), (ix.) 

smTFJt/; cosh^Jtt; ^ ^ ^ ^ 

intersecting in the point 

X = a(cosh u + cos v — cosh tc;), 

y = 4a cosh ^?t cos ^v sinh \Wy 

z — 4ia sinh iw sin \v cosh ^tt;. 

(P?'oc. Lond, Math, Society, XIX.) 

O.S.F. 8 
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255. We may take u, t;, tc; as Lam^s thermometrie para- 
meters, and now Laplace's equation becomes (Maxwell, Eleo- 
tridty, I., chap. X.) 

Thus <f>=^Au+Bv+Cw+D{u^+v^+v^) 

+ 2Evw+2Fwu+2Guv+Huvw 
is a particular solution of this equation; for instance, the 
electric potential between two confocal ellipsoids, defined by 
u^ and u^t maintained at potentials U^ and U^ is given by 

When the solution ^ is equal to WW, the product of three 
functions, U a function of u only, V of v, and W ot w only, 
then Laplace's equation becomes 

so that we may put 

IcPU ^ , , 1 (PF , . 1 cPW . , 
Udii^=^^+^' 7d^=^'*+*' WdW=^''+^' 

three equations of Lamp's form (§ 204), when g = 7ij(n+l). 

256. The complete solution of Lamp's equation was first 
obtained by Hermite, in the form 

U=GF{u) + CT(^u). 
Denoting by Fthe product U^^U^ of U^ and JJ,, or F(u) and 
F{'-u), two particular solutions of the general linear differential 
equation of the second order, in its canonical form 

where 1 is some function of u, and denoting differentiation 
with respect to u by accents, then 

or 7''-2IY=2Ui'U^'; 

and 7"'-2IY'-2rY=2Ui'Ut'+2Ui'Ui'' 

= 2I(U,U,'+U^'U^ = 2ir, 
or F"'-4/F'-2/'F=0, 

the general solution of which linear differential equation is 

AU^'+2BU^Ut+CU^'. 
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A first integral of this differential equation is 

where (7 is a constant, given by 

the integral of U^ U^' - U{ U^ = 0. 

In Lamp's differential equation 

7=7i(n+l)pu+A; 
and now, changing to a?=tn& as independent variable, 

and this equation for T has, as a particular solution, a rational 
integral function of x or jnt, of the nth order, which we may 

write F=n(pu— pa), 

and A=(2w— l)2pa. 

Now, by logarithmic differentiation, 

while |i'_ ^'= -5 = n^— ^. 

Brioschi showti (Coviptea Rendue, XCII.) that, when resolved 
into partial fractions, we may put 

Il( j»u — jMt) ■^pu — pa* 
provided that 

2:p'a=0, 2:pap'a=0, 2(pa)Va=0 S(pa)»-Va=0, 

and 2;(pa)»-ya=C. 

xnen f/^ "Z/jj p^_pV [r;~'^2 pu-pa' 
and, integrating, 

f tt, or U, = n^^±^^ exp( - «fa) = U<p(u. a) ; 

while U^ or -F(— u) is obtained by changing the sign of u or a. 



/ 
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257. Hermite shows (Comjytes Rendus, 1877) that the func- 
tion F(u) may be otherwise expressed by 

du) *^-^>U) *«+^*U} ^"— • 

and ^u, called the sira'ple elenienU is of the form 6^**^t*, «), 
^(u, 0)) being a solution for n = l and A = pa) (§ 204). 

To obtain the coefficients A^y A^, ... in F{u), we suppose 
0u or ^^if>(u, 0)), jPtt', jMt expanded in the neighbourhood of 
u=0 (§ 195), in the form (Halphen, F. E. /., chap. VII.) 

c^«^«. «)=^+X+(X*-pa))^, + (X«-3Xp«-p'«)|| +..., 

Substituting in Lamp's differential equation 
F"u^ {n(n+\)pu+h}Fu, 
we obtain, by equating coefficients, 



_ (n-lXn-2) . 
^i~ i(2n-l) '^' 



_(to-1)(71- 



_,. .-.X^-2 )(TO-3)(n-4)r., «( m-l)(2^i-l) \ 
«" 8(2u-l)("2«-3) r ' 10 £'«/••••• 

On comparing the two forms of the solution Fv,, we find that 

a—^ia, and X=f[i>— 2fa. 
Thus, for instance, when tj. = 2, we find, as in § 209, 
„, . <r(tt+aWw+6) . . „, 

--dua{a + b).u exp(-fa-f6)u. 
When n = .3, 

= ^^2^(^' ft>)e^"-(P«i+pa2+P«8)*K «>)«^^ 
where a^+a2+a^ = u>, 

Tliis fails when i/2 = 0, and a^^v, a^ = (£V, a^=a)h) ; but now 
(§229) i'u=Kpv-p'u). 



CHAPTER IX. 

THE RESOLUTION OF THE ELLIPTIC FUNCTIONS 

INTO FACTORS AND SERIES. 

258. The well-known expressions for the circular and hyper- 
bolic functions in the form of finite and infinite products 
(Chrystal, Algebra, II., p. 322; Hobson, Trigonometry , chap. 
XVII.) have their analogues for the Elliptic Functions, as laid 
down by Abel in Grdle, 2 and 3. . 

Granting the possibility of the resolution into linear factors, 
the individual factors are readily inferred from a consideration 
of the zeroes and infinities of the function. 

Denote 2raK+^nK'i by f2, 

where m and n denote any integers, positive or negative, 
denote also Q,+K or(2m+l)jK'+ 2nK'i hy % 

Q,+K+K'i or {2m+\)K+{2n+\)Ki by fi^. 
and f2 + K'i or 2m^+ (2n + \)K'i by fig- 

Then considering the function 

sn u, 
the zeroes are given by tt = fi, and the infinities by u = Q^ 
(§ 239) ; and thus we infer that, if sn \i can be resolved into 
a convergent product of an infinite number of linear factors, 
the form is 

m = oo n = oo / til \ 

V, n- n' (i-5) 
n n (i-g-) 

m=-oo n=-oo ^ ^I'y 

the accents in the numerator denoting that the simultaneous 

zero values of m and n are excluded. 

277 
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Similarly, cnu=5nn(l-^)/z> (J) 

da u=GUu(l-^) Id (3) 

X 

the zeroes of cnu being given by u = Q^, and the zeroes of 
dnu by u = Q^ while the infinities are given as before by 
u=Q^\ D denoting the denominator in (1). 

259. But now, in demonstrating the analytical equivalence 
of the expressions on the two sides of equations (1), (2), (3), it 
will fix the ideas if we employ a physical interpretation, such 
as that given in § 247. 

It was shown there that the real and imaginary part (iMrm 

and amplitude) of 

log sn Wy 

where w=u+vi, will represent in the rectangle OABG the 

potential and current function of the flow of electricity (or of 

liquid, following tie laws of electrical flow) from a positive 

electrode at to a negative electrode at C, Jtt ampferes being 

the strength of the current ; but here we take OA =K, OC=^K'; 

and u, V are the coordinates of any point in the rectangle. 

The infinite series of electrodes, which are the optical images 

by reflexion of these two electrodes at and C, will form a 

system on an infinite conducting plane, such that, if the 

strength of the current at each electrode is 2^ amperes, the 

resultant eflect in the rectangle OABG will be the same as 

before. 

(Jochmann, Zeitschrift fur Mathemdtik, 1865; 

0. J. Lodge, Phil, Mag. 1876 ; Q. J, M., XVII.) 

Starting with a single electrode at 0, of cun'ent 2^ amperes, 
the potential and current function at any point whose vector 
18 w or u+vi are the norm and amplitude of logte;; and logtc; 
may be called the vector function of the electrode at 0, 

For an electrode at a point whose vector is c=a+6i, the 
vector function s,t z=^x + yi is log(0— c), 

which may be written 

log(l-2;/o), 
disregarding the complex constant log( — c). 
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The vector of any optical image of in the sides of the 
rectangle OABG being given by f2, the vector potential of the 
corresponding electrode is log(l — ty/Q); and the vector function 
of the system of images of the positive electrode at will be 

iogt.n'n'(i-^). 

Similarly the vector function of the system of images of the 
negative electrode at G will be 

But these functions, considered separately, represent a 
physical impossibility, and are analytically meaningless ; their 
difference, however, 

..^»mi-(.-g)/nn(i-0 

will represent the vector function of the whole system of posi- 
tive and negative electrodes ; and since this function satisfies 
the requisite conditions inside the rectangle OABG as the 
function logsn w, we are led to infer equation (1), with suitable 
restrictions explained hereafter. 

For logcnte;, the positive electrode is placed at -4, the 
negative electrode being still at C; the vectors of the pasitive 
electrode images are given by Q^ ; and now equation (2) is 
inferred ; while for log dn w, the positive electrode is placed 
at 5, and the vectors of its images are given by fig, the 
negative electrode being at G ; and we infer equation (3). 

When in the rectangle OABG we have OA^a, OG=b, 
we take K'/K^b/a, and write K(xla)+K'i{y/b) for u+vi, 
X, y now denoting the coordinates of a point. 

260. We now proceed to express these doubly infinite pro- 
ducts of factors, corresponding to the different integral values 
of m and n, by means of singly infinite factors for different 
values of n ; that is, we combine all the factors for one value 
of n and the infinite series of values of m into a single ex- 
pression; and here we employ the formulas for the trigono- 
metrical functions expressed as infinite products. 

Interpreted physically, we deteimine the vector function of 
an infinite series of electrodes, equispaced on a straight line 
parallel to OA, 
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Denoting the vectors of such a series of positive electrodes 
by 'Ima+tibi, the vector function is 

log n («— 2ma— 7i6i), or log(2;— n6i)n'(l — 5 1; 

and provided that (0— n&i)/2ma is ultimately zero when m is 
infinite, or that z/ma and n/m tend to the limit zero, we can 
write this vector function (Cayley, Elliptic Functions^ p. 300) 

logsin JxC^— n6i)/a, (4) 

Resolved into its novTri and amplitude, this vector function is 

J log J[cosh{7r(y — n6)/a} —cos Trx/a] 

+ i tan ' ^[tanh {^iriy — 7i6)/a }cot( J-Traj/a)]. . . .(5) 

The amplitude or current function is therefore constant when 
a;=: (2m+l)a ; and there is no How across these lines, provided 
however, as is physically evident, we do not recede to such a 
large distance from the origin that we are not justified in 
taking Mzjima as zero. 

261. We suppose that Oy passes through the centre of this 
infinite series of electrodes, or that m reaches to equal infinite 
positive and negative values; but now, at a very large dis- 
tance from 0, the electrodes on one side of a line, given by 
a; = (2m+l)a, where m is a large number, will preponderate 
over the electrodes on the other side, and the resultant effect 
will be a uniform normal flow a across this line, to counteract 
which a term of the form — az or log e"** must be added to the 
vector function. 

The analytical equivalent of this physical effect is illustrated 
by the theorem proved in Hobson's Trigonometry, p. 328, that^ 
when the integers p and q are made infinite in any given 
mtio, then ^0, the limit of the product 

('+^)-('+l«)('+i>('-D('-rJ-('-^ 



=©=•> 



sinx^ .(6) 

q/ a ^ ' 

The infinite product 11(1 +Ona?) is convergent for all finite 
values of x, if the series 1/^ is convergent ; aa is evident on 
expanding the logarithm of the product. 
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But Weierstrass shows (Berlva Sitz.t 1876) that the divergent 

p™..» ^,-?)(,_±)(i_i)... 

can be made convergent if the exponential factor e'/'^ is 
attached to the linear factor 1— 0/ma; or, interpreted electri- 
cally, if to the motion due to the electrode at ma, whose 
vector function is log(l— ^/t/ia), we add a uniform streaming 
motion parallel to the vector ma, given by loge'/'^ or zjma. 
Now, denoting the harmonic series 

l-i+2-i+3-i+...+p-^by8^, 

^ = e^'p - *«^/^ 8in(7r2^/a) = (:plqf%m(Trzla\ 
since the limit of 8p— logj9 or «^— logg is EuUr^a constant, 

262. In a similar manner it is inferred that the vector 
function of an infinite series of po^tive electrodes, whose 

vectors are (2m+l)a+n6i, 

m reaching to equal positive and negative infinite values, is 

log cos \ir{z-nhi)la=^\og\[QO^{ir{y-nh)la) +cos(7rtB/a)] 

+i tan-^[tanh{ J'7r(y-7i6)/a}tan(j7ra;/a)], (7) 
having lines of equal amplitude given by aj = 2ma. 

Therefore the vector function of a pair of lines of electrodes, 
whose vectors are 2ma±nbi, is 

log sin{ ^Tr{z — nbi)/a}&in{ \Tr{z + nbi)/a} 

= log i{cosh{mrb/a)-'Coa(Trz/a)} ; 
or, corrected by the addition of a constant, which makes the 
function vanish when 0=0, the vector function is 

, C08h(n'3r6/a) — coH^irz/a) , 1 — 2g'*co8 (-Tr^/a) + q^ .q. 

^""^ cosL(n7r6/a)-l = ^^^ (T^^^^P ' ^ ^ 

where gr=e-*"*/<». 

For a pair of lines of electrodes whose vectors are 

(2m+l)a±nbi, the vector function is 

logcos{iTr(z—nbi)la}coa{^Tr(z+nbi)/a}, 

which may be replaced by 

, cosh(n7r6/a) + cosjirz/a) _^ 1 + 2g'>cos(7rg/a) + q^ .^. 
^^^ cosh(nirb/a)+l '"^^^ (l+g'*)^ '^^ 

For the line of electrodes along OA, whose vectors are 2ma 
or (2m+l)a, the vector function will be 

log 8in(i'7r2?/a) or logcos(J'3r2?/a) (10) 
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263. Under Cayley's restrictions, that m reaches to equal 
positive and negative infinite values, and n also ; but that the 
infinite values of n are infinitely small compared with the 
infinite values of m (equivalent to taking the infinite array of 
the images of the electrodes as contained in an infinite rect- 
angle, of which the length in the direction OA is infinitely 
greater than the breadth in the direction OB), we can now 
replace the doubly infinite products in (1), (2), (3) by singly 
infinite products, in the form 

d„ „. en l±^^^-±^\i>. (u) 

^(rhere 

D- n i-^-;^^w+r- . („, 

By putting u = 0, the values of A, 5, C are seen to be 
Kfiir, 1, 1 ; while g = exp(-'7r^7Z). 

The common denominator D of the three elliptic functions, 
which represents physically a function whose logarithm is the 
vector function of the negative electrodes at points whose 
vectors are of the form fig, is the equivalent of Jacobi's Theta 
Function of § 187; and we write 

1 . _ _ ^KhruJK) \ 

'^8mh\2n'-l)iTrKyK) ^^^^ 

The numerator of sn u will now be the equivalent of the 
Eta Function, defined in § 192 ; and thus 
Hu = ^/csnuOu 

=vf,eosin(Wi^)n{i+£g|^5}. ...(i6) 

The numerator of en u is represented by the Eta Function 
of u+K, and the numerator of dn u by the Theta Function of 
u+K; and the factors are so chosen that 



=eon{: 
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Equation (6) of § 188 may now be written 

e(u+i;)e(u-.v)e^ = e2ue2t;-H2uH«i;; (18) 

while, by means of (7), § 137, 

Tai(u+v)R(U'-v)QH>=:'R^u&h--e^u}ih; (19) 

264*. It is convenient to replace ^ttu/K by a single letter x ; 
and we shall now find that the constant factors are so adjusted 
as to give the expansions in a Fourier series in the form 

eu = l-2gcos2aj+2g*cos4iB-2g»cos6x+..., (20) 

Hu = 29*sina5 — 2g'^sin3x+2g^Sin5a:— (21) 

It is easily shown algebraically that 



• saoo 



n (1-3^-^X1-9^'^"^) 

= Q{l-q{z+z'^)+q'{z^+z'^)^^(2^+z'^)+...} (20)* 
by changing z into q^z and multiplying by qz, when the pro- 
duct on the left hand side merely changes sign ; whence equa- 
tion (20) is inferred from (15) by putting z=e^^; and equation 
(21) is obtained from (20)* by writing qz for z, and multi- 
plying by gM. 

Written in the exponential form, 



n—ao 



eu= 2i«»3^c«~«, H«=-2i«»-V-i'»e<«»-»)^, (22) 



n= — 00 



or with g=c'*, a^irK'/K, and b = cci, 

Thene(u+ K) = I^e^^ =2e-«'«+2n!., 

H(u+ JE) = 29<»»-*>*e<2«-i>^ = 2e-('»-i)»«+(2«-i)&; (24) 

and e(u+2Z)= Ou, 

H(u-h2Z)=-Hu, (25) 

Changing u into u + K\ or x into x + \i logg, we find 

Q{u+K%)^iq-h-'^B.u, 

H(u+if'i) = ig-ie-^eu, (26) 

agreeing in giving ir snusn(u-f-^'i) = l, (27) 

and leading by differentiation to the formula 

Ku + K'i) =Zu + (en u dn u/sn u) - (^Tti/K), (28) 

which, with (§ 176), 

Z{u+K)=^Zu-{Khuucnu/iinu\ (29) 

leads to 

Z{u+K+K'i) = Zu-{snudnu/cuu)-(i7ri/K) (30) 
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265. Jacobi writes {Werke, I., p. 499) x for ^iru/K, and 
Ox for Gu, e^x for Hu, 6^ for H(u+ JT), and 65® for e(u+K)i 
and now 

= 1 — 2gcos2a5+2}*co8 4a5— 25®cos6a;+ (31) 

= 23isin X — 2g^8in fix + 25*^8in ox — (32) 

= 2g^cos X + 2gTcos Sx + 2g^cos ox + (33) 

= l + 2gcos2a5+2}*co8 4a3+2g®cos6a3+ (34) 

or, with g = e-*, b = xi, 

Ox = 11^ exp(-n^a+2nb), 
6^ = 2 exp( — n^a + 2nb), 
eia; = 2i2»*-iexp{-('M-J)«a+(2n-l)6}, 
^2^ = 2 exp{-(?i-J)2a+(2w-l)6} (35) 

Conversely, starting with these 6 functions as defined by 
these exponential series, it is possible to rewrite the whole 
theory of Elliptic Functions ab initio in the reverse order, and 
to deduce all the preceding results. 

(Jacobi, Werke, I., p. 499 ; Clifford, Math. Papers, p. 443.) 

For instance, we find that 

6(x + W) = 6^, e(x + hi log gr) = - iq^^O^x, 
e^(x + Jtt) = e^, 6^{x + \i log g) = - iq'i(f'ex, 
Oi(x + Jtt) = - e^x, 6^{x + \i log q) =x q'^eF^e^, 

03(«+ W = 6x, ej^x+\i log 9)= q'i^e^. (36) 

The quotient of two functions is thus a dovbly periodic 
function^ of real period 27r or tt, and iftiaginary period i log q. 
The form of the 6 and function series shows that they 
satisfy partial diffbrential equations of the form 

d^e_ , de ,.^. 

cLc^~ ^ dlogq* ^^^^ 

and the 6 functions are therefore suitable for the solution of 
problems in the Conduction of Heat. 

Thus, if 6(x cos a+y sin a, q) represents at any instant, i=0, 
the temperature at the point (x, y) of an infinite plane^ of 
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which y denotes the thermoTnetric conductivity, then at any 
subsequent time t, the temperature will be given by 

0(a;cosa+2/sina, qe-^y^) (38) 

266. Similar considerations to those of § 258 enable us to 

resolve other expressions into factors ; for instance, 

dnu— iccnu .^ . ,dnu+/ccnu 
-, , or its reciprocal -, » 

K K 

.1 . dnu— iccnu k /dnu — /ccnu 

so that -, = J ; = ^ ; » 

K dnu+Kcnu \dnu+iccnu 

Now dcu, or sn(ji5r— u) = l/ic, when 

u=(4mi+l)K+(2n+l)K% 
or cos ^ttu/K = cosh(27i — V)^irK IK ; 

while dcu=— 1/ic, 

when cos ^TrujK^ — cosh(2n — \)^irK'IK ; 

and therefore we may put 

dn u — ic en 16 _ ^~. co8h(2n — Vj^irK^jK — cos lirujK 
? ■" ^ cosh(27i - l)i7rii:7ir+cos ^irUJK 

l-2g^-^cosa7ru/ir)+g^--^ 

where the letter C7 is used to denote some constant factor. 
Now, writing x for ^irulK, and supposing x and u real, 
log(l — 2c cos »+ c*) = log(l — ce^) + log(l - ce"^) 

= — 2(c cos X + Jc^cos 2x + Jc^cos 3aj + • . .)» 
log(l + 2c cos aj + c*) = 2(c cos x — Jc^cos 2x + Jc^cos 3aj — . . . ), 

log , 7o^ T— 9 =— 4(ccosa5+Jc*cos3a;+lc^cos5a;+...). 

° 1 + 2c cos a;+c^ \ » «> 

Therefore, expanding the logarithm of (39), 

, dnu — iccnu 

log —■ 

K 

= log(7— 42(5**~icosaj+Jg^'*-^cos3a;+-^^-*co8 5a;+...) 

/ (/i 1 a^ 1 Q* \ 

= loff(7— 4(v — cosaj+;r — — oCos3aj+- q^— vC08 5ic+... ) 

° \1— 3 3 1—9^ 1 — 9* / 

= logC-22-J-^ 'Ti^"!il"!/-^A- . (40) 

^ :im — 1 8inh(2m— I)i7r^/A ^ ^ 

and, differentiating, 

''^''''"£:^8inh(2m-]H7rA:7A'^ (41) 

the expression of sn u in a Fourier Series. 
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267. By forming the similar factorial expressions for 

Ksnu+idnu and snu+icnu, 
and taking logarithms, we shall find 
log(ic sn u + 1 dn u) 

- constant -2i5:—l_ «P( 2m-lHW^ /4m 

- constant -ZiZg^^-^ ^h"(2m-l)ixir7ir'-(**> 

log( sn u+i en u) = constant - iS ^ ^^ ^^^ («) 

and, differentiating, 

ic en tt - ^i gog^2m - l^irK'/K <**' 

^r. -.. 'T _L 'T V cosmrTt/^ ,. -. 

^''''=2K+K^ coshmirK'/K <**> 

and therefore, integrating, 

irx . « sinrmrulK ,,^. 

We have now found that, in § 78, 

^•^^TicoshTiTrirVir* 

268. From § 263, we find, in a similar manner, that 

log 0u = constant + log !!{ 1 — 2q^ ' ^co9{Tru/K) + j**- -^ 

= constant— 2 r-j-) efttiW; (47) 

m 8inh(m7rjii /a ) ^ ' 

and, differentiating, 

^-x^iSg^. («) 

<c%n%=l-^-^,2^^^^^^^^^ (oO) 

Now, referring back to § 78, we can put 

n -2L 1 _'>r 2^" 

Putting tt= in (49) or (50) gives what is called "a 5 series," 

m 2mq«> _ K{K-E) 
8inb(mxif7A^)~ l-3*"~ -r* ^^^' 
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As an exercise, the student may form the similar factorial 

expressions for 

1 — cnu 1 — snu I — dnu dnu— cnu . 

, f , 7 , etc., 

snu cnu icsnu /csntt 

and their reciprocals 

1+cnu l + snu 1 + dnu dnu+snu . 

, , , f , etc. I 

snu cnu icsnu /csnu 

and thence determine, by logarithmic differentiation, the Fourier 
Series for ns u, cs u, ds u, etc. (Qlaisher, Q. J. M,, XVII.). 

The applications of these expansions will be found in papers 
in the Q. J. M., XVIII., XIX., XX 

269. As an application of these q series, consider the problem 
of the electrification of two insulated spheres, in presence of 
each other, of radii a and &, and at a distance c from centre 
. to centre, when maintained at potentials Va and F^, with 
charges of Ea and Ej, (Maxwell, Electricity and Magnetism, 
I., chap. XL). 

Then Ea = qaaVa+qabVi„ ^6 = 9a6T^a+grwF5, (52) 

where qaat ?w are called the coejjioienta of capacity, and go^ the 
coefvdent of induction. 

We take u and d as coordinates, given by the dipolar system 

a5+yi=A;tanJ^(u+m), (53) 

so that u= constant represents a circle through the poles 
(0, ±A;), and t;^ constant represents an orthogonal circle, with 
the poles as limiting points. 

Now, if we revolve this system about the axis Oy, which 
may be supposed vertical, the two spheres, if outside each 
other, may be supposed defined by 

^ = and t;= — /8, 
so that a = A;cosecha, 6 = icosech^, c = i(cotho+coth/8) ; 
and putting a+/8=CT, Maxwell shows, by Sir W. Thomson's 
method of successive images, that 

qaa = ^2 cosech('yiCT — /8), 5a6 = — ^2 cosech nxs, 

366 = 42 C08ech(7iC7 — a), (54) 

the summations extending for all positive integral values of n 
from 1 to 00 . 

Here ga6 is called Lambert* 8 Series ; it is considered in the 
Fvmdamenta Nova, § 66. 
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Again, with a — ^=x, 

9^00=^2 cosech J{(27i—l)C7+a;}, 
qi^ = A:2 cosech J { (2n — 1)ct — a:} ; 
and by the preceding formulas it can be shown that 

?»-?aa=^^ tanam^iT'^,/) f55) 

When the two spheres are equal, aj = 0, and 

?aa=9»= ^2 cosech |(27i~l)sy=A;2 ^ J g^,^ . 

When ^=0, the sphere ^ becomes a plane; and now 

ja« = — ?a6 = ^2 cosech na = a sinh aS cosech na ; 

which shows that the capacity of a sphere of radius a is raised 
from a to a sinh aS cosech na by the presence of an uninsalated 
plane at a distance a cosh a from its centre. 

Similar functions occur in the determination of the motion 
of two cylinders or spheres, defined by t; = a and — )8, when 
the interspace is filled with homogeneous frictionless liquid. 

(W. M. Hicks, Phil Trans,, 1880 ; Q. J, M,, XVII., XVIII. ; 
Basset, Hydrodynamics, I., Chaps. X., XI. ; C. Neumann, 
Hydrodynamische Untersnckungen,) 

270. To illustrate geometrically the singly infinite product 
forms in § 263 of the elliptic functions, consider the analogous 
problems of electrodes at the corners of curvilinear rectangular 
plates, bounded by arcs of concentric circles and their radii. 

The vectors from the centre as origin of a series of p 
electrodes, equally spaced round a circle of radius a, will be 

aexp 2rxi/p, where r=l, 2, 3, ...» J); 

and with polar coordinates r, 0, the vector of the point will be 
r exp iO ; so that for the p electrodes, each conducting a current 
of 2'7r ampferes, the vector function is 

logn{r exp(i0)— a exp(2r7ri/p)} = log(r^e*P®— a^), (56) 

by De Moivre's Theorem (Hobson, Trigonometry, Chap. XIII.). 
Interpreted geometrically, the norm is the logarithm of the 
product of the distances of any point P from the electrodes, 
while the amplitude is the sum of the angles the lines joining 
ihe electrodes to P make with the vector 0=0, 
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We thus prove incidentally one of Cotes's theorems, namely, 
that the square of the product of these distances is 

(rPe»p0 ^ a^Xr^e ' ^^ - aP) = r^P - 2ai'r^cos pd + a«^ ... (57) 
and, in addition, the theorem that the sum of the angles the 
vectors from the electrodes to P make with the vector 0=0 is 

tan-i— ^r — /^^^ 

and when the sum of these angles is constant, the locus of P is 
an oblique trajectory of the curves 

r^cospd or r^sinpd = constant. 

With a single negative electrode at the centre, of current 
mr amperes, half the total current from the n electrodes on the 
circle will jBow to 0, the other half flowing off to intinitJ^ 

Now the vector potential is, on writing e^ for r/a, 
log(r*»e»»^ — a~) — i log i-V**^ 

= ilog(cosh7ip — cos7i0)+itan-^— ^ „ — iiTift ...(59 

° '^ ^ r"cosn0 — a~ 

We can isolate a sector, bounded by 6 = 0, O^ir/n, and 
r = a; and the preceding expression will represent the vector 
function of the electrical flow of Jtt ampferes, with electrodes 
at the end of the vectors r = a, and at r = 0. 

The amplitvde of this expression will also represent the 
temperature in this sector, if the radius d = is maintained at 
t<jmperature 0, while the radius 6=7r/n and the arc r = a are 
maintained at temperature ^tt. 

271. Now suppose that on the same circle r=a, an equal 
number p of negative electrodes are placed, equally spaced be- 
tween the positive electrodes ; the vectors of these electrodes 
being a exp(2r— l)'7ri/p, the vector function is 

-log{rPe'P^ + aP); 
or, if moved out radially on to a circle of radius 6, 

-\og{rP&P^ + bP) (60/ 

The vector function of p equal electrodes at a exp 2r7ri/p, 

and of p equal negative electrodes at aexp(2r— l)7ri/p will 

therefore be log(r Pe'^^ — a^)/(rPe*P^ + aP) ; 

which, when resolved into its norm and amplitude, is 

, , r^ — 2aPrPcospd+a^P . . _^2aPrPsmp9 
2 ^S ^ sp ^ 'JaPyPcon pd -{■a^P t^p'-cl^p 

O.E.F. T • 
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= — tanh^ — r^— +ttan"^ . .^ , (61) 

coan Pp smh pp ^ ' 

with p=\og{rla)\ this function will represent the state of 
electrical motion in a wedge bounded by d=0 and 6—ir/p. 

272. The substitution in the preceding expressions in § 247 
of the conjugate functions p6 and log(r/a)P or pp for u and t;, 
leads to the solution of corresponding problems for curvilinear 
rectangles bounded by arcs of concentric circles and their radii; 
and now q={b/ay, where a and b are the radii of the curved 
sides, while ir/p is the angle between the straight radicd sides; 
so that in the rectangle OABC, 

OA^air/p, BC^hirlp, OC^AB^a-b, 

The vectors of the images of an electrode at are now 

ag*^/Pexp 2rTri/p, 

where n denotes any integer, positive or negative, and 

7*=!, 2, ^, ..., n. 

For electrodes at A, B, (7, the vectors of the images are 

a9^*'^exp(2r- lyiir/p, 

^(2n-i)/pgxp 2riTr/p, 

a9<2n-i)/Pexp(2r- lyiir/p. 

For a given value of n, the vector potential of the electrodes, 
whose vectors on a circle of radius aq^f^ are 

aq^^exp2riTrlp or aq^Pexip(2r—l)iri/p 

will be log n(r J'e^^^- a'g'*) or log Il{rPe^P^+aP^) (62) 

Now, suppose* a positive electrode is placed at and a 
negative electrode at C, with the corresponding s}^stem of 
images ; the vector function is 

log Yf (rPe*?*^- a V*)/(^'*«"^- «''9^" 



n= -00 



on introducing a negative electrode, of current x ampferes, at 
the origin ; and, writing irw/K for p6+ilog(a/r)P, this becomes 

]o'ysu\'\'7rw'K)Uz — ^r^sTi — ; — /l-v . Lit « » v^^) 

=• - l—2q^^cos{Trw!A)+q*^^ 



INTO FACTORS AND SERIES. 291 

equivalent, as in § 263, on omitting constant terms, to 
log sn w. 

A similar procedure with electrodes at A, G, and JS, C, will 
lead to the singly infinite factorial expressions for enu and dnt^. 

Projecting these equipotential and stream lines stereograpbi- 
cally on a sphere which touches the plane, we shall obtain the 
corresponding solutions for the flow of electricity on the surface 
of the sphere. 

(Robertson Smith, Proc, R, S. of Edinburgh, vol. VII. ; 
M. J. M. Hill and A. J. C. Allen, Q. J. M^ XVI., XVII) 

273. When these electrodes are replaced by straight parallel 
vortices, perpendicular to the plane, which is t^ken as hori- 
zontal, the potential and stream functions are interchanged. 

Suppose a vortex is placed at a point P in the rectangle 
OABC ; to introduce the restriction that there is no flow across 
the sides of the rectangle, we must suppose the motion due to 
vortices which are the optical reflexions of the point P in the 
sides of the rectangle ; the sign of the vortex being positive or 
negative according as the corresponding image has been formed 
by an even or odd number of reflexions. 

The vectors of the positive images will therefore be 

2'ma+^nbi±z, 
and of the negative images 

ima+^nhi±z \ 
where z=^x + yi, z^x — yi. 

The resultant current and velocity function at f =^+jyi will 
therefore be the norm and amplitude of 

.jjjj{2ma+2vhi + ^^z )(2ma + 2nhi+^ +z) 

At the point P, this vector function, due to all the other 

images, is therefore 

, ^^ (2ma + 2nbi)(2ma + 2vbi + 2z) 

losrlin 



° (2ma + 2nbi+z — z){2iita-\-'SnUL + z+z) 

and writing r^ = -, and 2K +2K'i~=u + vi = w, 

K a a u 

this may, according to § 263, be replaced by 

log";'^+^^> (65) 
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The stream function at P is therefore, disregarding constants, 

= ^ log(n8*tt — nsVi) 

= Jlog{n8«(u,ic) + ns«(i;,0-l};...(66) 
so that the curve described by the vortex is given by 

na\2Kx/a, k) + n^\2K'y/b, k) = constant, (67) 

and all the other image vortices keep up a symmetrical dance, 

by describing similar curves. 

274. The vortex is stationary when at the centre of the 
rectangle; and now, changing to the centre as origin, the 
vectors of the images are ma+nbi, where m+7i is even for 
the positive, and odd for the negative images; so that the 
vector function of the motion is given by 
, jjjj (2ma+2nbi-z){(2m + l)a + (2n + l)bi-z} 
^^^^^^^{2ma + (2n + l)bi-z}{{2m'j-l)a+2nbi'-'Z} 



, snhwdn^w ,, 1— cntt; 
= loor ^ . ^ =llo<r,-- — 



(68) 



k 



en hw '" ° l+cnt<;' 

Expi-essed as norm and amplitude, as in § 247, this function 

- , 1 — cn-o; 1 — cntc;' . , , 1 — cnte; 1 + cntt;' 

* ^l+cnw 1+cnw * ^ l + cnw 1— cnai; 

, , en vi — en ii . . , sn u dn m — dn u sn w 
= ilog .-■ hi log 3 ^"Tj 

^ , , en u ^ , - sn u dn in 

— — tanh"^ . — tanh-^T . 

en VI dn u sn vi 

= — tanh"^(cnucn'i;)+itan"^-i ((59) 

^ ^ dnusht' 

with u — 2Kx/a, v = 2K'ylb; the modulus of the elliptic func- 
tions of V being k\ 

The equation of a stream line of liquid is therefore given by 

en u en v = constant, or 
cn(2Zaj/a, K)cn{2K'y/b, k) = constant (70) 

Close up to a vortex the velocity according to these ex- 
pressions would become infinitely great, which is physically 
impossible ; but a solid core may be substituted for this central 
portion, and the shape of this core has been investigated by 
J. H. Michell, Phil, Trans,, 1890. 
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275. When a point ib placed inside an equilateral triangle, 
the Kaleidoscopic series of positive images is given by the 
vectors z, tez, u?z, where z = x-\-yi, and tn is au imaginary cube 
root of unity ; the negative images being given by a', «/, wV, 
where z'=~-x+yi; the origin being at a comer of the triangle, 
and the axis of x perpendicular to the opposite side (Fig. 27, i). 




(L) Fig. 27. (ii.) 

In addition, similar groups of six images must be added, 
ranged round the centre of hexagons forming a tesselated pave- 
ment the vectors of the centres of the hexagons being 
2mk+2nhij5 and {2m+l)A+(2«+l)Ai^3, 
where h denotes the altitude of the equilateral triangle. 

In the corresponding doubly infinite products, the elliptic func- 
tions will have i[r7Z=v'3, sothat (g 47),«:=sin 15°, 2kk'=^. 
Then, in Weieratrass's notation, the vector potential at 
l-l+ni 
for a single souree or electrode inside the triangle will, neglect- 
ing constant terms and factors, be expressed by (§ 278) 
log<r {^-^V (f-<^V (f-w*^) 
»-,(f-'Vi«-"«Wf-»'i') 

=•,«-/>,«-«>,({-»■/); (71) 

while for a vortex or electrified wire, the vector potential is 

.„^ «T(f-^ M^^ M^^ '■^ v■(^^ K( ^' ^ v.(^c.'^ > „,, 

The nature of the resolution of these functions into their 
norm and amplitude is illustrated iu ^227 to 231, 

(0. J. Lodge, PhU. Mag., 1876; 0. Zimmermann, Baa logar- 
itkmische Potential einer gleickseitig dreieckigen Platte, Diss. 
Jena, 1880 ; A. E. H. Love, Vortex Motion i?i Gei-tain TriceagUa, 
Am. J. M., XI.) 
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So also for a rectangular boundary OACB, if we write 

o for ^-a;+(j;-y)i, or f-0, 

j8 for i+x-^(^-y)i, or f+/, 

y for i+x + (rj+y)i, or f+2;, 

i for ^-a:+(j;+2/)i, or f-/; 
», —2^, —0, z' being the vectors of the point P and its images 
by reflexion in the coordinate axes Ox, Oy, taken in order in 
the four quadrants ; then the vectors of all the other images 
by reflexion in the sides of the rectangle OABC being ranged 
in a similar manner round points whose vectors are 2ma+27i6i, 
it follows from what has gone before that we may express the 
vector function at f of all their images, taken as positive, by 

log o-a cr^ <ry 0-5, ^ (73) 

with coj = a, 0)3 = hi ; 

disregarding constant factors, and exponential factors of the 

form exp(^t6+5w*). 

But when we represent the vector potential of a vortex or 
electrified wire at P, the vector potential becomes 

'^%7^- ■ <") 

276. As another illustration of the connexion of a regular 
Kaleidoscopic figure with Elliptic Functions, consider the solu- 
tion of the reciprocant 

{t^+l)C'-li)abt+loa^=0 (75) 

where ^=-j , C6= ,^. o=-|-^ ^= i • 

dx ox* dor dx" 

(Sylvester, Lectures on the Theory of Redprocants, VI^ 1888.) 
Mr. J. Hammond has shown (Nature, Jan. 7, 1886, p. 231 ; 
Prcc, L. M. 8,, XVII., p. 128) that the integi*al of this equa- 
tion (75) may be written 

By turning the axes through an angle ^tan~'(X/ic), we can 
make X vanish ; and now, replacing Ik by unity, 

and fi>(x+yi)fi>(x—yi) = l ,„.... ,■..(79) 
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Since (§ 1 96) pa)2J = wpz, pia^z = wV^, 
where co is an imaginary cube root of unity, therefore 

P(iix+yi)fu?{X''yi) = l, (80) 

which shows that the curve is unchanged if turned through an 
angle of 60** about the origin (Fig. 27, ii.). 

Captain MacMahon has shown that the intrinsic equation of 
this curve may be written 

cos3Vr = dn(8/o), with k^\J2 (81) 

The student may also show that the equation of the curve 
may be written in one of the forms 

am(a;±Z, ic)=am(y±Z', O, 

ic'2tn2(a:,/c) = /c*tn%, 0» 

dn(aj, ic)dn(2/, /c') = ic, (82) 

with /c = sinl5°, /c' = sin75^ 

As a similar exercise, the student may solve the reciprocant 

te-5afe = (83) 

in the form pxpy= -1 (84) 

and determine its intrinsic equation, drawing the correspond- 
ing curves (Proc. London Math. Soc, XVII., p. 360). 

277. When we expand, in ascending powers of u, the 
logarithm of a doubly infinite product, such as that in the 
numerator of sn u in equation (1), § 258, we find 

logun'n'(l-^)=logu-u2:fi-i-Ju22fi-2«iu»2fi-»-...(85) 

Now, when the origin is taken at the centre of all the 
points whose vectors are Q, the coefficients of u, u^, u*, ... 
vanish ; but the value of the series is still indeterminate, until 
the infinite curve containing all these points has been defined. 

For if P denotes this infinite product, and P' its value when 
the boundary has changed into a similar curve, then 

logP'-logP = Ju22Q-2+iu*2Q-* + .... 
where the summation now extends over the region lying be- 
tween the two boundaries; and now the limit of 2f2~* is a 
definite number, A suppose, while the limit of 2Q'*, ... is zero. 
Therefore 

logP'-logP = i^tt2, or P' = Pe*^'*'...; ..(86) 

so that the value of the infinite product depends on the shape 
of the infinite boundary (Cliflbrd, Math, Papers, p. 463). 
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But, as in § 261, Weierstrass removes this ambiguity b}' 
attaching to each linear factor of the product, such as 

an exponential factor expf ^ 4- ^ -^^j ; 

and, in the physical analogue, the corresponding electrode at Q, 
whose vector function is log(l— u/12), must have associated 
with it a uniform flow in the direction of the vector Q, repre- 
sented by u/Q ; and a streaming motion in rectangular hyper- 
bolas, whose asymptotes are parallel and perpendicular to the 
vector Q, represented by ^(u/Q)*. 

Now in the expansion of the logarithm of the doubly infinite 
product P, when these exponential factors are introduced, 

logP=logu-Ju*2!:2-*-X2n-*- (87) 

an ahaolutely convergent series ; that is, a series the value of 
which is independent of the order of the terms. 

278. Making a new start ah initio with the sigma func- 
tion (§ 195), as defined now by the equation 

where fi = 2r?u«)+27u«)', and w/wi is a real positive quantity, so 
that 0), w correspond to w^, 0)3 or eo2» (^2 according as A is posi- 
tive or negative, then cru is the analogue of Jacobi's Eta Func- 
tion ; in fact, 

a-u = (7e^'*'Hv^(ei -- e^)u. = Ce^'^e^{\Truj(ji>\ (88) 

(§ 263), where C, A are certain constants ; also log eru is the 
same as log P in equation (87). 
Now denoting, as in § 195, 

d log oru , c J d^log (tu dtu , 



^^^=rt+^'(rJi2+n+nO 



= ^-tt»2:fi-*-w.*2fi-«-..., (V) 

u 

by dilSerentiation of ( U) and (58) ; bo that, on reference to § 195, 

we may put 

g^=601Q-*, g,=lM^n-', (W) 

also ^j»=2«.3.6*.72fi-», flfj.7s=2«.3.5.7.11 Sfl-" etc. 
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Differentiating (60) again, 

«'^= i+^'{(^*-i}' <^^ 

*''»=-S-^'(-^^ (Y> 

Then {(ru)/u, u^ii, u^u, u^jp'u, u*p"Uf . . . , are unaffected by 
the considerations o{ homogeneity of § 196; as for instance in 
the expansions in equations (21) and (22) on p. 249. 

A change in (X) and (Y) of i^ into u+2pu)+2q(a\ where p and 
q are integers, merely leads to a rearrangement of terms ; so 
that, as in § 250, 

p(it + 2jpoD + 2q(i>) = pit. 

Also, since in Q = 2m(a+2nu>\ the arrangements (m, n) and 
(— m, — 7i) exist in pairs, therefore 

F'a) = 0, pX(e + w) = 0, pV = 0; 
and p'*tt = 4.pu— pa).pu— p(a)+a)')-pw — P^)' 

= V^-5'2P^-fl's» (^^) 

as originally defined otherwise in § 50. 

A change of u into u+ 2a) in (V) shows that, by a rearrange- 
ment of terms, 

^u+2a)) = fu+2i;, (89) 

where jy is a certain constant, determined by putting u= — o), 

so that »; = fft) (90) 

Similarly ^u+2w) = }a + 2fi\ (91) 

where n=W\ (^2) 

and, generally, 

f(u+2pa>+2gra)') = fu+2pj7+2?i;' (BB) 

Integrating («9) and (90), 

(r{u + 2 J) = Ge^''<rii, <r(u + 2(a) = C'e^''<ru ; 

where C and C are determined by putting u= — w and -co'; 
80 that 

(7(u+2a))= -c2^«+")(rtt, (7(a-hL>a>')= - e^^'^^+'^tru, (93) 

and therefore 

(r(u+2pft))= -(-l)P+V^'«'*+>^)(7it, (94) 

<r(u+2ga)')= -(-l)9+ie2«'^(»'+9aOcru, (95) 

and, generally, 

.(r(u+2jpa)+2gci)')= -(-l)0'+%+i)e(2/>'y+2^Xtt+P«+9uO<yti,, ...(CC) 
obtained also by integration of (BB). 
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The doubly infinite products in (U) may be converted into 
singly infinite products ; and now 

where q = e^*^'^, and 

2,70, = ^ - -^-22 ^ ^" = i^ - 71^2 c()sech2(7io)7o)i), . . . .(97) 

etc. ; for the proof of these and other similar formulas merely 
stated here, the reader is referred to Schwarz and Halphen. 

Also, denoting Q+o). fi+w+o)'. Q+w' by fip fig* ^* 
then the function G-aU of § 202 may be otherwise defined ah 
initio by the relation 

.,.=eK-nn(l-|-)exp(|^+|^) (EE) 

which will be found to lead to the preceding results. 

Denoting -r— g logor^u by — Po^, we shall find that 

Pa^ = K^ + a>J, a = l,2, 3 .(98) 

(A. R Forsyth. Q. J. if., XXII.) 

279. Returning to the function C of equations (8) and (10),. 
§ 215, and changing the sign of the u's, we may also write it 

= Co+Cip;+c.yv+...+c^p(^-i)v; (99) 

and since we may suppose the u's and i; to be all increased by 
equal amounts, the condition (9) of § 215 is no longer required. 
Now, since C vanishes when v = v^ where r=l, 2, 3, ..., /x; 
therefore the coefficients c^, c^, Cg, ..., c^ are determined by 
a series of equations of the form 

O^Co+Cipitr+C2p'Ur+...+C;4?(/*-i)Ur; (100> 

and therefore the determinant 



1, p;, p'v, ..., p(M-% 



= i/(7, (101) 



where if is a factor independent of v ; and now this theorem, 
SB a corollary of Abel's theorem, shows that the determinant 
also vanishes when v= — w.^ — Uo — ...— U/tt. 



_ Q (r(u+v+w)<r{V'-w)<r(W'-'U)(r(U'- v) 
~^ <r^U a^v a^w 
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The symmetry of the determinant shows that Jf must be a 
symmetric function of the us ; or writing Uq for v, and denot- 
ing the determinant by ^(u^, u^, Ug, . . . , U;*), then ^ is a 
symmetric function of the w*s, such that 

and it will be found (Schwarz, § 14) that 

^.=(-l)iA*(/i-i)l!2!31...M!. 
Thus, for instance, with /i = 2, 

1, pt;, p't; 
1, pw, pw 

By forming a similar function C of the i6"8, subject to the 
condition (6) of § 215, we see that (7) is an elliptic function of 
V, which can be expre&sed by C/C, where C and C are given 
by determinants, as above. 

Equation (CC) is also suflSicient to prove that the function 
in (7) § 215 is doubly periodic. 

As an application of the principles of this article and of 
g 209, 215, 216, 257, the student may prove that Q of § 215 is, 
writing a for u^, b for Ug, and u for v, given by the equations 

Q — <K^ + ct)q'(u + b)cr{a + b) 
<r(u+a+b)<rU(ra(rb 
= , 1, pu, p^ti, -5. 1^ pu, ip'u I 

l,pa, p^a !l,pa, p'a: 
, 1, p6, p26 '' 1, p6, p'6 

We thus verify the equations of §§ 209, 257, 

du (ru<r{a+b) ahicracrb 

= <f>{u, a)<f>(u, b). 
When condition (6) of § 215 is not satisfied, then (7) reappears 
qualified by an exponential factor of the form e^"' when v is 
increased by 2pw+2q(a; the function is then called by Hermite 
a doubly periodic function of the second kind ; the function 
(f>{u, v) defined in § 201 being the simplest instance of this 
kind of function. 
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280. Making the u's all equal, as in § 218, and interchanging 
a and v, the function 

_<r(^+IJLv){(r(u-y))^ 

is a doubly periodic function which can be expressed in the 
form of C ; but now the coefficients c must be determined by 
a series of equations of the form 

= Cq+cjpv H-Cjp't; +..., 

0= cyv+c^p'''v+,.., 



Expressed as a determinant we may now put 



x'' = -, 



1^ 



n fff 

f? V, fp f, ... 



p(A*-l)t;, fp{f^)v, ... 

Finally, making u = t\ and dividing both sides by (i6— v/*, 
we find, in the limit, 






u, p u, 



,ff. 



. . . , fpuif^)u 



where 



^^ = (l!^r.^;x!? (Schwarz, §15); 



....(GG) 



Halphen denotes this function of u by \[r(fi^i)U, 
Thus for instance, as in § 200, with ju = l, 

. or2u 

Again, with /x = 2, 

By logarithmic diflerentiation, 

^^logV^nit=^-2log^-p=n2(pu-fmu), ....(HH) 

whence pnu can be expressed rationally in terms of j?t6, p'lt, .... 
Whenu = i;, 

IX x^ _<rOH-l>_ , 
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Also, when t6 = 0, 

= a;^(-l>*+V!; (102) 

and therefore afi=0, when iuLV = 2piOi+2qu);^. 
281. In the pseudo-elliptic integrals (§ 218) 

juv = (mod. cDi, 11)3) ; 
and now, knowing the number /x, the coefficients c^, c^, c^, ... in 
(7 or x^ are readily calculated from a knowledge of the values 
of ipv, p% p^v, ... ; in this way the results employed in §§ 218, 
219, 223, 225, 233 were inferred. 
Thus, for instance, in § 219, we know that 



/x = 3, juv = 3a)i+ 



€0 



8> 



so that the ratios of Cq, Cj, Cg, ... can be calculated from the 
equations = 0^+^0^+ ^i^^c^— 6C3, 

.0 = 3t^2ci - 6C2 + 18i^2c3, 

0= -6ci + 18i^26'2- 252C3. 
Taking an arbitrary value of c^ say J, we find, by solution. 
c<>= -9, Ci= -10, ^2= -3i;y2 ; 
X^ = i^sd p"u - 3 V2 jp'tt - 10 pit - 9) 
= fC8{(2ptt + 2)(2^-7)-3V2p'u}. 
Now cr(u + 3a> +c^er«(u-i;) 



.CJi^-.i{^^^]' : 



SO that, in the algebraical herpolhode referred to axes rotating 
with a certain angular velocity, we may put 

{X + iyf = Axu{pu - eg) - ^ 
thus leading to the results of § 219. 

As other numerical examples the student may investigate 
the results of §§ 218, 223, 225, 233 ; also the example due to 
Abel {(Euvrea, I., p. 142), where /x = 5, gr2=12, gr3=19, and 
v = -l(t)2 or ^(i>2, when p?;=— 2 or 1; we then find that the 
values of c^, c^ Cg, Cj, c^, c^ are proportional to 

-288. -36, -48iV3, 12, ijS, 0; 
or -396, -252, -12^3, -24, ijS, 0. 



/ 
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Writing 8 for pit, then we may put 
X^ = - 288 - 36pu, - 48i V3p'i^ + 1 2p"u + i jSp'^'u 

= .%(2a2-8-l0) + l2i^3(8-4)V(4s^-12«-19), 
XU = - 396 - 2o2pu - UiJSp'u - 24p''u + V-V"^ 
= - 36(482+7«+7) + 12V3(8-l)^/(488-128-19). 

We thence infer that the corresponding pseudo-elliptic inte- 
grals involve 

**" V3(28*-«-10) "'"''^ 2(8-1)* "*■" 

, ,(8-l)^(4s='- 128-19 ) ,y3(4«*+78+7) 

. jS{4^+78+7) 2(«+2)* 

and now by differentiation we infer that 

■28+13 ds =_2_f .i(8-4)V(48 »-128-19 ) 

V-i' ^(4«»-12s-19) J'S \/3{28^-8-10) ' 

/*4«-7 ds 2_ _,(«-lV( 4e»-128-19) 

y 8+2 V(^-l-»-19) V3 s/3(48*+78+7) • 

Thus, in the Weierstrassian notation, 

''" - ^tan ^3(4j,2^+7p^+7)+W3«. 

with gr^ = 1 2, (/g = 1 9, according as jpt; = 1 or — 2. 

These results may be employed in the construction of 
degenerate cases of the catenaries discussed in §§ 80, 205, 206. 
Thus, for instance, the curve given by 

r''cos( 'IJ'^u - 00) = ^;3t(4r* - O/A-^H- 9A:*), 

is a plane catenary for a central attraction nhvr per unit of 
length, in which (§ 80) 

t = J nhv{7^ - 3A;2), tp = ^J^nhjul<?, 

So also a tortuous catenary is given by the equations 

r2 = /.2{^.(|^/A:)-l}, 

9 •>cos(50 + iJSx/k) = ^Sk(2r' + 3^V - 9^*), 
under an attraction nhoj' to the axis Ox. 
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282. Other pseudo-elliptic integrals are formed by the sum 
of two or more elliptic integrals of the third kind, when the 
sum of the parameters is of the form pco+qw, as in § 226, for 
the expressions of ^ and ^. 

We shall denote the integral of the third kind in the form 

(A)> § ^^^' ^y ^"^t '^)> ^ ^^^^ we have found is the form of 
most frequent occurrence in the dynamical applications ; and 
now (/Sj) shows that 
^(u, a)+^{u, b)'-^(u, a+b) 

by reason of (y), § 197, and (K), § 200. 

When a + b = (aa, pX^+^) = 0, *(u, a + 6)=0; and now 

*(u. a)+$(u. 6)= --M_u+ilog^^_^j-_-. 

By equation (N), § 249, we may write 

ilofr^l^!^t^^ = tanh-i /f^ -^^'P^-^/^-y^-M 
^p(a — u)— ^a \ V^tt — ea. jw* — «/3.pu— e^/ 

= tanh-^-^^^ ^-> , or ^tan-^ — ^ — ^—, — ^, 

pa-ea pu pa-^a pu 

the latter form to be employed in dynamical problems, where 

p'a is always imaginary ; thence the expressions given for ^ 

and ^ in § 226 can be inferred. 

As an application we can put a + 6 = coj + 0)3 or 0)3 in § 209, and 

thence deduce a degenerate case of the Spherical Pendulum. 

Examples. 

1. Prove the following q series : — 

(i.) l+29 + 2g*+2g«+... = eiS: = V(^/i7r); 

2g^ + 2g? + 2gV + ... _HJi:_ / 
^ -^ l + 2q-\-'2q'+... ~ OK ~ '^ ' 

1-2^ + 29*-...^ 00 __ 

'''') i+'2q+2q*+:.rek~^ ' 

(iv.) (l^2q + 2q*-...y-\-{2q^ + 2q^ + ,..y = (l + 2q + 2q^+..,y; 

(v.) J{KK)^2q^, q^j\,^K"\J^lin2Sq\or''\/l72Sq,8iCcord' 
incf as A is positive or negative, when q and k or k is small. 
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2. With the notation of g 265, prove the theorem 

- d{w)e(x)e{y)e{z)+e,(w)e,(x)e,(y)d,{z) 

= 2d,(8)e^(8^y^z)e^(8^z^x)e^(8^x^yl 
where 28=w+x+y+z. 

Deduce the formulas 
(i.) i^K^n U8nv sn r sn « 

— ic^n It en V en r en 8+dnu dn vdnr dn«— ic'* = 0, 
provided u+v+r+8 = 0. 

(ii.) /c*sn J(u + y+r+8)sn|(u+v— r — s) 

xsn J(u— v+r— 8)sni(u— V— r4-«) 
_ (dnudni;dnrdn«-/c"cnucnicnrcng4-A'%nusnt;8nrsn8-ic^) 
"" (dniednt;dn?'dn8-/c"^cnt( en vcnrcns -«^/c'%nt6snt;snr8n«+/c'*)' 

3. Show that 

= 2(62 - Cj) (63 - e^)(e^ - 68)oi(u)(7*(2u). 

4. Show that Weierstrass' function (r(u) satisfies the partial 
differential equations 

Show that the second of these equations is also satisfied by 
the function 

(ra{u)/{ (ea - ep)(ea -ey)}^; 
and write down the differential equation satisfied by arati. 

5. Prove that the projection of a geodesic on a quadric of 
revolution on a plane perpendicular to the axis is analytically 
similar to a herpolhode (Halphen, II., Chap. VI.). 

6. Evaluate the surface of an ellipsoid. 

7. Construct some degenerate cases of trajectories or caten- 
aries on a sphere, or on a vertical paraboloid or cone, employing 
the numerical results of the pseudo elliptic integrals. 



CHAPTER X. 

THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. 

283. By the Theory of Transformation is meant the ex- 
pression, in terms of the elliptic functions of modulus k and 
argument u, of an elliptic function with respect to a new 
modulus X and of a proportional argument u/Jf ; and then if is 
called the multiplier, and the relation connecting the moduli 
X and K is called the modular equation, 

A particular case of Transformation has already been intro- 
duced in Landen's Transformation (^ 28, 67, 71, 123, 181, 182) 
in its application to Pendulum Motion, and to the Rectification 
of the Hyperbola. 

In accordance with the plan of this treatise, we begin with 
a physical application of the Theory of Transformation, before 
proceeding to the analytical treatment of the subject 

Suppose then in § 259 that an odd number, n, of such 
rectangles as OABG are placed in contact, side by side, so as 
to form a single rectangle OAnBnC, of length OAn=na,\sLnd 
height OC=b; and now put 

UAn/OC=nalb=K/K\ 

OA /0C= a/6 = A/A', 

so that A'/A=-nK'IK; (1) 

where K, K' denote the quarter periods with respect to the 
modulus /c (§ 11), and A, A' with respect to the modulus X. 
Let us begin by placing a positive electrode at 0, and an 
' equal negative electrode at (7; then, inside the rectangle OB, 
the vector function will be 

log sn Azja = log sn( Aaj/a + A%/6), 
with z = x+yi. 

G.B.F. U 
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But, inside the rectangle OBn, the vector function of these 
electrodes and their images will be that due to positive elec- 
trodes at 28a and negative electrodes at 28a +bi, where a 
assumes all integral values from to n— 1; and the vector 
function of this system is (^ 259, 275) 

log n snK{z'-28a)/na = logJIsii{Kxlna+Kiy/b'~28K/n). 

The physical equivalence of these two forms of the vector 
function, as seen from two different points of view, shows that 

sn(Azla) = A II sn{Kz/na-28K/n), 

or sn(u/Jlf,X) = 4nsn(u-2«ir/?i), (2) 

where u/M=Az/a, u=Kz/na; 

so that M=KlnA = K'IA'; (3) 

this is the formula for the first real tranafonfoation of the an 
function, of the nth order. 

Similar considerations will show that 

cn(u/Jlf, X)=5ncn(u-28ir/n), (4) 

dn(u/if, X) = (7ndn(u-28jr/n) (5) 

If, as in § 263, we put 

gr = cxp( — -TT-ff^/iT), and r=exp( — -ttA'/A); 

then r=}^ (6) 

and X is less than k. 

It simplifies matters to place the rectangle OB in the 
middle of n such rectangles placed side by side, and now a 
ranges from — |(n— 1) to i(n+l); and combining equal posi- 
tive and negative values of a, we find, according to (7) § 137, 

' ~ iv* *" */ sn Ut ~~ sn 28m 

8n(u/if,X)=^8nu n i_^.,^»2«a>snV ^'^ 

where a) = K/n; 

2/=^nj3^. .(8) 

connecting 3^=sn(u/if, X) and a;=sn(u, /c), a=sn(2air/n). 

284. Next suppose that n equal rectangles, such as OABC, 
are piled on each other, so as to form a single rectangle 
OABnCn, where OA =a, OCn==nb ; and now put 
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OAIOCn=alnb=^K/K\ 

OA/OC = a/6 = A/A'; 

80 that K'/K=nA'/A (9) 

The physical equivalence of a positive electrode at and an 
equal negative electrode at C, and of their images in the rect- 
angle OABC, with the positive electrodes at 28K%ylb and the 
negative electrodes at (28+l)K*iy/b in the rectangle OAB^Cn 
and their images, shows in a similar manner that 

8n{Az/a, \)=Allsn{Kxla+K'iy/nb-28K%/n), 
where 8 may assume all integral values from to ti— 1, but 
preferably, from — ^(n— 1) to J(n + 1); or 

sn(u/Jlf, X)=^nsn(u-2«jr'i/n,/c), (10) 

where u/M = Az/a, u = Kz/a ; 

so that M=KIA=-K'/nA'; (11) 

and now, with 

q = exp( — ttK'/K), r = exp( — tA'/A), 

we have r=q^^^, (12) 

and now X is greater than k. 

Similar considerations show that, by placing positive and 
negative electrodes at A and C, or B and C, we shall obtain 

the formulas 

cn{u/M,\)=BIlcn(u-28K'iln)\ (13) 

dn{u/M, \) = CTldn{u-28K'i/n)] (14) 

these are the formulas for the second real transformation of 
the elliptic functions, of the Tith order. 

A similar physical interpretation of Transformation may be 
given in connexion with the curvilinear rectangles bounded by 
concentric circular arcs and their radii, as discussed in § 270. 

285. Besides the first and second real transformatioDs in 
which q is changed into q^ and q^^^, now denoted by r^ and 
r^ there are in addition n—l imaginary transformations, 
when n is a prime number, in which q is changed into w^q^^^y 
denoted by r^, where jp = l, 2, 3, ..., ti— 1, and a> is an 
imaginary nth root of unity ; so that, corresponding to a given 
value of K, the modular equation of the nth order, if prime 
will be of the (n+l)th degree in X, having the roots 

X^» Xq, Xj, X2> •••> Xn-1> 

of which two only, X^ and Xq, will be real ; \^ < k <\^ 
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We need only consider the Transformations of prime order, 
as a Transformation of composite order, Tan, can be made to 
depend on the transformations of the mth and nth order. 

The different transformations of the mnth order are formed 
by changing q into q^^^; so that the number of transformations 
for any number in general is the number of divisors of mn ; 
reducing to n+1, as before, for a prime number n. 

For a transformation of order n^ there is one real transforma- 
tion for which q remains unaltered, and we thus obtain the 
formulas for Multiplication of the argument u by n, 

286. After this physical introduction, we can proceed to the 
general algebraical theory of Transformation, as developed by 
Jacobi in his Fundamenta nova theories functionum eU/i/pti- 
cairum, 1829. 

The theory in its generality consists in the determination of 
^ as a rational algebraical function of x, of the form 

y=U/r. (15) 

where U and V are rational integral functions of a;, 

80 as to satisfy a differential relation of the form 

Mdy_ dx ^. 

s/y^^' * ^^ 

where X= ax*+ 46a^+ 6ca?+ ^dx+e, 1 .-.^^ 

Y=Ay' + ^By^+6Cy^+*Dy+Ej ^ ^ 

Making the substitution of (15), we find that we must have 

\dx dx/ dx 

and the first condition requisite is that 

AU*+iBlPV+6GO^V^+*DUV^+EV*=XT*,...{19) 

where T is a rational integral function of a;, of the (2n— 2)th 
degree ; and now, if we can make 



t=mC 



^v- ui^\ 



.da>- -dx) (20) 

where if is a constant multiplier, the Transformation is 
effected. 
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But if U and V are both of the nth degree, or if one of the 
nth and the other of the (n— l)th degree, so that either a^ or 
bn (not both) is zero, this is necessarily the case ; for any 
square factor in (17, F)* will appear as a linear factor of 

dx dx* 

which is also of the (2n — 2)th degree, and can therefore only 
differ from T by a constant factor M, 

The Transformation is now said to he of the nth order. 

By taking X of the sixth, instead of the fourth degree, Mr. 
W. Bumside has derived hyperelliptic integrals (Proc. L. M. S., 
XXIII.) from the elliptic element dyj^Y^ similar to the hyper- 
elliptic integrals of §§ 159, 160, by means of substitutions of 
the second, third, and higher orders. 

Now denoting by a, )8, y, i the roots of the quartic -X' = 0, 
and by a, P, y\ S^ those of F= ; so that, resolved into factors, 

Z= a(x — a){x — P){x — y)(x — S), 

F= ^(t/ - a'){y - )8'X2/ - y Xy - ^ ; 
then AiU-aTXU^^VyU-'yVXU-'SrV) 

= ar«(aj-a)(a;-^)(fl;-y)(aj-5) ; 

and now a factor, such as U—aV, must be composed of linear 
factors, such as a; — a, and of the squares of factors of T. 

In the expression y=U/V there are at most 2nH-l arbitrary 
constants; and in determining 17 and F so as to satisfy relation 
(19) we determine 2n— 2 of these arbitrary constants; thus 
there remain at disposal three arbitrary constants, correspond- 
ing to the three constants involved in an arbitrary linear 
transformation, such as that obtained by writing (§ 139) 

(lx+m)/{lx+m') for x, 

as exemplified in §§ 153, 160, where the constants Z, m, l\ m 
are chosen so as to make X and F quadratic functions of x^ 
and y\ 

When X and F reduce to quadratic functions of x and y, 
the elliptic functions degenerate into circular and hyperbolic 
functions: and now there is no Theory of Transformation, 
except for the change from circular to hyperbolic functions, as 
in §16. 
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287. Jacobi, in his Fundamenta nova, works throughout 
with the differential relation for the sn function (§ 35) 

Mdy ^c , .Q-v 

connecting x = Hn(u, k) and t/=sn(u/ilf, X). 

Now, if y=u/r, 

then, since u=:0 makes x^O and y=^0, y and therefore U 
must be an odd function of x, the other, V, being an even 
function ; so that for an odd order of the transformation 

U=a^x+a^+.,.+af^^, V=bQ+b^+...+bn-iaf^~y 
Since x = l, y = l; aj = l//c, y=l/X; etc, are simultaneous 
values of x and y, the relation connecting x and y may be 
written in any one of the following forms, 

1+ 2/ = (H- x)A^/V, or V+ i7=(l+ x)A^; 
1- y = (l- x)A'^IV, F- ir=(l- aj)il'«; 
l+\y = (l+Kx)G^IV, r+\U=(l+Kx)C^; 

l-Xy = (l-/caj)C'VF, F-X£r=(l-ica;)a'«; (22) 

where A and (7 are rational integral functions of x, of the 
J(n— l)th degree, which become changed into A' and 0' when 
a; is changed into ^x; so that we may put 

A==P+Qx, A'=P^Qx, 
G=F+qx, Cr^F-^Qfx, 
where P, Q, P', Q' are even functions of x ; and therefore 

l+y l+x\P+QxJ' l+\y 1+kx\R-Q:xJ ' 

givmg 2/-aJp2+2PQa;HQV""X P^ + 2/cP'Q'aj«+(7V' •"^^'^^ 

When the order n of transformation is even, we put 

U=a^x+a^+,..+an-iX^~\ V=bQ+b^^+.,,+bf^; 
and now V+U={1+xXI+kx)B', V+\U = iy^, 

V--U=(l-x){l-Kx)R'\ F-XE/'=2)'«; (24) 

where B, D are rational integi-al functions of x, of the (Jw — l)th 
degree, changing into R and D' when x is changed into —a;; 
so that we may put 

B=R+8x, R^R-Sx; 
D = R+S% U^R-S'x) 
where 2J, S, JR', S^ are even functions of x. 



.(25) 
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288. The number of independent constants represented by 
the a's and b's in U and V can be immediately halved by 
noticing that a change of u into u+K'i has the effect of 
changing x into 1/kx and y into 1/Xy (§ 239) ; and therefore of 
interchanging i7and V. 

An algebraical simplification is thus introduced by writing 
x/^K for X and y/v^X for t/, a.s in § 143 ; the differential rela- 
tion now becomes of the form (Cayley, American Journal of 
Mathematics, vol. 9) 

dy pdx 

V(l - m^+t) " V(l - 2ax^+a^r 

and 2a=/c+l//c, 2^=X+1/X, (26) 

. . 8n(u, k) 8n(pu. X) . 

connectmg x= — ^ — -, y = — ^^-jr — -> 

and now, if y= UjV, 

U=Bn^iX+...B^-^+B^^, r=B^+B^+...Bn-ix^-\ 
for an odd order n of transformation, involving only n co- 
efficients Bq, B^, ..., -B»-i, and therefore n — 1 arbitrary 
constants in y; also Bj^.\=pB^ 

It follows then that, in the original relation y=:U/Vf con- 
necting x=&n(u,K) and t/ = 8n(u/Af, X), if €?—x^ is a factor 
of U, then 1 —K^ah? must be a corresponding factor of F; and 
we thus obtain the expression of ^ as a function of x given in 
equation (8), and in addition the relation 

X = J|f2^na2, (27) 

80 that we may write 

2'=^^-"^^^ (28) 

Professor Cayley writes equation (25) in the form 
(1-h %«-h S^y^+..,)dy = p{\+ R^a?+ R^+...)dx, 

where the Rs and jS's are the zonal hai*monics of a and ^. 

289. Writing this equation (28) in the form 

which is an equation of the nth degree in x, the roots of whicli 
are a: = sn u, 8n(u ± 2co), . . . , sn{u ± (n — l)co}, 
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where a>=2K/n or 2K'i/n for the two real transformations, we 
find that the sum of the roots 

>Kf v= ^-Lr^^"^'*"^ ^^^ 

or combining the equal positive and negative values of 8, 
^ /^^nN , ^2snucn28c«)dn2«(» 

or M- a..y?^^Al^:i^l:i^ (30) 

the expression for y when the product in equation (8) is resolved 
into its partial fractions ; and similar expressions hold for the 
en and dn functions ( Jacobi, Werke, I., p. 429 ; Cayley, Elliptic 
Functiona, p. 256). 

290. We need not therefore confine ourselves, with Jacobi, 
to the Transformations of the sn function ; but we may some- 
times find it preferable to seek the relations connecting 

aj = cn(u, /c) and y = cn(u/Jf, X), 
when (§ 35 ; Abel, (Euvres, I., p. 363) 

Mdy dx _, .„-. 

V(l-3/*.X'*+XV)""V(l-^-'c'*+ic^)" ' •*"^ ^ 
or the relations connecting 

x=dn{u,K) and t/ = dn(u/Jtf, X), 

relations already given in (4), (5). (13), (14) of g 282, 284. 

But Prof. Klein points out (Math. Ann,, XIV., p. 116) that 
it is the differential form of § 38 (reaUy Riemann*s form), 
connecting a? = sn^u, /c) and t = sn^u/if, X), 
and leading to the relation, on writing k for k^ and 2 for X^ 

V(4i.l-e.l-Z0"V(-is.l-:r.l-ib)"^^' ^"^^ 

which is the most fundamental in the theory of the elliptic 
functions sn, en, and dn ; the periods now being 2K and 2K'i, 
instead of ^K and 2K'i, etc. (§ 239) ; the quadric transforma- 
tions (of the second order) 

z=j^, 1— x^, or 1— c*x^, 

e=y2, l-ys, or 1-Xy, (34) 

leading immediately to the preceding transformations of ihe 
sn, cn» and dn functions. 
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291. The Theory of Transformation may be developed en- 
tirely from the algebraical point of view ; but Abel has shown 
how the form of the transformation of the nth order may be 
inferred frt)m the elliptic functions of the nth parts of the 
periods, called by Klein, modular functions. 

Thus taking the first real transformation connecting 

z=8n\u,K) and t=8n^u/M,\) 
in relation (33), then 

1- t=(i-z) n(i-|)* ^D, 

l-U={l-kz)U(l- hfizf -i-D, 

D= U(l-kazf, (36) 

where a=sQ*28K/n, j8=SD*(2«-l)if/m, 

and ihe products extend for all Integral values of a from 1 to 

i(«-l)- 

The form of the factors is inferred by Abel from the con- 
sideration that 

(i.) when t = 0, it/if = 28A + 28'A t, 
where 8 and s' are integers ; and, from equation (3), 

u=28K/n+28'K% 
z=8n^28K/n = 0, or a; 
(u.)when<=l, u/M={28-l)A+28A% 

u = {28'-'l)K/n+28'KH, 
z = sn\28-l)K/n^^ or 1; 
(iii) when e=l/i, u/Jlf= (28 -1)A+ (2s' -1)A% 

u = (28-l)K/n + (28'''l)K% 
z=sn^{(28-l)K/n''K'i} = l/k^ or 1/k 
(iv.) when t=oo, u/M== 28 A + (28' - 1) A'i, 

u= 28^/71 + (28' -l)ir'i, 
z = an%28K/n — K'i) = 1/ia, or » . 
Similarly the relations can be inferred connecting 

z=cu\u, k) and t = cn^(u/My X), 
or z = dn\u, k) and t = cn\u/M, X), 

not only for the first real transformation, depending on equa- 
tion (3), but also for the second real transformation, depending 
on equation (11), and also for any one of the imaginary 
transformations of the nth order. 
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292. In Weierstrass's form the relation is 

Mdy _ dx __ , 

connecting a; = p(^; g^g^ and y = 9(ulM) 72,73), 
by a relation of the form 

y=UIV- 
and this must be equivalent to relations of the form 

y-€a = {^-eMW^ or (x^ep)B^/V, or (a;-e^)C*/F; (36) 
for a transformation of odd order; giving 

^y'-y^-y.^i^-g^-gsX^BCyiV^; (37) 

80 that V must be a perfect square; thus leading to the 
requisite number of equations for the determination of the 
arbitrary coefficients in U and V, and an equation over, vrhich 
relation may be made to connect the absolute invariants J 
and J\ and corresponds to the modular equation. 
For a transformation of even order, we shall have 

^ U^_ 

y (X-02''' 

equivalent to relations of the form 
and therefore 

V-y^-y,='^f,^tP ^-^- <''> 

293. In the Weierstrassian form we determine the relation 
connecting x = p(u,J) and y=^p(u/M, jy 

But without altering J' we may write (§ 196) 

and now, if «, co' denote the real and imaginary half periods of 
p(u, J) or pu, we may take le/n, w as the periods of p(u, J') in 
the first real transformation of the nth order ; and (o, (a In as 
the periods in the second real transformation (Felix Muller, De 
transforviationefunctionum ellipticarum ; Berlin, 1867). 

The first real transformation, of odd order n, may now be 
written 

^u.J')=pu+y'"{p{u-^)-p^} (40) 

similar to equation (30) for the sn function, and obtained in a 
similar manner. 
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By integration of this equation (§ 195) 
^u,,/')=2GiU+fit+'"^ \u''28wln)+^u+28wln), (41) 

where 0. = i 2 p(28w/n)=^ 2 p(28a)/n); (42) 

and integrating again, 

log (r(u, J") = 0{U^ + log <ru n (r(u — 28a>/n)aiu + 28(ji>ln), 

(r(u, J') = (7e«^»'(ru 11 (r(iA - 2«c«)/n)(r(u + 28c,)/7i).J (43) 

The constant G is determined by putting u = 0» when 

<ru <r(u — 28u>ln)cr{u + 28a>ln) 

=n ^ • 

a'{-28(a/n)(r{28a)/n) ' 
and now 

^ ^ ,=1 a^{28w/n) 

= c<^«'((ru)**n(pu-p2aco/n), (44) 

by formula (K) of § 200. 

Thus, for instance, with 7i=3, 

<r(u, JO = «^^"'(o^)'(P^-Gi), (45) 

where 0^ = p§co = pjo), 

and therefore satisfies the equation of § 149 

or G^i*-ifl^2G^i'-fl'36^i-iVfl^2*=0 (46) 

Denoting by Gj and Oj^ the transformed values of g^ and ^3, 

they are found by a comparison of coefficients in the expansion 

of both sides of equation (44) in ascending powers of u (§ 195). 

Thus, if «/=0, or 3^2 = ^> ^^^^ Oi = or ^/fl^sJ ^^^ taking the 

value 0^ = 0, then •/'=0, 0^=0, G^= -21g^\ and 

(r(u; 0, -27sr3) = (cru)Vu (47) 

Employing the principle of Homogeneity of § 196, this 
equation may be written 

(7(ui^3) = i^3((ru)Vi^, (48) 

leading by differentiation to 

^JH{uiJ^) = ^vu+^'u|^, (49) 

and 3p(uiV3)= -3P^+^-^?^= "P^+^ ^^®> 

since gr2=0# as i^^ § 47. 
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Thus, if g^ is positive, and coj, o>2 ^^ ^^ &°cl imaginary 
half periods (§ 62), then 002/002=1^/^9 and if we take it=}«2> 
then ^=5^3 (§§ 166, 233) ; so that p§a)2'=0. 

Again, putting u =0)2 in equation (49) gives 

fj2is/^ = ^Vr (^1) 

Making use of the last equation of § 202, we find 

'72^2 = J'72'<*>2' = i'T^S. 

As a numerical exercise the student may construct the 
following table, and also fill in the values for u=ci0^ w^p h^* 
i(a2> icoj, |«2', '"f taking gz^^fffz — ^' these numerical results 
are useful in the problem of the Trajectory for the Cubic Law 
of Resistance, discussed in §§ 227-234. 



u 

w 


9u 


9'u 


i^ .(V2+l)» 
*^*^ 3^34/2 

J'7i+iN/3 


on 


i( 4/2 + 1)' 

1 



-iV3( J/2+1)* 
-3t 

-V3 

• 

-1 


1 irys 









J%e Linear TransforTnation, 

294. In Chapter II. the general elliptic difierential dxj^X 
has been reduced to Legendrc's standard form 

(l-/c2sinV)"*rf^ 
and to Jacobi's, or rather Riemann's standard form (11) of § 38, 

dzlfj{4tz . 1 — . l^kz) 
by various substitutions, in §§ 39, 40, 41, 42, 43, etc., which are 
practical illustrations of the Linear Transformation. 

In § 160, the six linear transformations are given which, 
according to Mr. R. Russell, reduce 

dxjJX to the form dzU{A^+QCz^+E), 
In determining the linear transformations, of the form 

y= U/V^(aX+l3)Kyx+Sl (62) 

which satisfy Riemann's difierential relation 

Mdy dx 



^(4y.l-2/ -1-^2/) s/(^^ . 1 -a; . 1 -kx) 
connecting x=8n\u, k) and y = sn*(u/Jf, X), 



= du, 
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we notice, by § 139, that the absolute invariant J is unchanged ; 
so that, according to § 68, there are six values of I, given by 



l=k. 



k 



1-k. 1-p 



k-r k' 1-k' 
and six corresponding linear transformations, in which 

A'i aK+bK'i 



(53) 



A~cK+dK'i' 



and bc—ad=l; 



a,b 
c,d 


1 
"1 


1 1 
1 


1 

1 1 


1 
1 1 


1 
1 


1 1 
1 



mod. 2. 



.(54) 



295. But if we change to Jacobi's form by the quadric 
trcmsformation, which changes x into a^, and y into y^, then 

^<^y - ^ -du CSS) 

and now, forming according to § 75 the invariants g^, g^. A, and 

J of the quartic 1 — a;* . 1 — ir^*, 

1 + Uk+Ji? _ l-33Jfc-33A;«-33P ^ kjl-k)* 

16 • 



^8 = 

and 



9a== 



A = 



12 ' *"• 216 

{i+uk+ky 

•'- 108k(l-k)* ^^^^ 

Professor Klein writes 17^ for k or 1^, and calls tj the Octa- 
hedron IrraMonality ; and now the absolute invariant being 
unaltered by a linear transformation, 

(l + 14^+0» _ (l + lV+,«)« 

''" 1081(1-1)* ~ H)8n\l->i*)*' ^ ' 

and the roots of this equation in I are found to be 

'='*. ^« m m-- ■: <-) 

giving the six correspondiDg linear transformations of Abel 
{CEuvrea, I., pp. 459. 668). 

In the reductions of Chapter II. that linear transformation 
has been chosen which makes k or I positive and less than 
unity, and also gives a real value to the multiplier M. 

The corresponding values of the multiplier are given by 

l/Jlf«=l, n', -i(l±i7)S ''i(^±in)\ 

the linear transformations being, as may be verified. 

^ ' l+wl+wOJ 1+1111+ tM 
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Landen'a Transformation of the Second Order. 
296. The point L (g 28) io figs. 2 and 3 has been called 
Landen'a point, because of the use made of it by Landen 
{Phil. Trans., 1771, 1775) for his transformation, important 
historically as the first cose investigated of the Transforma- 
tion of Elliptic Functions, being the QuadTic Tranaformaticn, 
or of the second degree. 

The ratio ADjAE being sin*Ja or «*, while EL/EA^coaa 
or / ; therefore, if C is the middle point of AD, 
LC _A L-AC _AE~EL ~^AD 
GA~ AC ~ iAJ) 

_ 1 — cos a — J Bin*a _ (1 — cos Jn)'_ 1 — cos ia 



Jsi 



—^-Ti - , ^ 1 = tanV 

sin'^^a 1+cos^a 

The ratio LCjGA is denoted by X ; so that 

^-'^. '--li-v «=ffx' '^'-f^- a+ai+x)-*. 

V\=(l-«')/«. ^/t'-(l-WV, "Ki tX'=V(A),. ..(•») 

different forms of tbe modular equation of the second order. 

Still denoting the angle ADQ in fig. 2 by if>, we denote the 
angle ALQ by i^; and now (g 28) since the velocity of Q 
is Ti(l+«')iQ, perpendicular to CQ, therefore the component 
velocity of Q, perpendicular to LQ, 

LQdy^ldi = n{\-\-K-)LQM^LQC, 
or d^/((i = n(l +(c'}cos LQC. 

^ sinLQ C^LC^ 
sin 1^ GQ 
smLQC=\sm^, co3iQG=^(l-X8in^) = 
and J-/',W( = 71.(1 +ic')A(V', X), 

or ^p■ = a.m{(l+K')nf,\}... 

Now, since the angle LQG—^ij>~\f^, tberef'ir 

8in(20-(/^) = Xsiii^; 

1— X _ sin(j^ — )/f)- 
~H-X~sin(i^— 1^)4 

sin ^ 
as in equation (9'^), g 
Putting «[=u,(l 
and we obtaia 



But since - 



, therefore 



aad 
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297. Laadea starts with the relation (61): so Hkl m 
tiating logarithmically, 

cot(20 - ^)(2rf0 - di^) = cot ^ d^, 

2cot(20— ^)((0 = {cot(i!0— \!r —trx-v-t-v 
_ nini^d^ 
sin^siLfi^— -> 
_ 2d0 _ rfV _ 
tun 2^ cosec ^ cos(2^ ~ \>_ 
Now cos(2^-^) = ^(l-XHiirv =j-» .. 

while sin 2^cot^— cos3i^ = \, 

C0t^=0ot2^— >. trjKKlm. 
cosecV=l + 'wt2p-r r^s^r- 
an'iipeoati^=aa*i^~ suic — .- 

or 8in20coHec^B(l+X)^(l- 
where«=.2VX/Cl+X); wtJul,f 






so that, if ^ = Mia(iit,K), i 

angle yfr may ba mada to npniri; 

ciTcIe CiUli on ax u ^imiIm. ^i 

The velodt^ of A « 
on CB pnidiusd, i 
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298. Conversely, as in § 123, we can express the elliptic 
functions of modulus k and argument (1+X)i; in terms of the 
elliptic functions of modulus X and argument v ; or starting 
with the motion of R, we can deduce the motion of Q. 

But considering the motion ofQas defining in a similar way 
the motion on a larger circle, to a larger modulus y, we change 
X into K and k into y, where 



K = 



7= 



(l+y'Xl+ic) = 2. 



1+y" '~l+/c' '"1+* 

^K=(l-y')/y, Vy'=(l -*)/«'. and K'y=2^Ky'); (67) 
and now, from § 123, 

/I . \ (l + Osn (u, /c) /^o\ 

snil+K.u.y)=^-^-J^, (68) 

^ ^^ 1 + /c sn2(u, /c) 

called Landen*8 Second TraTtsformation, 

With x=an(n,K), y = sn(lH-/c. u, y), where y=2^/c/(l+ic), 

then y—\-T- V' 

1+ 2/ = (l+x)(l+/caj)^F; 
1- y = (l-^x)(l-'Kx)-i-V, 

l-yy = (l-a;Vic)* -J. 7, 

F=l+/cfl;2, ...(69) 

dy {1+K)dx 



and 



Or, with fl; = dn(u, k), y = dn(l +k,% k\ 



y= 



-l+K + X^ 



-rL» 



l+y=2K -5-F, 

l-y=2(l-x^ -^F, 
y+y'=2Ka^ -irV(l+K), 
y-y' = 2ia^-K")-^V(l+K), 

V=l+K-x*; 

leading to the differential relation, (3) of § 35, 

dy (l+K)dx 

^O—t-'f-y'^) Jil-xKa^-K"*)' 



(70) 
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299. Denoting by T the real quarter-period of the elliptic 
tunctions to modulus y, then x=l makes 2^= 1, or u= IT makes 
(l+ic).u=r ; so that 

(l+/c)Z=r. 

or (66) (i+x)A=ir=Ki+y )r. (71) 

Also, A', K', r' denoting the coiTesponding quarter periods to 
modulus X', K, y, the imaginary transformations of § 238 show 
that, with iu=v. 



sn 



8n(l + <c...y')=^i±^^^^Sr^?^^^>. 

an(t;, k ) 

Cn(l +K . V, A )= ,— 7— /— 0/ ^.v > 

Cn(l +IC .V, y 1= ;t-7 77 • 

J /I . /v 1 — (1— /c)sn2(t;. /c') ._-. 

dn(l+< .t,, y) dn(t;.KO ' •^^^> 

so that A' = (l+(c')K', r = i(l+'c)K', 

or J(l+X)A'=K'=(l+y')r; (73) 

and therefore \ ^J^=^ (74) 

^ A Iv 1 

An inspection of Landen's formulas shows that the dn func- 
tion has always a vaiionol Quadric Transformation. 

Mr. R. Russell shows {Froc. L, M. 8., XVIII.) that the 
general rational quadric transformations which reduce 
dx/^X to the form dz/^iAz^+GCz^+E) 
are always of the form 

mP2±!L^s etc (7M 

Pp Pg, Pg denoting the quadratic factors of 0, the sextic 
CO variant of X (§ 160). 

Thus if Z=l-ajM-icV, 

the sextic covariant may be written 

leading to Landen's transformations, given above. 

O.R.F X 
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300. Landen's Transformation is useful, as employed by 
Gauss, for the numerical calculation of K \ for if we put (fig. 2) 

LA = a, LD=b; and CA = a^, CL^ J{a^-h^) = y,a-h)\ 
then cii = ^{a+b\ b^ = ^(ab); and K=bja, X^^bja^ ...(76) 

Now, denoting \[r by ^j, and X by /cj, equation (64) becomes 

while ^i = '^> when <f> = ^7r; 

so that 

r^__^_^ ^r___y^^i_ 

J ^(^*^^s V + ^^^ ^^^0) J V(o^i*cos20j + 6i*8i n^^ J ) 





^(a^'^cos^^i + 6i^8in*^iJi* 



:/: 







or ir=A'ia/ai = iri(l+iCi) (78) 

Continuing this process with ^j, o^, and b^, so as to obtain a 
continuous series, given by (§ 296, equation 62). 

tan(0n— 0n+i) = -^ tan 0„, 

<*n+i = i(an+6n), 6»+i = V(aA); (79) 

then an and &„ tend to equality ; so that, putting 

«co=^oo=M. and 0„=V^, 
y^(a^cos20+62sinV)yV(an^cos20n+&'«sinVn) 



-/: 



^(/u^cos^^+Zx^tiin*^)"" /i ' 





or - =—1?=^ 

a dn IX 

K = Kjil{l+Kr)=\irVL\l+Kr) (80) 

r=l r=l 

Denoting the moiialar angle of Kn by 0n» then 

/cn+i = sin 0n+i = tan2 J0^ ; 

cos 0n+l = Sec2 J0„V(COS 0n), 

and 1 +icn+i = sec^ ^dn = 



COS 0n+l 



V(cos 0) 
so that 

ir= ^TT sec 6^(cos 6 cos O^ cos 6^ cos 63 . . .), (84) 

a formula suitable for the logarithmic calculation of iT. 
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Ths Tranaformation of the Third Orders and of higher 
Orders, 

301. According to Jacobi's method, the trantrfbimation may 
be written 

l + y^l+x\l + ax)' ^^^^ 

connecting fl; = sn(u, k) and y = sn{u/M, X) ; and then 

*~ i+(a«+2a)a!«~J/l-/c«aV ^^' 

so that 1IM= 2a + 1, 

and l-\y l-KX/a-KX\ 

l + \y i+Kx\a+KxJ ^"*^ 

leading to the differential relation 

dy (2a+l)dx 

va-yM-xyrvci-**-!--^) ^ ^ 

We shall find that, expressed in terms of a, 



1^= 



^^+r' ^="[2^+1)' 

and ,'._(l-«)n+«)' y,Jl+aXl:-af 

so that V('cX)=^^ V(A') = i^f^. 

leading to the Modular Equation of the Third Order, 

J{k\) + J{kX) = \ (86) 

We shall also find that this transformation may be written 
1 — cx\{u/M, X) _ 1 — cntt / g + l + g cnu y 
l + cn(u/if, X)""l + cn v\a + l-a en u) ' ^^'^ 

l-di\{n/M, X)^l-dn u/a + l_±dnu\^ 

1 + dn(u/A/.X) 1 + dn ii\a-f 1 - dn J ^^^^ 

As a numerical exercise the student may work out the case 

of a = KN/3-l). 

In Legendre's notation, with a; = sin0, 2/ = sin^, he finds 
that these relations are equivalent to 

tani(^+Vr) = (a+I)tan0 (89) 

The Transformation of the Third Order was the highest to 
which Legendre attained, until it was pointed out by Jacobi 
in the Aatronomische Nachridtten, No. 123, 1827, that Trans- 
formations exist of the fourth, fifth, or any other higher order, 
as already explained. 
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Thus the tran; .formation of the fifth order may be written 

iL+y l+x\l + ax+Px^J' ^ ^ 

and of the seveiath order 

l+y l+x\l + ax+fix^+ya^J ^ ^ 

and so on. 

302. When the transformation of the third order in § 157 is 
employed for the reduction of the integral in equation (6), § 227» 

then 8«= -irVP2, (92) 

where P=p»-3p2sin«a + 3p. (93) 

and ir=p*cos*a+p8ina— 1, (94) 

as in equation (27), § 233 ; so that K=0 and 8=0 at the points 
of minimum velocity. 

Now, irith this substitution of § 157, 

s=p(gx/v;'; 0, -A), (96) 

where A = 4-.3sin2a = 27flr3, (96) 

(§ 228) ; and denoting 



/ 



oo 



'd8/^(W+A) by n^ fQg by H^; 

then p§Q2 = 0» p1^2=-s/^* and ir2Q2 = iW3 (§ 293). 

Again (§ 157), p'igx/w') = //P, 
where J=]f(S sin a — 2 sin^a) — 32>^(2 — sin^a) + 3p sin a — 2, 
and /+PVA = 2{Ksina+VA)p-l}», 

/-PVA = 2{J(8ina-VA)i>-l}' (97) 

Now from § 233, 

^A = cosa(tan^+cot^), 

J(sin a + ^A) = i cos a(tan a + tan /3+cot ^)= cos a tan j8, 

J(sina — ^A)=icosa(tana — tan/8 — cot/8)= —cos a cotjS, 

,., sin0 

while p = — 7 ^r- 

^ cos(a — 6) 

Therefore 
( p\u; 0, -A)-^'ffl 4i_//+VAP\i_K8 iP«+VA)p-l 
lp'(u ; 0, - A) + p'%QJ V/- ^APJ Ksin « - s/~A)P - ^ 

cosgtan j9 sin 0— cos(a — 0) _tan(ff--g)_tan0 
"" — cosa cotjS sin 0— cos(a — 0)"" tan^S ""tan^ 

(§ 234) a curious result of this transformation. 
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Again, since ff'iw^= — P't^^j. we may prit 
and then, making use of relation (17) of § 229, 

^ <K ift>2 + ^ V(fft>2 - ^ i^)y (I<tf2 - ^) 

by means of (E) § 200, and the rela^ cion pfco,' = ; and this 
again, by equation (CC) § 279 and by § 293, reduces to 

_ q-(§ Q2-^; 0> - AO tH.H f 99) 

■"(r(§fi2+^; ^» - Ar ^ ^ 

The Transformation of the Thjta Functions. 
303. Taking the B function, a fi defined in §§ 263, 265 in the 
factorial form, 

0(«, ?) = ^(g)7l (l-292'-icos 2aj+gr*^-«), (100) 

r = l 

where ^(g) is a certain function of q which § 264 shows can be 

written ^(g) = n(l -g«0, (101) 

then changing x into no% and g into g^ 

e{nx, g~) = ^(g'*)nn-2g2nr-ncos2na;+gr*'*'-2«) 

= 0(Wri''n {l-292r-icas(2a;+2«x/n)+gr*'-«} 

r =1 «=0 

(by Cotes's Theorem of the Circle of § 270) 

^^yiK"^^'-""'^ ^'''> 

Similarly, with /x = 1, 2, 3, 

e^(nx, ?") = i|/ Jyjn' /J^ V(^+W^> ?) (103) 

Forming the qu otients, and writing x for ^ttUJK^ then (§ 263) 

and thence we obtain the formulas for the Transformation of 
the Elliptic Functions of § 283. 
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Similar considerati>)ns will show that, when q is changed to 

where /i=0, 1, 2, 3; this is left as an exercise (Enneper, 
Ellvptiache Functionen, 5 38). 

Examples. 

1. Prove that a transf < )miation of the fourth order is 

and prove that the relatioi i between X and k is then 

and M^il + ^Uy. 

2. Prove that, by means o.t the substitutions 

^ ""V(cosh u+sinhucosh^) 



or 



A 



. - ^ cosh iu sinh (h 



sinh i a +cosh ^ucosh^ 
d^ " 

^(cosh u + sinh u cosh </>) 



= -/o /-TT — r — ; n\ = sech iiu f\(sech Ju). 

V2y V (cosh u+ cos 0) 2 i\ a / 







cosh m<f> d<j> 



(cosh it + sinh u cosh ^r"*^* 



1.3.5. . .2m- 1 1 / "»(sinh u)'"cos nO dd 



. 5...2)?i— 1 1 / "^ (smh uj^'co s nd dd 

-3. y. 2n -"2m ^JlJ (cosh i/+ cos 0)»+» 



2n-1.2n 



3. Prove that, with the homogeneous variables Xj, x^ of § 155, 
and writing X^ for dX/dx^, X^ for dX/dx^ , the general cubic 
transformation which reduces dxj^X to tht^ form 

is of the form z=^{lX^+mX^I{VX^+m'X^ (ex. 8, p. 174). 

Prove also that the general quartic transformation may be 
written z = {lX+ mH)/(VX + m'H\ 

where H denotes the Hessian of the quartic X (§ 75). 

(R. Russell, Proc, L. M, &, vol. XVIII.) 
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4. Prove that (Cayley) 

satisfies the relation 

dy pdx 

Modular Equations, 

304. In the Transformations of the nth order, which con- 
nect the Elliptic Functions of modulus X with those oi 
modulus K, and make r=q^, or q^f^, or (o^q^"^ (§ 285), 

where hc—ad=n, 

the Modular Equation, which determines X in terms ol k, is of 
the (•n+l)th order, as already stated, when n is prime, and 
has two real and n— 1 imaginary roots. 

We shall content ourselves with merely stating the Modular 
Equations of simple order, connecting k, X and k, X, adopting 
the form and classification employed by Mr. R. Russell in the 
Proc. London Math. Society, Vol. XXT. 

Class I. to=16, mod. 16 ; 
P=^(<fX)+4/(/cV)+l, 

R=4i^{k\k'X'). 

n=15, F'-iPQ+R=0. 

TO=31, (i«-4Q)«-Pi?=0. 

TO =47, P^-4,Q-P{R)^-2(R)i = 0. 

Class II. n= 7, mod. 16 ; 

P=^(<fX)+4/(/\')-l, 

Q = 4/(/cX /c'X') - ^{k\) - ^{k'X'I 

R=-*^(k\kX'). 

n = 7, P=Q, or 4/(/cX)+^(/c'X') = l, (Guetzlaff). 

% = 23, P- /J4 = 0, or 4/{kX) + 4/(/c'X') + {256kX k'X')A = i. 

n = 7l, P»-4Pi(P*-Q)+2Piii-/J = 0. 

TO = 11 9, P«-iJi(7P'-28P»Q+16Pg^) + «''(... )... = (). 



328 THE TRANSFORMATION OP ELUPTIC FUNCTIONS. 

Class III. n = 3, mod. 8 ; 

n = 3, P=0. or ^{k\)+^(k'\')=1, (IjCgendre). 

n=n, P-i?*=0. or ^(kX)+<^(k'\')+(,2o6k\kX)^ = 1. 

'»=19, I^-7P^R+UQR=0. 

«=35, P*-ii*(5P»-16PQ)+2.R8p«-i2P-i2»=0. 

« = 43, P"+...=0. 

tt=.59, P* +... = (). 

/i=83, PT+...=0. 

ClASS IV. Ji = 1, mod. i ; 

P=/cX+/c'V-l, 

Q = kX ir'X' — #f X — kX', 

R=-S-2k\k'\'. 

n=l, P=0. 

n = 9, P«-14P»i2+C4PQi?-3iP=0. 

n=l7, P»-ii*(10P«-64Q)+26i2Sp+12fl=0. 

« = 41, 

« = 5, P- iJ* = 0, or /cX+«'X'+(32kX /X^* = 1. 
« = 13, P*(P*+8fl)±i?4(llP«-64Q)=0. 
»=29, P*(P«+17iJ*P-9i2*) 

± R*(9P« - 64Q- 13iJ»P+ loiJ') = 0. 

n = 37 

tt = 53, Pi(P*+^(413P»-2«PQ)+...}±ii*{3i>P*...}=0. 

305. According to Professor Klein (Proc. L. if. 8., X- ; Math. 
Ann., XIY.) these Modular Equations are replaced by relations 
between the absolute invariant J and its transformed value J", 
by the intermediate of quantities t and r, such that J^ is a 
certain function of r, and J' the same function of r ; and now, 

n = 2; J:J-\:l= (4t-1)*:(t-1X8t+1)*:27t. 

tt'=1 (§60). 
•1 = 3; J:./-l:l= (t-1X9t-1)»:(27t*-18t-1)*:-64x, 

tt'=1. 
n = 4; J: J-l:l= (t*+I4t+1)»: 

(t»-33t*-33t+1)*: 1087<1-t)*, 
t+t'=1. 



\ 
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n^b; J:J-1:1= (t^-10t+5)» 

:(t2-22t+125Xt2-4t-1)^:-1728t, 
tt' = 125. 
n=7; J:/--l:l= (t2+13t+49Xt«+5t+1)^ 

: (t*+14t^+63t2+70t-7)2: 1728t, 
tt' = 49. 
71 = 13; J:J~1:1= (T2 + 5T+13XT* + 7T»+2()T*+19T+lf 
: (t2+6t+13Xt«+10t^+46t*+108t»+122t*+38t-1)«: 1728t, 

tt' = 13. 

The Multiplication of Elliptic Functions, 

306. If we perform the second real transformation upon the 
first real transformation, we obtain a transformation of the 
order n^, leading back again to the original modulus k ; because 
the first real transformation changes q into q^, and the second 
real transformation changes q^ back again to q. 

We then obtain the elliptic functions of argument 
u/MAT^^nu, since M=Kfn-A, W^KjK, 
in terms of the elliptic functions of argument u, by a trans- 
formation of the order ti*, and thus obtain the formulas for 
Multiplication of the argument. 

Thus multiplication by 2 or 3 can be obtained by two suc- 
cessive transformations of the second or third order ; and so on. 

Bjiowing that the order of the transformation is n^, we 
infer in Abel's manner the factors of the numerator and 
denominator of the transformation, involving the modular 
functions^ the elliptic functions of the Tith part of the periods. 

Thus we infer, with the notation of § 258, that, for an odd 
value of n, 

Hnnu=U/V, (107) 

1—- Wi- )» 

snn2/7t/ 

F= mi'(i- ^) 

nTr(l-ic2sn%sn2Q/70. 

where m, m'=0, ±1, ±2, ±3,..., ±J(n— 1); 

the simultaneous zero values of m and m' being excluded, 
as denoted by the accents, so that the number of factors is 
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Combining the factors by formula (7) of § 137, 

snntt = -4 8nunTI'sn(u+fi/w)sn(t(-Q/7i), (108) 
where -4 is a constant factor ; and this may be written 

8nnu=AIlUsn(u+Qln); (109) 

where m, m'=0, ±1, ±2, ..., ±K^— 1); 

the simultaneous zero values of m and m' being now admissible. 
Similar considerations will show that 

canu=BIlUcn{u+Qln\ (110) 

dnnu = anndn(u+Q/7i) (Ill) 

To determine the constant factors, change u into u+K or 
u+K% when we shall find (Cayley, EUiptic FuTictiona, § 368) 

By taking in § 259 a rectangle OA^BnCn* in which OA^^'nay 
OBn=nb, and therefore containing n^ elementary rectangles, 
we obtain a physical representation of the formulas (109), 
(110), (111) for Multiplication of the argument by n. 

Writing u/n for u, and making n indefinitely great, we 
deduce in a rigorous manner the doubly factorial expressions 
for sn u, cnu, dntt in (1). (2), (3) of § 258. 

Again, by putting k = or k = 1, the student may deduct as 
an exercise the trigonometrical formulas for the resolution of 
the circular and hyperbolic functions into factors. 

(Hobson, Trigonometry^ Chap. XVII.) 

Tlie Complex Multiplication of Elliptic Functions. 

307. When K'IK=^D, and D is an integer, we may sup- 
pose the multiplier n resolved, by the solution of the PeUian 
equation^ into two complementary imaginary factors, so that 

n^(a+ihJD)(a- ibJD) = a^ + b^D ; 
and now the multiplication by n can be effected by two suc- 
cessive multiplications by the complex multipliers a+ih^D 
and a-'ib^D, each leading to an imaginary transformation of 
the Tith order, not changing q or the modulus k. 

(Abel, CEuvreSf I., p. 377 ; Jacobi, Werke, I., p. 489.) 

The first requirement then in Complex Multiplication is a 
knowledge of the value of k for which K'IK=^D ; and this 
is found by putting k = \\ k=\ in the corresponding Modular 
Equation of the order D (§ 304). 

The equation is now, according to Abel, always solvable 
algebraically by radicals ; so that, returning to the question of 
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ihe pendulum in § 15, it is possible to determine by a geometri- 
cal construction the position of two horizontal BR, bb\ as in 
fig. 1, cutting off arcs below them, such that the period of swing 
from £ to -B' is ^D times the period from 6 to b\ 

Thus the Modular Equation of the second order being 

written X = (l -/)/(!+ A 

we find, on putting /c' = X, 

X2+2X = 1, or X = V2-1, when MIK = J2. 

Putting /c = X', ic'=X in the Modular Equation of the third 
order (§ 304), 

2^(icO = l. or 2icic' = i = sini7r, when K'jK^JZ] 
so that the modular angle is yV't or 15°. 

When K'IK=% k^O^-1? (§71); 
obtained by putting r7r = l, y=y'=i^2 in §§ 298, 299. 

When K'lK^Jo, 2kk=^o-2, 4/(2/c/c') = KV5-1)> 
or (2/c/cT*-(2iCic')^ = l. 

When K'lK^JI, 2^(/cO = l. 2iCic' = i, 4/(2/cic')=i. 

Collections of these singular moduli required in Complex 
Multiplication are given by Kronecker in the Berlin Sitz,, 
1857, 1862, in the Proc. L, M. 8., XIX., p. 301 ; also by Kiepert 
in the Math. Ann,, XXVI., XXXIX., and by H. Weber in hi» 
EUiptische Functionen, 1891. 

308. In the expression of y=sn(a+ib^D)u as a rational 
function of a;=sn u, leading to the differential relation 

~/n 2~T — i!~-8\ = -~77i 2—^ 2Z2\» where XIM—a+ibJU, 

Jacobi finds ( Werhe, t. I. ; de multiplicatione fanctionum 

eUipticarum per quantitatem vmaginariam pro certo quodaTn 

nwdulorum aystemate) that we must restrict a to be an odd 

integer, and 6 to be an even integer; but these restrictions 

disappear if we work with the en functions; and we can 

even suppose that 2a and 26 are odd integers. 

Let us determine then the relations connecting 

a; = cnu and 2/ = cn J( — l+i^Z))u, 

so that l/i/= - J + Ji^J5, 

leading to the differential relation 

dy_ {^i + ]^i^D)dx 

where c = k/k, the cotangent of the modular angle. 
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If i)=4?n — 1, and we denote (K+K'i)/n by w, we shall 
then iind that, when n is odd, 

j_2/ ^^ 1+a; r=, \c+cn2rw/ 
io 

1 + * 



1 + 1^ 



but, when w is even, 






1 + ^ 



ic ic 



,7y""^^''^"u+cn(2r-l)J ^"^> 

The arithmetical verification for the simple cases of i)=3, 
7, or 15 is left as an exercise for the student {Proc. CwnL 
PhU. Society, Vol. V.). 

Formulas (112) and (113) are inferred by putting 

(1) y=i. 

when i( — 1 + iiJByvu = 2mif 4- 2mK'i (m + m' even) ; 
and then u = 4<m/K — (m + mf)w, aj = en 2ra>, 

(2) 2/=-l, 

i(--l+iVJ5)tx = 2m^+2m'Z'i (m+m' odd); 

and then a; = en (2r — 1 )ft). 

(3) 2/ = ^^. 

J(-l+V^)^ = (2m+l)/ir+(2m'+l)if't (m+m' odd); 

tt = (4m'+2)-K'-(m+m'+l)ft), ic=-cn2r<». 

(4) y=-ic, 

j(-l + i^2))it=(2m+l)^+(2m'+l)Z'i (m+m' even): 
and then a; = — cn(2r — l)a>. 

309. When Z) = 4n+1 or 1, mod. 4, the relation connecting 
a;=cnu and 2/ = cn J( — 1 +i^D)u cannot be rational ; but Mr. 
G. H. Stuart has shown (Q. J, M,, Vol. XX.) that it may be 
written in the irrational form 

_ /r \ l( ^ '^ a; Yff* *cn(2 r — 1 )« — a ; 
y - s/C^)^^ Vi?^>'/=icn(2r-l)a)+a:' 
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where w=(K+K'i)f{2n+ 1). 

a transformation of the order n+^; and this is equivalent to 

this is inferred in the same manner as formulas (111) and (112). 
For instance, with n = 0, 2>=1, and ic = i^2, c=l ; 

cnK-i+i)«=V(i)V(rl~-3 

equivalent to, with u = (1 + i)v, 

a,. .1— icn^' 
— %)v = %T-r-' — o-* 
l+^cnn; 

Withn = l,2) = 5, 2iCic' = V5-2,c = V6 + 2 + 2V(V5+2), 

and cnJ(-l+V5)tt = V(tc) /I 1£ 2, 

tc/ a 

where a = en ^(iT + ICi), 

310. Generally in the expression of y = pu/M as a function 

of a;=^tt, where 

a>'/w or K'ijK^Ji^D), 

and the multiplier IjM is complex, of the form 

l/i/=a+6V(-^). 
it is convenient to consider four classes of D, 

Class A, D = 3, mod. 8 
Class B, i) = 7, mod. 8 
Class C, /) = 1, mod. 4 
Class D, 2) = 2, mod. 4 
the class for D = 0, mod. 4, not requiring separate consideration. 
It is convenient also to consider the discriminant D (§ 53) as 
negative ; a change to a positive discriminant being effected by 
the method of § 59 ; now wjw2 = is/^- 

We can also normalize the integrals (^ 196, 252) by taking 
9^-^W= -1> so that gr, = ^(-J^), 
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Class A. 2) = 3, mod. 8 = 8p+3 or 4?n-l, if n = 2p+l. 

l/if=K-l+iV^). 
The relation connecting x and y can be written in one of 

the three equivalent forms 

r=p 
r=l 

y-e^^M^x-e^) U {x-^w^-2rw^n)}^-^V, 
y-e3=if2(a:-«i) H {x^fp(w,+2rcoJn)}^-^V, 
F= Tl{x^p(2rcoJn)}; 

leading to the differential relation 

Mdy dx 

This verifies in the particular case of p = 0, when 
i)=3, «7=0, flr2=0, l/i/ = i(~l+iV3)=m; 
and then e^ = 7ne^ e^=mh^ 

This is the simplest case of Complex Multiplication, 
mentioned in § 196, and employed in § 227 in the determina- 
tion of the Trajectory for the cubic law of resistance. 

The form of the general transformation is inferred from the 
consideration of the series of values of u which make 

y or ^{u/M) = e^, e^, 63, and 00 . 

(i.) When y = ej, 

?t/J/=(25 + l)ft)i+2rft)3 

^-q-r-l-iq-r-^iXitn-l) q+r-^^-q-^r-^ , 
tn ^2 2^ ^2 

= - 2ga>2 + 2rft)2 - a>2 - y{w^ + ta^)\n 
= — 25'ft)2 + 2rft)2 — 0)2 — ^rfajn, 
so that X or fu^e^ or ^{w^+^rwjn). 
(ii) When y=e2» 

u/ilf^(25r + l)a)i + (2r+l)a)8 

tt = — 2ga)2 + 2rft)2 — (2r + l)ioJn, 
jpu^e^, or ^(2r+ 1)0)3/71 = p(ft)3-2rft)g/n). 
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(iii.) When y = ej, 

tt/if = 2gr«i + (2r + 1 )«8 

= (?+r+i)wj-(?-r-J)<«8', 
u= — 25wj+2r(tf2— wg— (2r— l)ojj/n, 
j>u=«i, or f{«2+(2^-"1W^} or f<«i+2ra)3/n). 
(iv.) When y = co , 

u/M= 2q(Oi + 2r«j 

= (?+r)o,2-(g-r)a,/, 
u= — 2ga>2+2ra)2+2rft)3/n, 
and pu = p(2rw^/n). 

Hence the form of the Transformation is inferred. 
By addition, we find 

where ii = 2p+l; and we shall find that A^ = 2G^; and the 
^'s and G'a are symmetrical functions of e^, e^ e^ and there- 
fore functions of g^, g^ or J; while Gj has the same significa- 
tion as in § 293. 

By employing the Modular Equations given above, or 
employing Hermite*s results (Theorie des equations modu- 
laires), we find 

D=3, /=0, flr2=0, V(^2-hl)=l, ffs=W3. 
n -n r-. 2* 8 ^T^H . 

A,=^{2l + 9iJ19), ^5=-i(Vl9+lH); 
these values of A^ A^, A^, A^ were calculated by Rev. J. 
Chevallier, Fellow of New College, Oxford, who has also 
verified the case of i)=ll. 
D = 27, J= - 2» X 5»-i- 3*, etc. 

D =35, sr,=W5{i(V5 + l)r. f72+l = ^{i(x/5+l)}«. 
D =43, J-=-2i«x5', ^, = 80, V(f/2+l)=3*. 

.9,= 3 X 7 X ^43 (Hermite). 
^j = 2(?i=-6(^43+t), (?,=K279 + HiV*3), 

^4=1051 + 731^*3, etc. 
D =61, J=-64C5+;^17)»(Vl7+4.)* (Kiepert). 



336 THK TRANSFORMATION OP ELLn^TIC FUNCTIONS. 

D =67, /=-2»x58xlP, 5^2 = 440, V(flrj+l)=3x7, 

grg = 7 X 31 X ^67 (Hermite). 
D =163, /=-2i2x5»x23«x293, v^(^j+l)=3x7xll, 

gr3=7xllxl9xl27xVl63 (Hermite). 

Class B. /)s7, mod. 8 = 8p + 7 = 4n-l, if 7i = 2p+2. 
The relations comiecting y = p(ulM) and a; = pu, where 

l/if=-J + iVA 
are found, in a manner similar to that employed in Class A ; 

r=p 

r=0 
r=0 

F= (x-C8)n%-p(2r«,/«)}*- 

As simple numerical applications, 

1 5* 5 ^7 

/) = 7, 2ific' = g, «^=-26' fl'2 = 4' fl'*^ 8* 

/) = 1 5, ^ic/c' = sin 18° ( Joubert). 

In these cases the Jacobian notation is almost more simple, 
as given in § 308. 

Class C. Z) = 1, mod. 4 = 47i4-l. 

The relations connecting x = pu and y = p(u/if)» where 

cannot now be rational ; but, according to Mr. G. H. Stuart, 
we can express the relations in the irrational form 

a relation which may be said to be of the order n+i; and 
this is equivalent to 



y-^ ' '*,.=i 



/'4r + l \ 
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Class D. D an even number. 

In this class the simplest function to employ is the sn func- 
tion ; for instance, with 

K'IK=J2, then k=^J2-1] 

. ^ sn% 

and sn(l +iJi)u={\ + iJ2)^n u- .^t.^'^. > 

where co = J(/i' — iK') ; 

leading to the equations 

1- 



l—yl+icxj sntt> 



l--/cy _ \ —X / \+KX%Ti(a ^ 

\+Ky l+arVl— icajsno)/ 
connecting a; = snte and i/ = sn(l+i^2)u. 

J^ — i 
► Also 8na>=^( — i), 8n*2a)=^y5— ^. 

These transformations show that it is not possible to express 
cn(l+iV2)it in terms of cnu, or dn(l+i^2)u in terms of u, 
by a rational transformation. 

With iT'/if = 2, thfen /c=(V2-l)' (S71), 
and the relation connecting a; = snu and y = sn(l + 2i)u may 
be written 

_.. o-N \ sn^2tt>/\ sn^4ft)/ 

where a> = i( A" — iiT') ; 

equivalent to the relations 

l+y"~i+<-^L . ic 1 La; 

\ sno)/ \ sn3a> 

1— /cy__l— a; I sn 'iw \ [ sn4ft)\ 
T+^T+S L . a; I L_ aj I' 

\ sn 2a)/ \ sn 4a)/ 

so that cn(l + 2i)it has a factor dnw, and dn(l + 2/)u has a 
factor en u, 

O.E.F. Y 
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When K'jK^JQ, then K=^{J'i- J2){%-JZ)\ 

and the corresponding relation between sn u and sn(l +ii^/fi)tt 
to be written down is left as an exercise. 

{Proc. Cam, Phil Soc., Vols. IV., V.) 
It can also be shown, in the preceding manner, that the 
relation connecting x=ffu and y =p(u/Jl/) where 

l/2f=-l+Vi), 

and D is an even number 2m, can be expressed by the relations 

y - «j = M%x - Ci) n |a; - p(wi - ^;^'»i)} -*- V> 
y-e^= M\x - e,) II !« - p(«i - 2^^««')} ^ V. 



° {'-"(ro'^')}' 



As numerical exercises, we may take 
(i.) i)=2, when flr2=30, flr3=28, (?i=-l + iiV2; 
(ii.) i)=4, when flr8=Il, g^^l, (?i=-2+i. 

311. In conclusion we may quote from Schwarz some 
general remarks on doubly periodic functions. 

Every analytic function ^u of a single variable u for which 
4m algebraical relation connects ^(u+v) with <f^v, and 0t; is 
said to have an Algebraical Addition Theorem ; and then 0'u 
must be an algebraical function of ^u (Chap. V.). 

Every such function is then an algebraical function, or an 
exponential function (circular or hyperbolic function), or an 
elliptic function, which can be expressed rationally by pv, and 
i^u (Chap. VII.). 

Elliptic functions are doubly periodic, A function of a 
single variable cannot have more than two distinct periods, 
one real and one imaginary, or both complex. For if a third 
period was possible, the three sets of period ]mrallelograms 
obtained by taking the periods in pairs would reach every 
point of the plane, so that the function would have the same 
value at all points of the plane, and would therefore reduce to 
a constant (Bertrand, CalciU intdgraJ.^ p. 602). 
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Abel, in generalising these theorems, was led to the discovery 
of ibe byperelliptic and Abelian functions. 

Thus if X in § 169 is of the fifth or sixth degree, we obtain 
functions of 2 variables and 4 periods ; if of the 7th or 8th 
degree, of 3 variables and 6 periods; and generally, if X 
is of the degree 2p+l or 2p+2, there are p variables and 
2p periods ; but this would lead us beyond the scope of the 
present treatise, and the reader who wishes to follow up this 
development is recommended to study Professor Klein's articles 
** nyperdliptische Sigrnafurtctionen,'* Math, Ann., XXVIL, 
XXXIII., etc. 



APPENDIX. 

I. The ApsidcU Angle in the amaU oscUlatians of a Tap. 

The expression given by Bravais in Note VII. of Lagrange's 
MAxmiqtue anulytique, t. IL, p. 352, for the apsidal angle in 
the small oscillations of a Spherical Pendulum about its lowest 
position is readily extended to the more general case of the 
Top or Gyrostat, if we employ the expression on p. 261, § 242, 
as the basis of our approximation. 

We divide the apsidal angle "ir into two parts, 'SP^j and "^j, 
such that i^^ = arj^^ — wif a, 

and now put = 0)3—80)3, 6 = 0)1+^0)3, 

where q and a are small numbers; so that, expanding by 
Taylor's Theorem as far as the first powera of q and 8, we may 
put f« :s: 173 +«o)sPo)8= 173 +80)363, 

f 6 :r J7i - gcojfpo)! = »7i - qt^^i ; 

and now, by means of Legendre's relation of p. 209, 

i'ir^ :s: (0)3 — 80)3)171 — o)i(j73 + 80)3^3) = Ji-T — 80)3(171 + «3«i), 
i^2 :s: (o)i + 5^0)3)171 — o)i(i7i — 90)361) = 90)3(171 + e^(u>i). 

But, from equation (B), § 51, 

dn V(«i - e,)u = ^?^^2 ^ 1 _ hlZ^z, 

61 — 63 ^1""^ 

80 that, integrating between the limits and o)i, 

6iO)i + f(o)i + 0)3) - ftoj = (61 - 63ydn V(«i - 6 Judit, 


or i7j + ^10)1 = ^(6i — 63)^ (Sch warz, § 29). 

Also (§ 51) (61 - 63)0)1 = J(e, - e^K ; 
so that ';i+6sO)i= ^J{e^-^e^{K'-E)\ 

and therefore i"4^i = Uir + 80)3^(^1 "" ^sX^"" -^)» 

i^s= qoy^J{e^-e^)E. 

340 
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But, from § 210, when a and )8 are very nearly ir, their 
approximate values are given by 

eot«ia=^V^ 

since fi^^ = 2(e;i - e^){e^ - g,), 

and /c« = ^^^», /c'2 = ?i^^« (§52); 

^1 "■ ^8 *^1 "■ ^8 

_^2-P^^^2-g8_^^ 






ra 



and therefore {e^ — e^w^ :s: — — cot* Ja cot* J)8. 

Also (§ 210) 

0+Cr —p'a — pX<«>8 "■ *^8) 

/G — CrV 1 
so that («! - e,)? V :s: - V^TcV/ 7* ^^*^^ *" ^^*'^ ^'^^ 

IT" ^ 

Therefore ^^ :s: Jx + - -^— ^'cot Ja cot i)8, 

But, ultimately, when /c = and k=1, 
then J?=i7r, and li(K-^E)/i^=\ir (§ 11, 170); 

so that '^'i :s;i i-T + ix cot Ja cot i/8, 

^— ^jjTTCOtiaCOtJjS. 

This reduces for the Spherical Pendulum, in which Cr=0, to 
^:s:iir(^ +f cot ia cot §j8):s: J7r(l + i sin.a sin )8), 
when a and jS are nearly tt, thus agreeing with Bravais's result. 

When a = T and G + Cr = 0, this approximation fails; but 
the student may now prove that the apsidal angle is 

This will be the apsidal angle when the Top is spinning in 
the vertical position with small angular velocity r, and is then 
struck with a slight horizontal blow. 
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II. The Motion of a Solid ofRevclviion in infinite friction- 
less liquid. 

The reductions of the Elliptic Integral of the Third Kind 
in § 282 in consequence of the relation 

in connexion with the Top and Spherical Pendulum, are useful 
also in constructing degenerate cases of the motion of a Solid 
of Revolution in infinite liquid, as mentioned in § 211. 

We refer to Basset's Hydrodynamics, Vol. I., Chapters 
VIII., IX., and Appendix III., also to Halphen's Fonctione 
elUptiquea, II., Chap. lY., for an explanation of the notation ; 
and now T the kinetic energy of the system due to the 
component velocities u, v, w of the centre of the body along 
rectangular axes OA, OB, OC, fixed in the body, OC being the 
axis of figure, and to component angular velocities p, q, r about 
OA, OB, 00 is given by 

T=iP(v?+v')+lRw^+iA{p^+q^)+iCr' (A) 

(to which the terms 

P'iup + vq) + P'wr 
may be added in the case of a body like a four-bladed screw 
propeller, or like a rifled projectile provided with studs or 
spiral convolutions on the exterior). 

Then the Hamiltonian equations of motion are 
d-dT dT^ dT y 

d-dT^ dT dT_ 

dt^ P^^^du"^' ^^^ 

ddT dT dT „ 

a^3^-?^+^B^ = ^' (^) 

ddT dT ^ dT dT , dT r 
ddT dT ^ dT dT dT ^, 

dt d^'P^ +^^p -^aii;+^3u=^' <^) 

ddT dT ^ dT dT . dT „ 

d^3r-?3p+PB?-%u+^9^==^- («) 

When no forces act, so that X, Y, Z, L, M, N vanish, then 
equation (6) shows that Or or ria constant 

Multiplying equations (1) to (6) by u, v, w, p, q, r in order, 
adding and integi-ating, shows that T in (A) is constant. 
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Multiplying (1), (2), (3) by ~, — , ^ adding and in- 
tegrating, proves that 



©'+(S)*+GD*»'*°"«'*°'= 



or 



P2(u«+^^)+i^V^ = 2^^ (B) 

F being a constant^ representing the resultant linear momentum 
of the system. 

Similarly, it is shown that 

7^ -:r — h:^ z^ +:^- ^^ IS Constant ; or 
dudp dv dq dw dv 

AP{up+vq)+CRiur=^0, (C) 

where & is a constant, representing the resultant angular 
momentum of the system. 
From equations (A) and (B), 

A(p^+q^) = 2T--Cr^-Rtv^-'P{u^+v^) 



^2T^Ci^~+F^(j^^^yF^^Rhi^). 



and, from equation (3), 

+(2j-c,^-g)?:^"'-(«--^-);..XD) 

so that w or Mw is an elliptic function of t 

Taking the axis Oz in the direction of the resultant impulse 
F, and denoting by y^ y^, y^ the cosines of the angles between 
Oz and OA, OB, OC, so that 

Pu = Fy,, Pv = Fy^, Rw = Fy^; 

then, with Euler's coordinate angles 6, <f>, x/r, 

yi = — sin 6 cos </>, y.^ = sin 6 sin </>, y^ = cos 6, 

P{up+vq) = F sin 6(—p cos ^ + 5' sin <f>) — F8m^d^ ; 

so that 

d\fr _ G-CFr cos e 
dt " ili^sin^d 
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^ G + CFr 1 G-^CFr 1 ^dxlf.dyl^^ 

*1AF l+cose"*" 2AF l^cQ^e" dt ^ dt 
suppose ; and then 

~V Ar^ dt dt • 

The equations given by Kirchhoff ( VorUaungen mher mathe- 
maliache Physik, p. 240) for a, fi, y, the coordinates of with 
respect to fixed axes O'a, C/S, O'y (O'y parallel to Oz) are 

where a^, a^, a^ denote the cosines of the angles between O'a 
and OA, OB, OC; and jSp /Sg. ^Sg, the cosines of the angles 
between 0'j3 and OA, OB, OC, 

Expressed by Euler's coordinate angles, 

aj = cos 6 cos <f> cos yjr — sin ^ sin ^, 

a2= —cos 6 sin cos ^— cos sin \/r, 

(18= sin cos ^; 

/8i= cos0cos^sin\/r+8in 0cos^, 

^2= "- cos sin <f> sin \/r+cos ^ cos \fr, 

13^= sin sin ^; 
while ^; = sin «^ — sin 6 cos d> yjr, 

5^ = cos ^ 0+sm sin \/r, 

r= + cos0^; 

so that, after reduction, 

Fa ^AcosylrO + iCr—A cos \/r)sin sin \/r, 
F/3=A sin yfrO — iCr—A cos 6 ^)sin cos ^, 

4]'=;^^in*0+Jcos*A 
Writing /Ic for ^cos 6 or iZit;, equation (D) becomes 

suppose, where n*= ^'( u"" p)* 
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Denoting the roots of the quartic X = by Xq, x^, x^ x^ 
we may put, according to ^ 151, 152, 

X'-Xq^^—^ — , 

x^x — ^P^ -PJ^rf? 

■■*» __ /*• — '' i 3 • 

^ pit-pcpc-c, 
•and now, when a; oscillates between x^ and o;^ 

The letter u has been used here in two senses, to agree with 
the ordinary notation ; this need not however lead to confusion. 
Differentiating, 

x=f(u+c)-f(u-60-f2c 
^l p^(tt-c)-p ^2c 
2 p(u-c)-p2c 

^ 1 pX^-g)+pX^+g) 

- p(u-c)-p(u+cy 
x'2=p2c+p(w-c)+p(u+c); 
«o that we must write v for 2c and u for u— c, to agree with 
Halphen's notation. 
Now, to determine y, 

= -p +^7i-{p2c+p(u-c)+p(u+c)}, 
i^y=(5+iltiV2c)^-^7i{f(u-c)+f(u+c)} 

^+ .l«p2cj(tt - 0,3) - 2.l7if t* - ^w^J;^ ; 

«o that^ in a complete period 2a)i of the motion, the point 
will have advanced parallel to O'y a distance 

/ jr'2 X 

^^ + ilnp2c j2o)i - ^Antiy^ ; 
also (§ 152) 6(92c = coefiBcient of — o;^ in JSl. 
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We now suppose that u=a makes ^=1, and u = b makea 
«=— 1; then 

(pa-pcy^pu-pcy (pi-pcXptt-pcy 

p'a p'c _ _ . O^CFr p'b p'c . 0+CFr 
(P(i-pcf~ * AFn '(p6-pc)2"* AFn ' 
Then 

dJyfri ^ -ip'a{pu- pc) 
du (pa - pc)(pu - pa) 

pa— pc pu — pa 

and similarly 

and therefore 

where 

P=f(a-60+^a+c)+^6-c) + f(6+c). 

Also 

. sin^0=l-«« = (l+a;)(l-ic) 

^ P'^cjpu - pa)(ph - pu) 

{p(c - pc)(p6 - pc)(pit - pcY 
_ (r^2caiu—a)<r{u+a)(r{b — u)(r(6+t<) 

"o-(a— c)<r(a+c)o<6-c)o<6+c)(r*(u— c)<7*(u+cy 
so that 

o-(u— c)(r(u+c) 
giving the projection on a plane perpendicular to Oz of the 
motion of a point on the axis OC, relatively to ; also 

P(u+t;i)=--P sin 0e-^', 

p+qi = {^sind\jr+ie)e-'f^. 
We find also, as in § 224, that if the values a^ and 6^ of u 
correspond to 

then aj— 6i = a— 6. 
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But now introduce the condition 

ben, according to § 282, ylr becomes pseudo- 



•-_/ 



Putting ^=tan-x-iPi5-e^i^-, 

^= ton Vl- l+x'.l+x. • x-xs.x-a^r) ' 
and, employing 6 instead of a, this may also be written 

,1 X 1+05/3. 1+aVy 1— ajfl.l— avy 
so that ., . , . — ^ = i ^^-^i — - . 

and therefore each is equal to — 1, and 

since XQ+Xa+xp+0Cy=0; 

and, changing to the complementary angle, 

* y X — X^.X — Xa 

• . IXB — X.X — Xy , Ix—X^.Xa—X 

with oJa > aJ^ > aJ > ajy > a5(j. 
Differentiating, 

d^" (2-2a:2)V^ ' '"'"''^ ctt ""^^^^ 

30 that ^=^ ^^+^-(^^+^^)^ -M^/3+a^y) 

= Jn(aJo + aJa) - 'Wr-^ ^_^ ^ — • 

Then ^+ ^^ = i'n(aro + Xa)y 

provided that n{xQ+Xa)=-OlAF, n(l+x^a)^CT/A. 

The quartic X must therefore break up into the two- 

80 that the requisite relation when a+b = u)a,i» 
QT— (7r2 — — = - (B> 
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Now 

• A • ^ Ixa—x.x—xy li^ft . C'r OcoqO ,^\\ 

80 that sin^d sin 2^= ^X, sin^© cos 2f = -j-p ; 

and ^=mt~-\[rt 

where m = Jn(a;^ +xa) = i 0/A F. 

Also, from (7) and (8), 

F(a cos \lr+l3 sin \lr) = A6 

= Aiij^X/sin 6 = J. 71 sin sin 2^ ; 
i'Xa sin ^ - ^ cos \/r) = ((?/• — A cos 0^)8iil 

= y, -; — ^ — = — An sm d cos 2A 

Therefore Fa = An sin 0(sin 2^ cos ^ — cos 2^ sin \fr) 

= An sin siD(2^— ^) 

= ^71 sin 6 sin(2m^ — 3^) ; 
F/S = An sin cos(2^-. rfr) 

= J.n sin cos(2mi — 3^). 
Mow in the motion of a point on 0(7, relative to 0, 

sin 06*^ = sin dcos(mi— ^)+isin 0sin(m^— ^) 

where a; = cos 6, 

When 6 — a = a)a, and ^i — V^2 ^^ ^^ pseudchelliptiCy we 
«hall find that G and (7r are interchanged, and 

n{xQ+Xa) = GrlA, 
n(l+x^)=0/AF; 

and then 2y-(7r2-^^ = ; (F) 

XV 

so that F\u^ + V-) = F^8in% 

As a numerical exercise, we may take, in addition to (F), 

G^i^AFn, Gr=2^An; 
then X = rr* - 30a:2 + 16^7a; - 1 5 

= (a^-2j7x+SX^^+2j7x-5)] 

«o=V7 + 2, a:8=-V7 + V3> ^2 = V2/-2, x^= -^7-^2^/3; 
ff2=60, sr8=88, ei = l + 2V'% ^2=-2, 63 = 1-2^3; 
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pa=-3, p6 = l; a = §co3. 6=«i- Jc»s (§ 225); 

pc = 2^7 + 3, pc = - 8^7 - 20, p2c = 5, p'2c = 4^7. 
Now we shall find that 

8in«0 cos 3(n^-^)=: (-f + V7 cos 0- J cos*©)*, 

sin'08in3(n^ — ^) 

= (i V7 - 2 cos + i ^"7 008*0)^(4 - V7 cos - J cos«e). 



MISCELLANEOUS EXAMPLES. 

1. Construct a Table exhibiting the connexion between the 
twelve elliptic functions 

snu, nsu, dctt, cdu; 
cnu, dsu, ncu, sdu; 
dnu, CHU, scu, ndu. 

2. Construct a Table of the values of the sn, en, dn of 
u+mK+nK'i in terms of sn u, en u, dn u ; also of the elliptic 
functions of ^(mK+nK%), for m, n = 0, 1, 2, .... 

3. Prove that, accents denoting differentiation, 
(i.) sn u dn^u — sn^u dn u = sn u dn u, etc. 

(snu)-, snusn'u, (sn'u)* 

(ii.) (en uy, en u cn'u, (criuf 

(dnuf, dnudn'u, (dn'u)* 

(G. B. Mathews.) 

4. Denoting by (m, n) the function 

cn {Um - u„)sn(u^ + u„)' 

prove that 

(4, 1)(4, 2)(4, 3X2, 3)(3. 1)(1, 2)+(4, 1)(2, 3) + (4, 2X3, 1) 

+ (4,3)(1,2) = 0. 
Denoting hy A, B,C the functions 

8n(^— rr)sn(3/— «) Hn{t^y)sn(z^x) 8n(<- -g)sn(a;— y) 

8ii(t+x)su{y+2)' sn(t+y)iin{z+xy sn(iJ+«)sn(a;— y)* 

prove that ABC+A + B+G=0, 



= ic'%nucnudnu. 
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5. Prove that 

K sn vdv = 2 tanh - \k siihi). 



(ii.) /csn(2tt+a)ciu=tanh-^{/c8nu8n(u+a)}. 



/(iii.) /log ns iid!u = Jtt-K''- JiT log I/k. 



G. Determine the orbit in which 

P=zh\u^+ahi^)t the apsidal distance being a. 

7. Rectify r' = a'cosfft 

8. Prove that the perimeter of the Cassinian Oval of § 161 

or *aK, >' = l^J{i+f)-l^J{^-^■^ 

and draw the corresponding curves. 

9. Prove that the length of the curve of intersection of two 
circular cylinders, of radius a and b, whose axes intersect at 

right angles, is 8a/ ( iI^«8inW ^ ^=«V^; 



and verify the result when a = 6. 

10. Prove that K and iT' satisfy the differential equation 

Deduce the relation 



dk dk 4it(l~A;)' 

and thence deduce Legendre's relation (§ 171). 

11. Prove that gt^ and gt, of § 252 satisfy the differential 
equation J(J-1)_ +_^ 57-144 = ^- 

12. Deduce the Fourier series for snu, cnu, dnu of g 266, 
267 from the series for Zu of § 268, making use of Landen's 
Transformations and of equations (28), (29), (30) of § 264. 
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13. Prove that 

'^ p{u-a)-p{u-b) fp{u+a)-p(u + b) \(pu-jwiXpu-p6)J' 

14. Prove that, if a variable straight line meets the curve 

Aa?+By*+Gx+D=0 
in (a?i, yi)(a;2» V^X^s^ V^f then (§ 166) 

Vi Vi Vt 

15. Denoting the integral 

xydx 



/ * xyc 
y^—ax 





by fa?. 



where y is given as a function of x by the equation 

(x^+y^-^Saxy^l, 
prove that, for three collinear points, 

fiCi + fajj + fajg = 3a. 

16. Prove or verify that, with Qi^'O, the solution of Lamp's 
differential equation 

1 d^v 
(ii) yrf^2=6pH + V(%8) 18 2/ = P^-W(%8); 

(Halphen, Mimoire aur la reduction des ^nations diffii*en^ 
tielles, 1884.) 

17. Determine, by means of elliptic functions, the motion of 
liquid filling a rectangular box, due to component angular 
velocities about axes through the centre parallel to the edges. 

(Q. J, M,, XV., p. 144 ; W. M. Hicks, Velocity and Electric 
Potentials between pai^llel planes^ p. 274.) 
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18. Prove that, with x^^ttuJw and A==^fi/a> (§ 278), 

-=i^"1fo- '^-^-^•'fj <^^^=^'% '.-=^"S^ 

and thence convert the formulas (M) to (T) of § 249 into 
Jacobi's notation. 

19. Prove that (§ 264, 20») 

1/Q= n"(l -g«')="2V»'+", 

20. Prove that 

(i.) .=vn(l±^,y; 

..... iir_ „ tunhh-irK'/K 

21. Prove that, iii Appendix II., p. 34G, 

Qt 

p2(j - p(a + 6) = 4J4 j5ii-2' 

„ ,. iCr 2T-Cr^-F*/R 
(«-^>=i2n A^' • 

Work out ihe case of 

2T-Ci^-FyR=0, 

G=2AFn, Cr=2^2An. 
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